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Preface

Geometry of symplectic and Poisson manifolds is well known to provide the
adequate mathematical formulation of autonomous Hamiltonian mechanics.
The literature on this subject is extensive.

This book presents the advanced geometric formulation of classical and
quantum non-relativistic mechanics in a general setting of time-dependent
coordinate and reference frame transformations. This formulation of me-
chanics as like as that of classical field theory lies in the framework of general
theory of dynamic systems, Lagrangian and Hamiltonian formalism on fibre
bundles.

Non-autonomous dynamic systems, Newtonian systems, Lagrangian and
Hamiltonian non-relativistic mechanics, relativistic mechanics, quantum
non-autonomous mechanics are considered.

Classical non-relativistic mechanics is formulated as a particular field
theory on smooth fibre bundles over the time axis R. Quantum non-
relativistic mechanics is phrased in the geometric terms of Banach and
Hilbert bundles and connections on these bundles. A quantization scheme
speaking this language is geometric quantization. Relativistic mechan-
ics is adequately formulated as particular classical string theory of one-
dimensional submanifolds.

The concept of a connection is the central link throughout the book.
Connections on a configuration space of non-relativistic mechanics describe
reference frames. Holonomic connections on a velocity space define non-
relativistic dynamic equations. Hamiltonian connections in Hamiltonian
non-relativistic mechanics define the Hamilton equations. Evolution of
quantum systems is described in terms of algebraic connections. A con-
nection on a prequantization bundle is the main ingredient in geometric
quantization.



vi Preface

The book provides a detailed exposition of theory of partially integrable
and superintegrable systems and their quantization, classical and quantum
non-autonomous constraint systems, Lagrangian and Hamiltonian theory
of Jacobi fields, classical and quantum mechanics with time-dependent pa-
rameters, the technique of non-adiabatic holonomy operators, formalism of
instantwise quantization and quantization with respect to different refer-
ence frames.

Our book addresses to a wide audience of theoreticians and mathemati-
cians of undergraduate, post-graduate and researcher levels. It aims to be a
guide to advanced geometric methods in classical and quantum mechanics.

For the convenience of the reader, a few relevant mathematical topics
are compiled in Appendixes, thus making our exposition self-contained.
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Introduction

We address classical and quantum mechanics in a general setting of arbi-
trary time-dependent coordinate and reference frame transformations.

The technique of symplectic manifolds is well known to provide the
adequate Hamiltonian formulation of autonomous mechanics [1; 104; 157].
Its familiar example is a mechanical system whose configuration space is
a manifold M and whose phase space is the cotangent bundle T*M of M
provided with the canonical symplectic form

Q = dp; A dq', (0.0.1)

written with respect to the holonomic coordinates (¢%, p; = ¢;) on T*M. A
Hamiltonian H of this mechanical system is defined as a real function on a
phase space T*M. Any autonomous Hamiltonian system locally is of this
type.

However, this Hamiltonian formulation of autonomous mechanics is not
extended to mechanics under time-dependent transformations because the
symplectic form (0.0.1) fails to be invariant under these transformations.
As a palliative variant, one develops time-dependent (non-autonomous) me-
chanics on a configuration space Q = R x M where R is the time axis [37;
102]. Its phase space R x T*M is provided with the presymplectic form

pryQ = dp; A dq'* (0.0.2)

which is the pull-back of the canonical symplectic form € (0.0.1) on T*M.
A time-dependent Hamiltonian is defined as a function on this phase space.
A problem is that the presymplectic form (0.0.2) also is broken by time-
dependent transformations.

Throughout the book (except Chapter 10), we consider non-relativistic
mechanics. Its configuration space is a fibre bundle Q — R over the time
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axis R endowed with the standard Cartesian coordinate ¢ possessing tran-
sition functions ¢’ = t+const (this is not the case of time-reparametrized
mechanics in Section 3.9). A velocity space of non-relativistic mechanics is
the first order jet manifold J'Q of sections of Q — R, and its phase space
is the vertical cotangent bundle V*@ of Q — R endowed with the canonical
Poisson structure [106; 139].

A fibre bundle Q — R always is trivial. Its trivialization defines both
an appropriate coordinate systems and a connection on this fibre bundle
which is associated with a certain non-relativistic reference frame (Section
1.6). Formulated as theory on fibre bundles over R, non-relativistic mechan-
ics is covariant under gauge (atlas) transformations of these fibre bundles,
i.e., the above mentioned time-dependent coordinate and reference frame
transformations.

This formulation of non-relativistic mechanics is similar to that of clas-
sical field theory on fibre bundles over a smooth manifold X of dimension
n > 1 [68]. A difference between mechanics and field theory however lies
in the fact that all connections on fibre bundles over X = R are flat and,
consequently, they are not dynamic variables. Therefore, this formulation
of non-relativistic mechanics is covariant, but not invariant under time-
dependent transformations.

Second order dynamic systems, Newtonian, Lagrangian and Hamilto-
nian mechanics are especially considered (Chapters 1-3).

Equations of motion of non-relativistic mechanics almost always are first
and second order dynamic equations. Second order dynamic equations on
a fibre bundle Q — R are conventionally defined as the holonomic con-
nections on the jet bundle J'Q — R (Section 1.4). These equations also
are represented by connections on the jet bundle J'Q — @Q and, due to
the canonical imbedding J'Q — TQ, they are proved to be equivalent to
non-relativistic geodesic equations on the tangent bundle T'Q of @ (Section
1.5). In Section 10.3, we compare non-relativistic geodesic equations and
relativistic geodesic equations in relativistic mechanics. The notions of a
free motion equation (Section 1.7.) and a relative acceleration (Section 1.8)
are formulated in terms of connections on J'Q — @ and TQ — Q.

Generalizing the second Newton law, one introduces the notion of a
Newtonian system characterized by a mass tensor (Section 1.9). If a mass
tensor is non-degenerate, an equation of motion of a Newtonian system is
equivalent to a dynamic equation. We also come to the definition of an
external force.

Lagrangian non-relativistic mechanics is formulated in the framework of
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conventional Lagrangian formalism on fibre bundles [53; 68; 106] (Section
2.1). Its Lagrangian is defined as a density on the velocity space J'@Q, and
the corresponding Lagrange equation is a second order differential equa-
tion on Q — R. Besides Lagrange equations, the Cartan and Hamilton—De
Donder equations are considered in the framework of Lagrangian formal-
ism. Note that the Cartan equation, but not the Lagrange one is associated
to a Hamilton equation in Hamiltonian mechanics (Section 3.6). The rela-
tions between Lagrangian and Newtonian systems are established (Section
2.4). Lagrangian conservation laws are defined in accordance with the first
Noether theorem (Section 2.5).

Hamiltonian mechanics on a phase space V*Q is not familiar Poisson
Hamiltonian theory on a Poisson manifold V*@Q because all Hamiltonian
vector fields on V*@ are vertical. Hamiltonian mechanics on V*@ is formu-
lated as particular (polysymplectic) Hamiltonian formalism on fibre bundles
[53; 68; 106]. Its Hamiltonian is a section of the fibre bundle T*Q — V*Q
(Section 3.3). The pull-back of the canonical Liouville form on T*@Q with
respect to this section is a Hamiltonian one-form on V*@). The correspond-
ing Hamiltonian connection on V*@ — R defines the first order Hamilton
equation on V*Q.

Furthermore, one can associate to any Hamiltonian system on V*@
an autonomous symplectic Hamiltonian system on the cotangent bundle
T*@ such that the corresponding Hamilton equations on V*@Q and T*Q
are equivalent (Section 3.4). Moreover, the Hamilton equation on V*@ also
is equivalent to the Lagrange equation of a certain first order Lagrangian
system on a configuration space V*@Q). As a consequence, Hamiltonian con-
servation laws can be formulated as the particular Lagrangian ones (Section
3.8).

Lagrangian and Hamiltonian formulations of mechanics fail to be equiv-
alent, unless a Lagrangian is hyperregular. If a Lagrangian L on a velocity
space J1Q is hyperregular, one can associate to L an unique Hamiltonian
form on a phase space V*@Q such that Lagrange equation on () and the
Hamilton equation on V*@Q are equivalent. In general, different Hamilto-
nian forms are associated to a non-regular Lagrangian. The comprehensive
relations between Lagrangian and Hamiltonian systems can be established
in the case of almost regular Lagrangians (Section 3.6).

In comparison with non-relativistic mechanics, if a configuration space
of a mechanical system has no preferable fibration ) — R, we obtain a gen-
eral formulation of relativistic mechanics, including Special Relativity on
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the Minkowski space Q = R* (Chapter 10). A velocity space of relativistic
mechanics is the first order jet manifold Ji @ of one-dimensional subman-
ifolds of a configuration space @ [53; 139]. This notion of jets generalizes
that of jets of sections of fibre bundles which is utilized in field theory and
non-relativistic mechanics. The jet bundle J}Q — Q is projective, and one
can think of its fibres as being spaces of three-velocities of a relativistic
system. Four-velocities of a relativistic system are represented by elements
of the tangent bundle T'Q of a configuration space @, while the cotangent
bundle T*@Q, endowed with the canonical symplectic form, plays a role of
the phase space of relativistic theory. As a result, Hamiltonian relativistic
mechanics can be seen as a constraint Dirac system on the hyperboloids of
relativistic momenta in the phase space T*Q.

Note that the tangent bundle T'Q of a configuration space @} plays a
role of the space of four-velocities both in non-relativistic and relativistic
mechanics. The difference is only that, given a fibration @ — R, the
four-velocities of a non-relativistic system live in the subbundle (10.3.14)
of TQ, whereas the four-velocities of a relativistic theory belong to the
hyperboloids

guq"q” =1, (0.0.3)

where ¢ is an admissible pseudo-Riemannian metric in T'Q). Moreover, as
was mentioned above, both relativistic and non-relativistic equations of
motion can be seen as geodesic equations on the tangent bundle T'Q, but
their solutions live in its different subbundles (0.0.3) and (10.3.14).

Quantum non-relativistic mechanics is phrased in the geometric terms
of Banach and Hilbert manifolds and locally trivial Hilbert and C*-algebra
bundles (Chapter 4). A quantization scheme speaking this language is
geometric quantization (Chapter 5).

Let us note that a definition of smooth Banach (and Hilbert) manifolds
follows that of finite-dimensional smooth manifolds in general, but infinite-
dimensional Banach manifolds are not locally compact, and they need not
be paracompact [65; 100; 155]. It is essential that Hilbert manifolds satisfy
the inverse function theorem and, therefore, locally trivial Hilbert bundles
are defined. We restrict our consideration to Hilbert and C*-algebra bun-
dles over smooth finite-dimensional manifolds X, e.g., X = R. Sections of
such a Hilbert bundle make up a particular locally trivial continuous field
of Hilbert spaces [33]. Conversely, one can think of any locally trivial con-
tinuous field of Hilbert spaces or C*-algebras as being a module of sections
of some topological fibre bundle. Given a Hilbert space E, let B C B(E) be
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some C*-algebra of bounded operators in E. The following fact reflects the
non-equivalence of Schrodinger and Heisenberg quantum pictures. There
is the obstruction to the existence of associated (topological) Hilbert and
C*-algebra bundles £ — X and B — X with the typical fibres E and B,
respectively. Firstly, transition functions of £ define those of B, but the
latter need not be continuous, unless B is the algebra of compact operators
in E. Secondly, transition functions of B need not give rise to transition
functions of £. This obstruction is characterized by the Dixmier—Douady
class of B in the Cech cohomology group H?(X,Z) (Section 4.4).

One also meets a problem of the definition of connections on C*-algebra
bundles. It comes from the fact that a C*-algebra need not admit non-zero
bounded derivations. An unbounded derivation of a C*-algebra A obey-
ing certain conditions is an infinitesimal generator of a strongly (but not
uniformly) continuous one-parameter group of automorphisms of A [18].
Therefore, one may introduce a connection on a C*-algebra bundle in terms
of parallel transport curves and operators, but not their infinitesimal gen-
erators [6]. Moreover, a representation of A does not imply necessarily
a unitary representation of its strongly (not uniformly) continuous one-
parameter group of automorphisms (Section 4.5). In contrast, connections
on a Hilbert bundle over a smooth manifold can be defined both as par-
ticular first order differential operators on the module of its sections [65;
109] and a parallel displacement along paths lifted from the base [88].

The most of quantum models come from quantization of original clas-
sical systems. This is the case of canonical quantization which replaces
the Poisson bracket {f, '} of smooth functions with the bracket [f, f'] of
Hermitian operators in a Hilbert space sgh\that Dirac’s condition

7. 7 = —i{f. 1) (0.0.4)
holds. Canonical quantization of Hamiltonian non-relativistic mechanics
on a configuration space @ — R is geometric quantization [57; 65]. It
takes the form of instantwise quantization phrased in the terms of Hilbert
bundles over R (Section 5.4.3). This quantization depends on a reference
frame, represented by a connection on a configuration space ¢ — R. Under
quantization, this connection yields a connection on the quantum algebra
of a phase space V*@Q. We obtain the relation between operators of energy
with respect to different reference frames (Section 5.5).

The book provides a detailed exposition of a few important mechanical
systems.

Chapter 6 is devoted to Hamiltonian systems with time-dependent con-
straints and their geometric quantization.
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In Chapter 7, completely integrable, partially integrable and superinte-
grable Hamiltonian systems are described in a general setting of invariant
submanifolds which need not be compact. In particular, this is the case of
non-autonomous completely integrable and superintegrable systems. Ge-
ometric quantization of completely integrable and superintegrable Hamil-
tonian systems with respect to action-angle variables is considered. Using
this quantization, the non-adiabatic holonomy operator is constructed in
Section 9.6.

Given a mechanical system on a configuration space @@ — R, its exten-
sion onto the vertical tangent bundle VQ — R of @ — R describes the
Jacobi fields of the Lagrange and Hamilton equations (Chapter 8). In par-
ticular, we show that Jacobi fields of a completely integrable Hamiltonian
system of m degrees of freedom make up an extended completely integrable
system of 2m degrees of freedom, where m additional integrals of motion
characterize a relative motion.

Chapter 9 addresses mechanical systems with time-dependent parame-
ters. These parameters can be seen as sections of some smooth fibre bundle
3 — R called the parameter bundle. Sections 9.1 and 9.2 are devoted to
Lagrangian and Hamiltonian classical mechanics with parameters. In order
to obtain the Lagrange and Hamilton equations, we treat parameters on the
same level as dynamic variables. Geometric quantization of mechanical sys-
tems with time-dependent parameters is developed in Section 9.3. Berry’s
phase factor is a phenomenon peculiar to quantum systems depending on
classical time-dependent parameters (Section 9.4). In Section 9.5, we study
the Berry phase phenomena in completely integrable systems. The reason
is that, being constant under an internal dynamic evolution, action vari-
ables of a completely integrable system are driven only by a perturbation
holonomy operator without any adiabatic approximation

Let us note that, since time reparametrization is not considered, we
believe that all quantities are physically dimensionless, but sometimes refer
to the universal unit system where the velocity of light ¢ and the Planck
constant i are equal to 1, while the length unit is the Planck one

(Ghe™ )12 = G2 = 1,616 - 10~ 33¢m,

where G is the Newtonian gravitational constant. Relative to the universal
unit system, the physical dimension of the spatial and temporal Cartesian
coordinates is [length], while the physical dimension of a mass is [length] ~*.

For the convenience of the reader, a few relevant mathematical topics
are compiled in Chapter 11.



Chapter 1

Dynamic equations

Equations of motion of non-relativistic mechanics are first and second order
differential equations on manifolds and fibre bundles over R. Almost always,
they are dynamic equations. Their solutions are called a motion.

This Chapter is devoted to theory of second order dynamic equations
in non-relativistic mechanics, whose configuration space is a fibre bundle
@ — R. They are defined as the holonomic connections on the jet bundle
J'Q — R (Section 1.4). These equations are represented by connections
on the jet bundle J'@Q — Q. Due to the canonical imbedding J'Q — TQ
(1.1.6), they are proved equivalent to non-relativistic geodesic equations on
the tangent bundle T'Q of @ (Theorem 1.5.1). In Section 10.3, we compare
non-relativistic geodesic equations and relativistic geodesic equations in
relativistic mechanics. Any relativistic geodesic equation on the tangent
bundle T'Q defines the non-relativistic one, but the converse relitivization
procedure is more intricate [106; 107; 109].

The notions of a non-relativistic reference frame, a relative velocity, a
free motion equation and a relative acceleration are formulated in terms of
connections on Q — R, J'Q — Q and TQ — Q.

Generalizing the second Newton law, we introduce the notion of a New-
tonian system (Definition 1.9.1) characterized by a mass tensor. If a mass
tensor is non-degenerate, an equation of motion of a Newtonian system is
equivalent to a dynamic equation. The notion of an external force also is
formulated.

1.1 Preliminary. Fibre bundles over R

This section summarizes some peculiarities of fibre bundles over R.
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Let
m:Q—R (1.1.1)

be a fibred manifold whose base is treated as a time axis. Throughout
the book, the time axis R is parameterized by the Cartesian coordinate
t with the transition functions ¢’ = t+const. Of course, this is the case
neither of relativistic mechanics (Chapter 10) nor the models with time
reparametrization (Section 3.9). Relative to the Cartesian coordinate ¢, the
time axis R is provided with the standard vector field 0; and the standard
one-form dt which also is the volume element on R. The symbol dt also
stands for any pull-back of the standard one-form dt onto a fibre bundle
over R.

Remark 1.1.1. Point out one-to-one correspondence between the vector
fields fO;, the densities fdt and the real functions f on R. Roughly speak-
ing, we can neglect the contribution of TR and T*R to some expressions
(Remarks 1.1.3 and 1.9.1). However, one should be careful with such sim-
plification in the framework of the universal unit system. For instance, co-
efficients f of densities fdt have the physical dimension [length] !, whereas
functions f are physically dimensionless.

In order that the dynamics of a mechanical system can be defined at
any instant ¢ € R, we further assume that a fibred manifold @ — R is a
fibre bundle with a typical fibre M.

Remark 1.1.2. In accordance with Remark 11.4.1, a fibred manifold @) —
R is a fibre bundle if and only if it admits an Ehresmann connection T,
i.e., the horizontal lift I'0; onto @ of the standard vector field 9; on R is
complete. By virtue of Theorem 11.2.5, any fibre bundle @ — R is trivial.
Its different trivializations

Yv:Q=RxM (1.1.2)
differ from each other in fibrations @ — M.

Given bundle coordinates (t,¢%) on the fibre bundle Q@ — R (1.1.1),
the first order jet manifold J'Q of Q — R is provided with the adapted
coordinates (t,q’, qi) possessing transition functions (11.3.1) which read

' = (0 +ql0))q" (1.1.3)

In non-relativistic mechanics on a configuration space ) — R, the jet ma-
nifold J'@Q plays a role of the velocity space.
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Note that, if Q = R x M coordinated by (¢,g"), there is the canonical
isomorphism
JIRxM)=RxTM, G =3, (1.1.4)
that one can justify by inspection of the transition functions of the co-
ordinates g! and 7 when transition functions of ¢* are time-independent.
Due to the isomorphism (1.1.4), every trivialization (1.1.2) yields the cor-
responding trivialization of the jet manifold
J'Q =R xTM. (1.1.5)
The canonical imbedding (11.3.5) of J'Q takes the form
Ay Q3 (e g) — (1,¢'i=1,¢=¢q) €TQ,  (1.1.6)
Ay = dv = 0 + 4,0, (1.1.7)
where by d; is meant the total derivative. From now on, a jet manifold
J'Q is identified with its image in T'Q. Using the morphism (1.1.6), one
can define the contraction
JOXxTQ —-Q xR,
Q Q
(qi5 %, di) — Ay ) (bdt + didg") =t + ¢, (1.1.8)
where (t, ¢, t,¢;) are holonomic coordinates on the cotangent bundle 7*Q.

Remark 1.1.3. Following precisely the expression (11.3.5), one should
write the morphism A1) (1.1.7) in the form

)\(1) =dt® (8t + qé@l) (119)
With respect to the universal unit system, the physical dimension of A

(1.1.7) is [length] =1, while A1y (1.1.9) is dimensionless.

A glance at the expression (1.1.6) shows that the affine jet bundle
J'Q — @ is modelled over the vertical tangent bundle VQ of a fibre bun-
dle @ — R. As a consequence, there is the following canonical splitting
(11.2.27) of the vertical tangent bundle VgJ'Q of the affine jet bundle

JQ — Q:
a:VoJ'Q = JngVQ, () = oy, (1.1.10)
together with the corresponding splitting of the vertical cotangent bundle
VéJlQ of J1Q — Q:
o VGIQ = JngV*Q, a*(dgl) = dq', (1.1.11)



10 Dynamic equations

where dg! and dg' are the holonomic bases for Vgd 1Q and V*Q, respec-
tively. Then the exact sequence (11.4.30) of vertical bundles over the com-
posite fibre bundle

J'Q —Q —R (1.1.12)
reads
{ ° |
0 —VoJ'Q = VJ'Q ”—V>J1Q2<2VQ —0.

Hence, we obtain the following linear endomorphism over J'Q of the ver-
tical tangent bundle V. J'Q of the jet bundle J'Q — R:
D =ioatomy : VJIQ — VJIQ, (1.1.13)
0(0)) =9;, (9 =0.
This endomorphism obeys the nilpotency rule

Tod=0. (1.1.14)

Combining the canonical horizontal splitting (11.2.27), the correspond-
ing epimorphism

pry: J'Q p TQ — J'Q p VQ = VoJ'Q,

77
and the monomorphism VJ'Q — TJ'Q, one can extend the endomorphism
(1.1.13) to the tangent bundle T J'Q:
- TJ'Q — TJ'Q,
(Or) = —qi0f,  ©(0) =0,  v(d})=0. (1.1.15)

v
v

This is called the vertical endomorphism. It inherits the nilpotency prop-
erty (1.1.14). The transpose of the vertical endomorphism v (1.1.15) is

TN Q — T JQ,

v*(dt) =0, v*(dg") = 0, v*(dq)) = 0", (1.1.16)
where 0 = dq' — g}dt are the contact forms (11.3.6). The nilpotency rule
v*ov* = 0 also is fulfilled. The homomorphisms v and v* are associated with

the tangent-valued one-form v = 6* ® 9! in accordance with the relations
(11.2.52) — (11.2.53).
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In view of the morphism A1y (1.1.6), any connection
I'=dt®(0; +T°0;) (1.1.17)

on a fibre bundle Q — R can be identified with a nowhere vanishing hori-
zontal vector field

=0 +T1; (1.1.18)

on @ which is the horizontal lift T'9; (11.4.3) of the standard vector field
0y on R by means of the connection (1.1.17). Conversely, any vector field
T on @ such that dt|T" = 1 defines a connection on ) — R. Therefore, the
connections (1.1.17) further are identified with the vector fields (1.1.18).
The integral curves of the vector field (1.1.18) coincide with the integral
sections for the connection (1.1.17).

Connections on a fibre bundle @@ — R constitute an affine space mod-
elled over the vector space of vertical vector fields on Q — R. Accordingly,
the covariant differential (11.4.8), associated with a connection I"on @ — R,
takes its values into the vertical tangent bundle V@Q of Q@ — R:

D J'Q a>VQ, oDV =¢f — T (1.1.19)

A connection I on a fibre bundle Q — R is obviously flat. It yields a
horizontal distribution on ). The integral manifolds of this distribution are
integral curves of the vector field (1.1.18) which are transversal to fibres of
a fibre bundle @ — R.

Theorem 1.1.1. By virtue of Theorem 11.4.1, every connection I on a
fibre bundle @ — R defines an atlas of local constant trivializations of
Q — R such that the associated bundle coordinates (t,q%) on Q possess the
transition functions q¢* — ¢'*(¢’) independent of t, and

T'= 0 (1.1.20)

with respect to these coordinates. Conversely, every atlas of local constant
trivializations of the fibre bundle Q — R determines a connection on Q — R
which is equal to (1.1.20) relative to this atlas.

A connection I" on a fibre bundle @ — R is said to be complete if the
horizontal vector field (1.1.18) is complete. In accordance with Remark
11.4.1, a connection on a fibre bundle @ — R is complete if and only if it
is an Ehresmann connection. The following holds [106].

Theorem 1.1.2. Every trivialization of a fibre bundle Q — R yields a
complete connection on this fibre bundle. Conversely, every complete con-
nection T on Q — R defines its trivialization (1.1.2) such that the horizontal
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vector field (1.1.18) equals Oy relative to the bundle coordinates associated
with this trivialization.

Let J'J'Q be the repeated jet manifold of a fibre bundle Q@ — R pro-
vided with the adapted coordinates (¢,q%,q!,ql, qi,) possessing transition
functions

@ =did’, @ =dq", i =da,

=8t+qiaj+q,?t3§, dy :8t+2j§6j+qita;f.
There is the canonical isomorphism k between the affine fibrations
(11.3.10) and J'x§ (11.3.11) of J1J'Q over J'Q, i.e.,

miok=Jymr, kok=IdJ'J'Q,

where

gok=q, giok=ql, g ok =dq,. (1.1.21)
In particular, the affine bundle 717 (11.3.10) is modelled over the vertical
tangent bundle VJ'Q of J'Q — R which is canonically isomorphic to the
underlying vector bundle J'VQ — J'Q of the affine bundle J' 7} (11 3.11).

For a fibre bundle Q — R, the sesquiholonomic jet manlfold Q coin-

cides with the second order jet manifold J?@Q coordinated by (¢, ¢*, ¢}, qi,),
possessing transition functions

o =did’, gy = g}’ (1.1.22)
The affine bundle J2Q — J'Q is modelled over the vertical tangent bundle
VoJ'Q =J'Q Zj VQ — JQ
of the affine jet bundle J'@Q — Q. There are the imbeddings
2 TAq) 2
J2Q = TJ'Q S VTQ =T?Q c TTQ,
)\(2) . (tvq aQta Qtt) - (ta q 7qtat = 17q = qta Qt = qzt)a (1123)

TAu) o)« (84", 4i, g3 (1.1.24)
= (tei=t=14=4=q,1=04=q),

A2)

where (¢, ¢, 1,4, t,d’, 1, ") are the coordinates on the double tangent bundle
TTQ and T?Q C TTQ is second tangent bundle the second tangent bundle
given by the coordinate relation ¢ = t.

Due to the morphism (1.1.23), any connection ¢ on the jet bundle
J'Q — R (defined as a section of the affine bundle 717 (11.3.10)) is repre-
sented by a horizontal vector field on J*@Q such that &|dt = 1.
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A connection T" (1.1.18) on a fibre bundle @ — R has the jet pro-
longation to the section JII' of the affine bundle Jl7}. By virtue of the
isomorphism & (1.1.21), every connection I' on @ — R gives rise to the
connection

JI =koJ'I': J'Q — J'J'Q,
JT = 0y +T7%0; + d,T°0%, (1.1.25)
on the jet bundle J'Q — R.

A connection on the jet bundle J'Q — R is said to be holonomic if it

is a section

E=dt ® (0 + qi0; + £'0))
of the holonomic subbundle J2Q — J'Q of J'J'Q — J'Q. In view of the
morphism (1.1.23), a holonomic connection is represented by a horizontal
vector field
E=0,+q0; + &0 (1.1.26)
on J'@Q. Conversely, every vector field £ on J!'@Q such that

dijg¢ =1,  v(§) =0,
where ¥ is the vertical endomorphism (1.1.15), is a holonomic connection
on the jet bundle J'Q — R.

Holonomic connections (1.1.26) make up an affine space modelled over
the linear space of vertical vector fields on the affine jet bundle J1Q — @,
i.e., which live in Vo J'Q.

A holonomic connection £ defines the corresponding covariant differen-
tial (1.1.19) on the jet manifold J'Q:

D¢ JUJNQ EVQJIQ cvVJQ,

G'oD¢ =0, ¢ioD*=qi ¢,
which takes its values into the vertical tangent bundle Vg J'@Q of the jet
bundle J'Q — Q. Then by virtue of Theorem 11.3.1, any integral section
¢: () — J'Q for a holonomic connection ¢ is holonomic, i.e., ¢ = ¢ where c
is a curve in Q.

1.2 Autonomous dynamic equations
Let us start with dynamic equations on a manifold. From the physical view-

point, they are treated as autonomous dynamic equations in autonomous
non-relativistic mechanics.
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Let Z, dim Z > 1, be a smooth manifold coordinated by (z*).

Definition 1.2.1. Let u be a vector field w on Z. A closed subbundle u(Z2)
of the tangent bundle T'Z given by the coordinate relations

A =ut(2) (1.2.1)
is said to be an autonomous dynamic equation!first order on a manifold

Z. This is a system of first order differential equations on a fibre bundle
R x Z — R in accordance with Definition 11.3.5.

By a solution of the autonomous first order dynamic equation (1.2.1) is
meant an integral curve of the vector field u.

Definition 1.2.2. An autonomous dynamic equation!second order on a
manifold Z is defined as an autonomous first order dynamic equation on
the tangent bundle T'Z which is associated with a holonomic vector field

2= 220\ 4+ 2N 2H, 24)0) (1.2.2)
on T'Z. This vector field, by definition, obeys the condition
J(E) =urz,
where J is the endomorphism (11.2.55) and urz is the Liouville vector field
(11.234) on TZ.

The holonomic vector field (1.2.2) also is called the autonomous second
order dynamic equation.

Let the double tangent bundle TTZ be provided with coordinates
(2*,22,2%,32). With respect to these coordinates, an autonomous sec-
ond order dynamic equation defined by the holonomic vector field = (1.2.2)

reads

=2, B =EMNeH, M. (1.2.3)

By a solution of the second order dynamic equation (1.2.3) is meant a curve
¢: (,) — Z in a manifold Z whose tangent prolongation ¢: (,) — T'Z is an
integral curve of the holonomic vector field = or, equivalently, whose second
order tangent prolongation ¢ lives in the subbundle (1.2.3). It satisfies an
autonomous second order differential equation

Et) = EMcH(1), (1))
Remark 1.2.1. In fact, the autonomous second order dynamic equation
(1.2.3) is a closed subbundle
A = BMN2H, 3M) (1.2.4)
of the second tangent bundle 727 C TTZ.
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Autonomous second order dynamic equations on a manifold Z are ex-
emplified by geodesic equations on the tangent bundle T'Z.
Given a connection

K =dz" ® (0, + K},0,) (1.2.5)

on the tangent bundle TZ — Z, let
K:TZxTZ —TTZ (1.2.6)

Z

be the corresponding linear bundle morphism over T'Z which splits the
exact sequence (11.2.20):

0 —VT7Z —TTZ —TZxTZ —0.
zZ

Note that, in contrast with K (11.4.20), the connection K (1.2.5) need not
be linear.

Definition 1.2.3. A geodesic equation on T'Z with respect to the connec-
tion K (1.2.5) is defined as the range

=2 B = KM (1.2.7)

v

in T2Z C TTZ of the morphism (1.2.6) restricted to the diagonal TZ C
TZ xTZ.

By a solution of a geodesic equation on T'Z is meant a geodesic curve ¢
in Z whose tangent prolongation ¢ is an integral section (a geodesic vector
field) over ¢ C Z for a connection K.

It is readily observed that the range (1.2.7) of the morphism K (1.2.6)
is a holonomic vector field

K(TZ) = 0\ + K"¥d, (1.2.8)

on T'Z whose integral curve is a geodesic vector field. It follows that any
geodesic equation (1.2.6) on T'Z is an autonomous second order dynamic
equation on Z. The converse is not true in general. Nevertheless, there is
the following theorem [118].

Theorem 1.2.1. Every autonomous second order dynamic equation (1.2.3)
on a mamnifold Z defines a connection K= on the tangent bundle TZ — Z
whose components are

1.
Ky = 50,2 (1.2.9)
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However, the autonomous second order dynamic equation (1.2.3) fails
to be a geodesic equation with respect to the connection (1.2.9) in general.
In particular, the geodesic equation (1.2.7) with respect to a connection K
determines the connection (1.2.9) on TZ — Z which does not necessarily
coincide with K.

Theorem 1.2.2. An autonomous second order dynamic equation = on Z
is a geodesic equation for the connection (1.2.9) if and only if Z is a spray,
i.€.,

[UTZ; E] = E7

where uryz is the Liouville vector field (11.2.34) on TZ, i.e.,

—_
D—tz
=

= ai;(¢")q'¢’

and the connection K (1.2.9) is linear.

1.3 Dynamic equations

Let @ — X (1.1.1) be a configuration space of non-relativistic mechanics.
Refereing to Definition 11.3.5 of a differential equation on a fibre bundle,
one defines a dynamic equation on () — R as a differential equation which
is algebraically solved for the highest order derivatives.

Definition 1.3.1. Let I' (1.1.18) be a connection on a fibre bundle ¥ —
R. The corresponding covariant differential D' (1.1.19) is a first order
differential operator on Y. Its kernel, given by the coordinate equation

g =T"(t,q"), (1.3.1)

is a closed subbundle of the jet bundle J'Y — R. By virtue of Definition
11.3.5, it is a first order differential equation on a fibre bundle Y — R called
the first order dynamic equation on ¥ — R.

Due to the canonical imbedding J'Q — TQ (1.1.6), the equation (1.3.1)
is equivalent to the autonomous first order dynamic equation
t=1, ¢ =Ttq") (1.3.2)

on a manifold Y (Definition 1.2.2). It is defined by the vector field (1.1.18).
Solutions of the first order dynamic equation (1.3.1) are integral sections
for a connection TI'.
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Definition 1.3.2. Let us consider the first order dynamic equation (1.3.1)
on the jet bundle J'Q — R, which is associated with a holonomic connec-
tion ¢ (1.1.26) on J'@Q — R. This is a closed subbundle of the second order
jet bundle J?Q — R given by the coordinate relations

g =&t ¢,q). (1.3.3)

Consequently, it is a second order differential equation on a fibre bundle
@ — R in accordance with Definition 11.3.5. This equation is called a
second order dynamic equation. The corresponding horizontal vector field
¢ (1.1.26) also is termed the second order dynamic equation.

The second order dynamic equation (1.3.3) possesses the coordinate
transformation law

gi=¢" & =(0; +qlqt0;on +2¢)0;0, + )¢ (t,¢7), (1.3.4)

derived from the formula (1.1.22).

A solution of the second order dynamic equation (1.3.3) is a curve ¢
in @ whose second order jet prolongation ¢ lives in (1.3.3). Any integral
section ¢ for the holonomic connection £ obviously is the jet prolongation ¢
of a solution ¢ of the second order dynamic equation (1.3.3), i.e.,

d=¢oe, (1.3.5)
and vice versa.

Remark 1.3.1. By very definition, the second order dynamic equation
(1.3.3) on a fibre bundle @ — R is equivalent to the system of first order
differential equations

@ =a, 4=t q), (1.3.6)
on the jet bundle J'Q — R. Any solution ¢ of these equations takes its
values into J2@Q and, by virtue of Theorem 11.3.1, is holonomic, i.e., € = ¢.
The equations (1.3.3) and (1.3.6) are therefore equivalent. The equation

(1.3.6) is said to be the first order reduction of the second order dynamic
equation (1.3.3).

A second order dynamic equation £ on a fibre bundle @@ — R is said to be
conservative if there exist a trivialization (1.1.2) of @ and the corresponding
trivialization (1.1.5) of J'@Q such that the vector field ¢ (1.1.26) on J'Q is
projectable onto T'M. Then this projection

Be=q'0:+&(¢ )0
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is an autonomous second order dynamic equation on the typical fibre M of
@ — R in accordance with Definition 1.2.2. Its solution is seen as a section
of the fibre bundle R x M — R (1.1.2). Conversely, every autonomous
second order dynamic equation Z (1.2.2) on a manifold M can be seen as
a conservative second order dynamic equation

= =0 +4'0 + = (1.3.7)
on the fibre bundle R x M — R in accordance with the isomorphism (1.1.5).
The following theorem holds [106].

Theorem 1.3.1. Any second order dynamic equation £ (1.3.8) on a fi-
bre bundle Q — R is equivalent to an autonomous second order dynamic
equation = on a manifold Q which makes the diagram

J2Q — T2%Q

<1 =
14 A
JQ — TQ
commutative and obeys the relations

g==tg i=1¢=q) E==0

Accordingly, the second order dynamic equation (1.8.3) is written in the
form

i =i
Qye = = |t=1,qj=qga
which is equivalent to the autonomous second order dynamic equation

¢ (1.3.8)

(1]

t=0, t=1, §t =
on Q.

1.4 Dynamic connections

In order to say something more, let us consider the relationship between
the holonomic connections on the jet bundle J'@Q — R and the connections
on the affine jet bundle J'Q — @ (see Propositions 1.4.1 and 1.4.2 below).

By JéJ L@ throughout is meant the first order jet manifold of the affine
jet bundle J'@Q — Q. The adapted coordinates on J45J'Q are (¢*, ¢, ¢,),
where we use the compact notation A = (0,1), ¢° = t. Let

v:JQ — JleQ
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be a connection on the affine jet bundle J'@Q — Q. It takes the coordinate

form
v =dg* @ (Ox +109}), (1.4.1)
together with the coordinate transformation law
i ij i 0g"
7 = (954", + Oug, ) 3% (1.4.2)

Remark 1.4.1. In view of the canonical splitting (1.1.10), the curvature
(11.4.13) of the connection ~y (1.4.1) reads

2
R:J'Q—AT*Q ® VQ,
JIQ
Lo y Lo : j i j
R = 517%/\qu>‘ ANdgt @ 0; = (5 kjqu A dg’ —|—R0jdt/\dq3> ® 0;

Ry, = 0x), — 0uh + V057 — Va0 (1.4.3)
Using the contraction (1.1.8), we obtain the soldering form
Ay R =[( ?;jqf + R(i)j)dqj - équdt] ® 0;
on the affine jet bundle J'Q — Q. Its image by the canonical projection
T*Q — V*Q (2.2.5) is the tensor field
E:JIQ—W/*Q%VQ, R = (Ry;af + Ri);)dq’ ® 0;, (1.4.4)
and then we come to the scalar field
R:J'Q—R, R=RLq +R}, (1.4.5)
on the jet manifold J'Q.
Proposition 1.4.1. Any connection v (1.4.1) on the affine jet bundle
J'Q — Q defines the holonomic connection
& =pov:J'Q— JHJ'Q — J*Q, (1.4.6)
& = 0 + ¢j0; + (v + gl 1oL,
on the jet bundle J'Q — R.

Proof. Let us consider the composite fibre bundle (1.1.12) and the mor-
phism p (11.4.25) which reads

p:J5T'Q 3 (. qh dh) (1.4.7)

= (@ a1 @ = ap e = iy + G 450) € T2Q
A connection v (1.4.1) and the morphism p (1.4.7) combine into the desired
holonomic connection &, (1.4.6) on the jet bundle J'Q — R. O
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It follows that every connection «y (1.4.1) on the affine jet bundle J*Q —
Q yields the second order dynamic equation

4 =6+ 47; (1.4.8)
on the configuration bundle  — R. This is precisely the restriction to

J2Q of the kernel Ker D7 of the vertical covariant differential D7 (11.4.36)
defined by the connection ~:

D7 JHIQ — Vg JtQ, q'zlof)'y :qgt—'yé—qg'y;. (1.4.9)

Therefore, connections on the jet bundle J!Q — @ are called the dynamic
connections. The corresponding equation (1.3.5) can be written in the form

&' =ponyog,

where p is the morphism (1.4.7).
Of course, different dynamic connections can lead to the same second
order dynamic equation (1.4.8).

Proposition 1.4.2. Any holonomic connection & (1.1.26) on the jet bundle
J'Q — R yields the dynamic connection

) 1 . . . 1 )
Ye=dt® |9 + (£ — §q§8§£1)84 +dg’ ® [aj + 58}@84 (1.4.10)
on the affine jet bundle J'Q — Q [106; 109].

It is readily observed that the dynamic connection 7¢ (1.4.10), defined
by a second order dynamic equation, possesses the property

V= 0lg + ¢ Ol (1.4.11)
which implies the relation
o = 077y

Therefore, a dynamic connection v, obeying the condition (1.4.11), is said
to be symmetric. The torsion of a dynamic connection -y is defined as the
tensor field

T:J'Q— V*ng@
T=Tq ©0,  TF=rf -0 —qo;.  (14.12)

It follows at once that a dynamic connection is symmetric if and only if its
torsion vanishes.
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Let v be the dynamic connection (1.4.1) and &, the corresponding sec-
ond order dynamic equation (1.4.6). Then the dynamic connection (1.4.10)
associated with the second order dynamic equation £, takes the form

Lok k j otk k k ik ik
Yeor = 50 AW+ RO el 6 =0 + Ay — dive s
It is readily observed that v = 7¢, if and only if the torsion 7' (1.4.12) of
the dynamic connection y vanishes.

Example 1.4.1. Since a jet bundle J'Q — @ is affine, it admits an affine
connection

v =dg* @ [Ox + (vho(") + 75 (")) ;). (1.4.13)
This connection is symmetric if and only if fyﬁ\u = 7,’;)\. One can easily
justify that an affine dynamic connection generates a quadratic second or-
der dynamic equation, and vice versa. Nevertheless, a non-affine dynamic
connection, whose symmetric part is affine, also defines a quadratic second

order dynamic equation. The affine connection (1.4.13) on an affine jet
bundle J'Q — @ yields the linear connection

7 = dg* @ [0 + 74, (¢") ] O]
on the vertical tangent bundle VQ — Q.

Using the notion of a dynamic connection, we can modify Theorem 1.2.1
as follows. Let = be an autonomous second order dynamic equation on a
manifold M, and let &= (1.3.7) be the corresponding conservative second
order dynamic equation on the bundle R x M — R. The latter yields the
dynamic connection v (1.4.10) on a fibre bundle

RxTM —Rx M.

Its components 7§ are exactly those of the connection (1.2.9) on the tangent
bundle TM — M in Theorem 1.2.1, while 7§ make up a vertical vector field

e="0 = (El - 59733'51) 0; (1.4.14)
on T'M — M. Thus, we have shown the following.

Proposition 1.4.3. Fvery autonomous second order dynamic equation =
(1.2.3) on a manifold M admits the decomposition

E' =K +e
where K is the connection (1.2.9) on the tangent bundle TM — M, and e
is the vertical vector field (1.4.14) on TM — M.
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1.5 Non-relativistic geodesic equations

In this Section, we aim to show that every second order dynamic equation
on a configuration bundle Q — R is equivalent to a geodesic equation on
the tangent bundle 7Q — Q [56; 107].

We start with the relation between the dynamic connections v on the
affine jet bundle J'Q — @Q and the connections

K =dg¢* @ (9 + K}9,) (1.5.1)

on the tangent bundle TQ — @ of the configuration space . Note that
they need not be linear. We follow the compact notation (11.2.30).
Let us consider the diagram

J N
JJ'Q = IATQ

y T T K (15.2)
Q0 1q
where JéT @ is the first order jet manifold of the tangent bundle TQ) — @,
coordinated by
(t7 qi7 2::7 qi7 (i)l»M (ql)ﬂ)
The jet prolongation over @ of the canonical imbedding A1y (1.1.6) reads
Jl)‘(l) : (tv qiaQZa q/it) - (t’qiat' = 1’qi = qza (t),u =0, (ql),u = qat)'

Then we have

J'Ayov:(tq'q) — (tq E=1,¢ =g, {)u =0,(¢")u =}),

Ko )‘(1) : (t’qz’qZ) - (tquai = ]-qu = qzv (t)# = KB? (qz),u = K;)
It follows that the diagram (1.5.2) can be commutative only if the com-
ponents K2 of the connection K (1.5.1) on the tangent bundle T7Q — @

vanish.
Since the transition functions ¢ — ¢’ are independent of ¢*, a connection

K = dg* @ (8 + K39;) (1.5.3)

with K 2 = 0 may exist on the tangent bundle TQ) — @ in accordance with
the transformation law
dgt

K'\ = (0;¢"K] + aﬂq”‘)—aq,A :

(1.5.4)
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Now the diagram (1.5.2) becomes commutative if the connections v and K
fulfill the relation

V=Ko y = K (tq' E=1,4" = q). (1.5.5)

It is easily seen that this relation holds globally because the substitution of
¢* = ¢ in (1.5.4) restates the transformation law (1.4.2) of a connection on
the affine jet bundle J'@Q — Q. In accordance with the relation (1.5.5), the
desired connection K is an extension of the section J!\ o ~ of the affine jet
bundle JéTQ — TQ over the closed submanifold J'Q C T'Q to a global
section. Such an extension always exists by virtue of Theorem 11.2.2; but
it is not unique. Thus, we have proved the following.

Proposition 1.5.1. In accordance with the relation (1.5.5), every second
order dynamic equation on a configuration bundle Q@ — R can be written in
the form

g = Kjo A\ +‘L{K§O>\(1)7 (1.5.6)

where K is the connection (1.5.3) on the tangent bundle TQ — Q. Con-
versely, each connection K (1.5.3) on TQ — Q defines the dynamic con-
nection v (1.5.5) on the affine jet bundle J'Q — Q and the second order
dynamic equation (1.5.6) on a configuration bundle Q — R.

Then we come to the following theorem.

Theorem 1.5.1. Every second order dynamic equation (1.3.8) on a con-
figuration bundle Q@ — R is equivalent to the geodesic equation

=0, =1,
i' = Ki(¢",¢")d", (1.5.7)

on the tangent bundle T'Q) relative to the connection K (1.5.3) with the com-
ponents K =0 and K} (1.5.5). We call this equation the non-relativistic
geodesic equation Its solution is a geodesic curve in @Q which also obeys the
second order dynamic equation (1.5.6), and vice versa.

In accordance with this theorem, the autonomous second order equa-
tion (1.3.8) in Theorem 1.3.1 can be chosen as a non-relativistic geodesic
equation. It should be emphasized that, written relative to the bundle
coordinates (t,¢'), the non-relativistic geodesic equation (1.5.7) and the

connection K (1.5.5) are well defined with respect to any coordinates on

Q.
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From the physical viewpoint, the most relevant second order dynamic
equations are the quadratic ones
& = a5 (¢")alar +5(¢")al + (). (1.5.8)
This property is global due to the transformation law (1.3.4). Then one
can use the following two facts.

Proposition 1.5.2. There is one-to-one correspondence between the affine
connections vy on the affine jet bundle J'Q — Q and the linear connections
K (1.5.83) on the tangent bundle TQ — Q.

Proof. This correspondence is given by the relation (1.5.5), written in
the form
%i = ’Y,io + %iqu = KuiO(qy)i + Kuij(qy)q'”i:l,qi:qg
= K'o(q") + Ku'(¢")dl,
ie., 'ny = K,'». ]
In particular, if an affine dynamic connection v is symmetric, so is the
corresponding linear connection K.

Corollary 1.5.1. Every quadratic second order dynamic equation (1.5.8)
on a configuration bundle Q — R of non-relativistic mechanics is equivalent
to the non-relativistic geodesic equation

i’ =0, i’ =1,

G = aje(q")d’q" + b5(¢")d" ¢ + f1(")d"¢° (1.5.9)
on the tangent bundle T'Q) with respect to the symmetric linear connection
K (1.5.3):

. . 1
K\ =0, Koo=/f' Ko'j=3b

50): Ki'; = aj;, (1.5.10)
on the tangent bundle TQ — Q.

The geodesic equation (1.5.9), however, is not unique for the second
order dynamic equation (1.5.8).

Proposition 1.5.3. Any quadratic second order dynamic equation (1.5.8),

being equivalent to a non-relativistic geodesic equation with respect to the

symmetric linear connection K (1.5.10), also is equivalent to the geodesic

equation with respect to an affine connection K' on TQ — Q which differs

from K (1.5.10) in a soldering form o on TQ — Q with the components
B =0, ch— i+ (s DR o = —shid® — hd® + b,

where s and h are local functions on Q.
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Proposition 1.5.3 also can be deduced from the following lemma.

Lemma 1.5.1. FEvery affine vertical vector field

o= [f(q") + bi(g")q]] 0} (1.5.11)
on the affine jet bundle J'Q — Q is extended to the soldering form
o = (f'dg’ + bj,dg*) ® 0; (1.5.12)

on the tangent bundle TQ — Q.

Proof. Similarly to Proposition 1.5.2, one can show that there is one-to-
one correspondence between the Vg .J'Q-valued affine vector fields (1.5.11)
on the jet manifold J'@Q and the linear vertical vector fields

7= [bl(¢")d’ + f(¢")q°)0i
on the tangent bundle TQ. This linear vertical vector field determines the
desired soldering form (1.5.12). O

In Section 10.3, we use Theorem 1.5.1, Corollary 1.5.1 and Proposi-
tion 1.5.3 in order to study the relationship between non-relativistic and
relativistic equations of motion [56].

Now let us extend our inspection of dynamic equations to connections
on the tangent bundle TM — M of the typical fibre M of a configuration
bundle Q@ — R. In this case, the relationship fails to be canonical, but
depends on a trivialization (1.1.2) of @ — R.

Given such a trivialization, let (¢,g') be the associated coordinates on
Q, where § are coordinates on M with transition functions independent of
t. The corresponding trivialization (1.1.5) of J'@Q — R takes place in the
coordinates (t,@i,ﬁl), where §' are coordinates on T'M. With respect to
these coordinates, the transformation law (1.4.2) of a dynamic connection
~ on the affine jet bundle J'Q — @ reads

07 . (o7t o7\ o

Vo= a%j %= (a%j v+ a—%) a;’“'

It follows that, given a trivialization of Q — R, a connection v on J'Q — Q
defines the time-dependent vertical vector field

D
Yot 7.7 )— Rx TM — VIM
dq
and the time-dependent connection

0 S50
d7* ® (5—§k +7,2(t,aﬂ,q~7)?> RxTM — J'TM c TTM (1.5.13)
q
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on the tangent bundle TM — M.
Conversely, let us consider a connection

on the tangent bundle TM — M. Given the above-mentioned trivialization
of the configuration bundle @) — R, the connection K defines the connection

K (1.5.3) with the components
i i J
KO == 0, Kk = Kk"
on the tangent bundle T'Q) — Q. The corresponding dynamic connection ~y
on the affine jet bundle J'Q — Q reads
=0, =K. (1.5.14)

Using the transformation law (1.4.2), one can extend the expression
(1.5.14) to arbitrary bundle coordinates (t,¢%) on the configuration space
Q as follows:

G —i (—j, o =i Pq oy O]
= —Kn I(q" 5 T’ H + e + e — 6 71’ 15.15

o7 @ ("), 7 (d",a7)) orog? g | O ( )
%0 = 0" + 0,1 q] — I,

)

Tk

where
= atqi(t7 qj)

is the connection on ) — R, corresponding to a given trivialization of @,
i.e., I'" = 0 relative to (t,g'). The second order dynamic equation on Q
defined by the dynamic connection (1.5.15) takes the form

iy = 0" + gl O;T" + 4 (af —T%). (1.5.16)

By construction, it is a conservative second order dynamic equation. Thus,
we have proved the following.

Proposition 1.5.4. Any connection K on the typical fibre M of a config-
uration bundle @Q — R yields a conservative second order dynamic equation
(1.5.16) on Q.
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1.6 Reference frames

From the physical viewpoint, a reference frame in non-relativistic mechanics
determines a tangent vector at each point of a configuration space @), which
characterizes the velocity of an observer at this point. This speculation
leads to the following mathematical definition of a reference frame in non-
relativistic mechanics [106; 112; 139].

Definition 1.6.1. A non-relativistic reference frame is a connection I' on
a configuration space @ — R.

By virtue of this definition, one can think of the horizontal vector field
(1.1.18) associated with a connection I' on  — R as being a family of
observers, while the corresponding covariant differential (1.1.19):

i =D"(q}) =q; - T,

determines the relative velocity with respect to a reference frame I'. Ac-
cordingly, ¢i are regarded as the absolute velocities.

In particular, given a motion ¢ : R — @, its covariant derivative V¢
(11.4.9) with respect to a connection I'is a velocity of this motion relative to
a reference frame I'. For instance, if ¢ is an integral section for a connection
T', a velocity of the motion c¢ relative to a reference frame I' is equal to
0. Conversely, every motion ¢ : R — @ defines a reference frame I'. such
that a velocity of ¢ relative to I'. vanishes. This reference frame I'; is an
extension of a section ¢(R) — J'@Q of an affine jet bundle J'Q — Q over
the closed submanifold ¢(R) € @ to a global section in accordance with
Theorem 11.2.2.

Remark 1.6.1. Bearing in mind time reparametrization, one should define
relative velocities as elements of VQ ®g T*R. They as like as absolute
velocities possess the physical dimension [q] — 1.

By virtue of Theorem 1.1.1, any reference frame I" on a configuration
bundle @ — R is associated with an atlas of local constant trivializations,
and vice versa. A connection I' takes the form I' = 9, (1.1.20) with respect
to the corresponding coordinates (¢,7'), whose transition functions g* — g’
are independent of time. One can think of these coordinates as also being a
reference frame, corresponding to the connection (1.1.20). They are called
the adapted coordinates to a reference frame I". Thus, we come to the
following definition, equivalent to Definition 1.6.1.
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Definition 1.6.2. In non-relativistic mechanics, a reference frame is an
atlas of local constant trivializations of a configuration bundle @ — R.

In particular, with respect to the coordinates §' adapted to a reference
frame I', the velocities relative to this reference frame coincide with the
absolute ones

D'(q) = r = -

Remark 1.6.2. By analogy with gauge field theory, we agree to call trans-
formations of bundle atlases of a fibre bundle ) — R the gauge transforma-
tions. To be precise, one should call them passive gauge transformations,
while by active gauge transformations are meant automorphisms of a fibre
bundle. In non-relativistic mechanics, gauge transformations also are refer-
ence frame transformations in accordance with Theorem 1.1.1. An object
on a fibre bundle is said to be gauge covariant or, simply, covariant if its
definition is atlas independent. It is called gauge invariant if its form is
maintained under atlas transformations.

A reference frame is said to be complete if the associated connection I'
is complete. By virtue of Proposition 1.1.2, every complete reference frame
defines a trivialization of a bundle ) — R, and wvice versa.

Remark 1.6.3. Given a reference frame I', one should solve the equations

. ) O 7 t,_a
Pt = 20T (161)
({Ea (t7 qj) 3 j 8qa (tv q])
AT I pi(s, ¢fy + H ) = 1.6.2
o L Ld)+ = 0 (1.6.2)

in order to find the coordinates (t,g*) adapted to I'. Let (¢,q¢) and (t,¢5)
be the adapted coordinates for reference frames I'; and I'y, respectively. In
accordance with the equality (1.6.2), the components I'! of the connection
I'; with respect to the coordinates (t,¢5) and the components 'S of the
connection I'y with respect to the coordinates (¢, ¢{) fulfill the relation

dqy
03

I +T4%=0.

Using the relations (1.6.1) — (1.6.2), one can rewrite the coordinate
transformation law (1.3.4) of second order dynamic equations as follows.
Let

—=a

T =§ (1.6.3)
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be a second order dynamic equation on a configuration space ) written
with respect to a reference frame (¢,¢"). Then, relative to arbitrary bundle
coordinates (¢,q") on @ — R, the second order dynamic equation (1.6.3)
takes the form

aqi aqa j_ J k_ k a_qi—a
95" 9 Ogk (¢ —17)(g; =T )+aqa§ , (1.6.4)

where T is a connection corresponding to the reference frame (¢,g"). The

Gir = &'+ 0,1 (gf —17) —

second order dynamic equation (1.6.4) can be expressed in the relative
velocities ¢& = ¢ —I'" with respect to the initial reference frame (¢,7%). We
have

X2 I~ Q X3
Accordingly, any second order dynamic equation (1.3.3) can be expressed
in the relative velocities ¢ = g¢ — I'* with respect to an arbitrary reference
frame I' as follows:

digf = O;T" . — ahaf +

dygp = (€ = JT); = €' — diT, (1.6.6)
where JT is the prolongation (1.1.25) of a connection I" onto the jet bundle
J'Q - R.

For instance, let us consider the following particular reference frame
I' for a second order dynamic equation £&. The covariant derivative of a

reference frame I' with respect to the corresponding dynamic connection ~y¢
(1.4.10) reads

VT =Q — T*Q x Vo J'Q, (1.6.7)
VT =ViI*dg* @ 0,  VITF =0\I% —~foT.
A connection I' is called a geodesic reference frame for the second order
dynamic equation £ if
L)V =TNOATF — 45 o) = (d I — €' 0 1)d; = 0. (1.6.8)
Proposition 1.6.1. Integral sections ¢ for a reference frame I’ are solutions

of a second order dynamic equation £ if and only if I is a geodesic reference
frame for &.

Proof. The proof follows at once from substitution of the equality (1.6.8)
in the second order dynamic equation (1.6.6). O

Remark 1.6.4. The left- and right-hand sides of the equation (1.6.6) sep-
arately are not well-behaved objects. This equation is brought into the
covariant form (1.8.6).



30 Dynamic equations

Reference frames play a prominent role in many constructions of non-
relativistic mechanics. They enable us to write the covariant forms:
(1.8.5) — (1.8.6) of dynamic equations, (2.3.5) of quadratic Lagrangians
and (3.3.17) of Hamiltonians of non-relativistic mechanics.

With a reference frame, we obtain the converse of Theorem 1.5.1.

Theorem 1.6.1. Given a reference frame T, any connection K (1.5.1) on
the tangent bundle TQ — Q defines a second order dynamic equation

¢ = (K5 —T"K)¢" |

°=1.di=q] °

This theorem is a corollary of Proposition 1.5.1 and the following lemma.

Lemma 1.6.1. Given a connection I' on a fibre bundle @ — R and a
connection K on the tangent bundle TQ — Q, there is the connection K
on TQ — Q with the components

KY=0, K{=K,-I"KY.

1.7 Free motion equations

Let us point out the following interesting class of second order dynamic
equations which we agree to call the free motion equations.

Definition 1.7.1. We say that the second order dynamic equation (1.3.3)
is a free motion equation if there exists a reference frame (¢,7') on the
configuration space @) such that this equation reads

g, = 0. (1.7.1)

With respect to arbitrary bundle coordinates (¢, ¢%), a free motion equa-
tion takes the form
aq¢t o™
g™ 9q70q*
where I' = 0;¢*(t,¢’) is the connection associated with the initial frame
(t,q") (cf. (1.6.4)). One can think of the right-hand side of the equation
(1.7.2) as being the general coordinate expression for an inertial force in
non-relativistic mechanics. The corresponding dynamic connection 7 on
the affine jet bundle J'Q — Q reads
aqt o™
7™ g1 dg"
76 = 0, + @I‘iq{ — ik,

giy = diT" + 0,7 (¢ —T7) — (¢} —T9)(g" —TF), (1.7.2)

Vi =0T — (g —T7), (1.7.3)
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It is affine. By virtue of Proposition 1.5.2; this dynamic connection defines
a linear connection K on the tangent bundle TQ) — @, whose curvature
necessarily vanishes. Thus, we come to the following criterion of a second
order dynamic equation to be a free motion equation.

Proposition 1.7.1. If £ is a free motion equation on a configuration
space @, it is quadratic, and the corresponding symmetric linear connection
(1.5.10) on the tangent bundle TQ — Q 1is a curvature-free connection.

This criterion is not a sufficient condition because it may happen that
the components of a curvature-free symmetric linear connection on 7Q — Q
vanish with respect to the coordinates on ) which are not compatible with
a fibration Q — R.

The similar criterion involves the curvature of a dynamic connection
(1.7.3) of a free motion equation.

Proposition 1.7.2. If £ is a free motion equation, then the curvature R
(1.4.3) of the corresponding dynamic connection e is equal to 0, and so
are the tensor field R (1.4.4) and the scalar field R (1.4.5).

Proposition 1.7.2 also fails to be a sufficient condition. If the curvature R
(1.4.3) of a dynamic connection ¢ vanishes, it may happen that components
of ¢ are equal to zero with respect to non-holonomic bundle coordinates
on an affine jet bundle J'Q — Q.

Nevertheless, we can formulate the necessary and sufficient condition of
the existence of a free motion equation on a configuration space Q.

Proposition 1.7.3. A free motion equation on a fibre bundle Q — R exists
if and only if a typical fibre M of Q admits a curvature-free symmetric linear
connection.

Proof. Let a free motion equation take the form (1.7.1) with respect to
some atlas of local constant trivializations of a fibre bundle Q@ — R. By
virtue of Proposition 1.4.2, there exists an affine dynamic connection ~ on
the affine jet bundle J'Q — Q whose components relative to this atlas
are equal to 0. Given a trivialization chart of this atlas, the connection ~
defines the curvature-free symmetric linear connection (1.5.13) on M. The
converse statement follows at once from Proposition 1.5.4. O

Corollary 1.7.1. A free motion equation on a fibre bundle Q@ — R exists
if and only if a typical fibre M of @ and, consequently, Q itself are locally
affine manifolds, i.e., toroidal cylinders (see Section 11.4.3).
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The free motion equation (1.7.2) is simplified if the coordinate transition
functions §° — ¢* are affine in coordinates g'. Then we have

¢, = 0,TF —TI9,T + 2400, (1.7.4)

Example 1.7.1. Let us consider a free motion on a plane R%Z. The cor-
responding configuration bundle is R?> — R coordinated by (¢,F). The
dynamic equation of this motion is

T = 0. (1.7.5)
Let us choose the rotatory reference frame with the adapted coordinates

coswt — sinwt )

. (1.7.6)
sinwt coswt

r = Ar, A:(

Relative to these coordinates, a connection I' corresponding to the initial
reference frame reads
I'=0rr=0,A-A'r.
Then the free motion equation (1.7.5) with respect to the rotatory reference
frame (1.7.6) takes the familiar form
ry = w’r +2 ((1) 01) ;. (1.7.7)

The first term in the right-hand side of the equation (1.7.7) is the centrifugal
force —TI'79;T"*, while the second one is the Coriolis force 2¢] 0;T*.

The following lemma shows that the free motion equation (1.7.4) is
affine in the coordinates ¢* and ¢! [106].

Lemma 1.7.1. Let (t,3%) be a reference frame on a configuration bundle
Q — R and T the corresponding connection. Components I'* of this con-
nection with respect to another coordinate system (t,q*) are affine functions
in the coordinates ¢' if and only if the transition functions between the co-
ordinates §° and ¢* are affine.

One can easily find the geodesic reference frames for the free motion

equation
¢y = 0. (1.7.8)

They are I'" = v’ = const. By virtue of Lemma 1.7.1, these reference frames
define the adapted coordinates

7 = quj —v't—d, k; = const., o' =const.,, a'=const. (1.7.9)
The equation (1.7.8) obviously keeps its free motion form under the trans-
formations (1.7.9) between the geodesic reference frames. Geodesic refer-
ence frames for a free motion equation are called inertial.



1.8. Relative acceleration 33

1.8 Relative acceleration

In comparison with the notion of a relative velocity, the definition of a
relative acceleration is more intricate.

To consider a relative acceleration with respect to a reference frame I,
one should prolong a connection I'" on a configuration space @ — R to a
holonomic connection - on the jet bundle J'Q — R. Note that the jet
prolongation JI' (1.1.25) of T onto J'@Q — R is not holonomic. We can
construct the desired prolongation by means of a dynamic connection ~ on
an affine jet bundle J'Q — Q.

Lemma 1.8.1. Let us consider the composite bundle (1.1.12). Given a
reference frame T' on Q — R and a dynamic connections v on J'Q — @,
there exists a dynamic connection 5 on J*Q — @Q with the components

Ve =T 6 =dil —pI" (1.8.1)

Proof. Combining a connection I" on ¢ — R and a connection v on
J'Q — @ gives the composite connection (11.4.29) on J'@Q — R which
reads

B=dt® (0 +T70; + (YiT* ++2)dL).
Let JI' be the jet prolongation (1.1.25) of a connection I' on J'Q — R.
Then the difference

JT — B =dt @ (d; T — 4iT% — ~48)d!

is a Vg JJ'Q-valued soldering form on the jet bundle J'@Q — R, which also is
a soldering form on the affine jet bundle J'Q — Q. The desired connection
(1.8.1) is

J=v+J0 = B=dt® (0 + (dI" = %IT)0) +dd* @ (O + 10).

Now, we construct a certain soldering form on an affine jet bundle
J'Q — Q and add it to this connection. Let us apply the canonical pro-
jection T*Q — V*@Q and then the imbedding I' : V*Q — T*Q to the
covariant derivative (1.6.7) of the reference frame T' with respect to the
dynamic connection 7. We obtain the Vg J'Q-valued one-form

o = [-TH(O,T* —4F o T)dt + (9,1 — 7 0 T)dg’] @ 0}

on @ whose pull-back onto J'Q is a desired soldering form. The sum

I 25—’_0—3
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called the frame connection, reads
1o = &T" — 7T = TH(T" —f o T), (1.82)
Yk =Yk + Ok =7 o T.
This connection yields the desired holonomic connection
b =d "+ (0" + 7k — o T)(g; —T7)

on the jet bundle J'Q — R.
Let ¢ be a second order dynamic equation and v = ~y¢ the connection
(1.4.10) associated with £. Then one can think of the vertical vector field

ar =& —&r = (&' —&1)0; (1.8.3)

on the affine jet bundle J'Q — Q as being a relative acceleration with re-
spect to the reference frame I' in comparison with the absolute acceleration
£

For instance, let us consider a reference frame I which is geodesic for
the second order dynamic equation &, i.e., the relation (1.6.8) holds. Then
the relative acceleration of a motion ¢ with respect to a reference frame I'
is

(§—¢&r)ol=0.

Let £ now be an arbitrary second order dynamic equation, written with
respect to coordinates (¢,q") adapted to a reference frame T, i.e., I'* = 0.
In these coordinates, the relative acceleration with respect to a reference
frame T is

) . o 1 ) )
ab =&t ¢, q) — §qf(ake — O | _y): (1.8.4)

Given another bundle coordinates (,¢'") on @ — R, this dynamic equation
takes the form (1.6.5), while the relative acceleration (1.8.4) with respect
to a reference frame I' reads

no__ /g
ar = 0;¢"af-.

Then we can write the second order dynamic equation (1.3.3) in the form
which is covariant under coordinate transformations:

Dovgi = dyg; — & = ar, (1.8.5)

where EW is the vertical covariant differential (1.4.9) with respect to the
frame connection - (1.8.2) on an affine jet bundle J'Q — Q.
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In particular, if £ is a free motion equation which takes the form (1.7.1)
with respect to a reference frame I'; then
Dyrgr =0
relative to arbitrary bundle coordinates on the configuration bundle Q — R.
The left-hand side of the second order dynamic equation (1.8.5) also
can be expressed in the relative velocities such that this dynamic equation
takes the form
dip — yri.dr = ar (1.8.6)
which is the covariant form of the equation (1.6.6).
The concept of a relative acceleration is understood better when we deal
with a quadratic second order dynamic equation &, and the corresponding
dynamic connection - is affine.

Lemma 1.8.2. If a dynamic connection vy is affine, i.e.,

P i ik
T =Y0 T Mkt
so is a frame connection yr for any frame T.

Proof. The proof follows from direct computation. We have
h = 0L + (T = 7, T) (¢ —TY),
i = Ok + 73 (q] — 1Y)

or
’)Té‘k = ’Y;’ka
ok = L =57, Arke = I — 4,1, (1.8.7)
Yrbo = O I = TIO,T" + 41, TIT*, O

In particular, we obtain
’YF;‘k = ’Y;ka Yrok = ko = Yroo = 0
relative to the coordinates adapted to a reference frame I.
A glance at the expression (1.8.7) shows that, if a dynamic connection
v is symmetric, so is a frame connection ~r.

Corollary 1.8.1. If a second order dynamic equation & is quadratic, the
relative acceleration ar (1.8.8) is always affine, and it admits the decompo-

sition
ap = —(T*VIT + 2¢pVITY), (1.8.8)
where v = ¢ is the dynamic connection (1.4.10), and
it=q¢ -T ¢=1 TI'=1

1s the relative velocity with respect to the reference frame I.
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Note that the splitting (1.8.8) gives a generalized Coriolis theorem. In
particular, the well-known analogy between inertial and electromagnetic
forces is restated. Corollary 1.8.1 shows that this analogy can be extended
to an arbitrary quadratic dynamic equation.

1.9 Newtonian systems

Equations of motion of non-relativistic mechanics need not be exactly dy-
namic equations. For instance, the second Newton law of point mechanics
contains a mass. The notion of a Newtonian system generalizes the second
Newton law as follows.

Let m be a fibre metric (bilinear form) in the vertical tangent bundle
VoJ'Q — J'Q of J'Q — Q. It reads

2 y 1 = =
m:JQ — JYQ VQJlQ, m= §mijdqt Vdgl, (1.9.1)

where dgj are the holonomic bases for the vertical cotangent bundle V5.J'Q
of J1Q — Q. Tt defines the map

m: Vol 'Q — V5J'Q.
Definition 1.9.1. Let @ — R be a fibre bundle together with:
(i) a fibre metric m (1.9.1) satisfying the symmetry condition
6,§mij = O;mlk, (192)
(i) a holonomic connection ¢ (1.1.26) on a jet bundle J'@Q — R related
to the fibre metric m by the compatibility condition
1
&ldmg; + Emika;gk +m;0Lek = 0. (1.9.3)
A triple (Q,m, &) is called the Newtonian system.

We agree to call a metric m in Definition 1.9.1 the mass tensor of a
Newtonian system (Q,m,&). The equation of motion of this Newtonian
system is defined to be

(DY) =0,  mulqy, — &) =0. (1.9.4)
Due to the conditions (1.9.2) and (1.9.3), it is brought into the form
di(mirgy) — maé* = 0.

Therefore, one can think of this equation as being a generalization of the
second Newton law.



1.9. Newtonian systems 37

If a mass tensor m (1.9.1) is non-degenerate, the equation of motion
(1.9.4) is equivalent to the second order dynamic equation

Df=0,  gy—¢" =0
Because of the canonical vertical splitting (1.1.11), the mass tensor
(1.9.1) also is a map

2 1 ; ,
m:JQ — J\I/QV Q, m = imijdq Vdg'. (1.9.5)
Remark 1.9.1. To be precise, one should define a mass tensor as a map
2
m:J'Q— Vv V5J'Q ® T'R,
JQ JQ

but we follow Remark 1.1.1, without considering time reparametrization.
In the universal unit system, a mass tensor m is of physical dimension
—2[g] + 1. For instance, the physical dimension of a mass tensor of a point
mass with respect to Cartesian coordinates ¢’ is [length] !, while that with
respect to the angle coordinates is [length].

A Newtonian system (Q,m,¢) is said to be standard, if its mass tensor
m is the pull-back onto VoJ'@Q of a fibre metric

m:Q — gV*Q (1.9.6)

in the vertical tangent bundle V@ — @ in accordance with the isomor-
phisms (1.1.10) and (1.1.11), i.e., m is independent of the velocity coordi-
nates ¢;.

Given a mass tensor, one can introduce the notion of an external force.

Definition 1.9.2. An external force is defined as a section of the vertical
cotangent bundle V5.J'Q — J'Q. Let us also bear in mind the isomorphism
(1.1.11).

It should be emphasized that there are no canonical isomorphisms be-
tween the vertical cotangent bundle V{5.J 1@ and the vertical tangent bundle
VoJ'Q of J1Q. One must therefore distinguish forces and accelerations
which are related by means of a mass tensor (see Remark 1.9.2 below).

Let (Q,m, &) be a Newtonian system and f an external force. Then

& =€+ m™ )" i (1.9.7)
is a dynamic equation, but the triple (Q,m, &) is not a Newtonian system

in general. As it follows from a direct computation, if and only if an external
force possesses the property

O;fj+ 05 fi =0, (1.9.8)
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then & (1.9.7) fulfills the compatibility condition (1.9.3), and (Q,m,&y)
also is a Newtonian system.

Example 1.9.1. For instance, the Lorentz force
fi = eFxiq}, q =1, (1.9.9)
where
Fy, = O0A, — 0, Ay (1.9.10)
is the electromagnetic strength, obeys the condition (1.9.8). Note that the

Lorentz force (1.9.9) as like as other forces can be expressed in the relative
velocities ¢r with respect to an arbitrary reference frame I':

07 (07— ., —
fi= a < a Fnqul'c"i_FOj)v

=e— | =
dqt \ Oq*

where 7 are the coordinates adapted to a reference frame I', and F is an

electromagnetic strength, written with respect to these coordinates.

Remark 1.9.2. The contribution of an external force f to a second order
dynamic equation
giy — € = (m™ )" fi

of a Newtonian system obviously depends on a mass tensor. It should be
emphasized that, besides external forces, we have a universal force which
is a holonomic connection

§=Kpd'e, 4 =1,
associated with the symmetric linear connection K (1.5.3) on the tangent
bundle TQQ — Q. From the physical viewpoint, this is a non-relativistic
gravitational force, including an inertial force, whose contribution to a sec-
ond order dynamic equation is independent of a mass tensor.

1.10 Integrals of motion

Let an equation of motion of a mechanical system on a fibre bundle Y —
R be described by an r-order differential equation € given by a closed
subbundle of the jet bundle J"Y — R in accordance with Definition 11.3.5.

Definition 1.10.1. An integral of motion of this mechanical system is
defined as a (k < r)-order differential operator ® on Y such that € belongs
to the kernel of an r-order jet prolongation of the differential operator d;®,
i.e.,

Jr_k_l(dtq)”e _ .]r_k(I)|@ =0. (1101)
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It follows that an integral of motion ® is constant on solutions s of a
differential equation &, i.e., there is the differential conservation law

(J*s5)*® = const., (J*s)*d,® = 0. (1.10.2)
We agree to write the condition (1.10.1) as the weak equality
JT 7 Hd, @) = 0, (1.10.3)

which holds on-shell, i.e., on solutions of a differential equation & by the
formula (1.10.2).

In non-relativistic mechanics (without time-reparametrization), we can
restrict our consideration to integrals of motion ® which are functions on
JEY . As was mentioned above, equations of motion of non-relativistic
mechanics mainly are of first or second order. Accordingly, their integrals
of motion are functions on Y or J*Y". In this case, the corresponding weak
equality (1.10.1) takes the form

d® ~ 0 (1.10.4)

of a weak conservation law or, simply, a conservation law.

Different integrals of motion need not be independent. Let integrals
of motion ®4,...,®,, of a mechanical system on Y be functions on JEY.
They are called independent if

APy A - Ad®,, #0 (1.10.5)

everywhere on J*Y. In this case, any motion J*s of this mechanical system
lies in the common level surfaces of functions ®1, ..., ®,, which bring J*Y
into a fibred manifold.

Integrals of motion can come from symmetries. This is the case of
Lagrangian and Hamiltonian mechanics (Sections 2.5 and 3.8).

Definition 1.10.2. Let an equation of motion of a mechanical system be
an r-order differential equation € C J"Y. Its infinitesimal symmetry (or,
simply, a symmetry) is defined as a vector field on J"Y whose restriction
to € is tangent to €.

For instance, let us consider first order dynamic equations.

Proposition 1.10.1. Let € be the autonomous first order dynamic equa-
tion (1.2.1) given by a vector field uw on a manifold Z. A wvector field 9 on
Z is its symmetry if and only if [u, 9] ~ 0.
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Proof. The first order dynamic equation (1.2.1) is a subbundle of T'Z.
The functorial lift of ¢ into T'Z is (11.2.31). Then the condition of Definition
(1.10.2) leads to a desired weak equality. O

One can show that a smooth real function F' on a manifold Z is an
integral of motion of the autonomous first order dynamic equation (1.2.1)
(i.e., it is constant on solutions of this equation) if and only if its Lie
derivative along u vanishes:

L,F = v 0,® = 0. (1.10.6)

Proposition 1.10.2. Let & be the first order dynamic equation (1.3.1)
given by a connection T' (1.1.18) on a fibre bundle Y — R. Then a vector
field 9 on'Y is its symmetry if and only if [I', 9] = 0.

Proof. The first order dynamic equation (1.3.1) on a fibre bundle Y — R
is equivalent to the autonomous first order dynamic equation (1.3.2) given
by the vector field I" (1.1.18) on a manifold Y. Then the result is a corollary
of Proposition 1.10.1. g

A smooth real function ® on Y is an integral of motion of the first order
dynamic equation (1.3.1) in accordance with the equality (1.10.4) if and
only if

Lr® = (0, +T°0;)® = 0. (1.10.7)

Following Definition 1.10.2, let us introduce the notion of a symmetry
of differential operators in the following relevant case. Let us consider an
r-order differential operator on a fibre bundle Y — R which is represented
by an exterior form £ on J"Y (Definition 11.3.4). Let its kernel Ker & be
an r-order differential equation on Y — R.

Proposition 1.10.3. [t is readily justified that a vector field 9 on J"Y is
a symmetry of the equation Ker& in accordance with Definition 1.10.2 if
and only if

Ly& = 0. (1.10.8)
Motivated by Proposition 1.10.3, we come to the following.

Definition 1.10.3. Let £ be the above mentioned differential operator. A
vector field ¢ on J"Y is called a symmetry of a differential operator £ if
the Lie derivative Ly& vanishes.
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By virtue of Proposition 1.10.3, a symmetry of a differential operator &£
also is a symmetry of the differential equation Ker&.

Note that there exist integrals of motion which are not associated with
symmetries of an equation of motion (see Example 2.5.4 below).
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Chapter 2

Lagrangian mechanics

Lagrangian non-relativistic mechanics on a velocity space is formulated
in the framework of Lagrangian formalism on fibre bundles [53; 68;
106]. This formulation is based on the variational bicomplex and the first
variational formula, without appealing to the variational principle. Besides
Lagrange equations, the Cartan and Hamilton-De Donder equations are
considered in the framework of Lagrangian formalism. Note that the Cartan
equation, but not the Lagrange one is associated to the Hamilton equation
(Section 3.6). The relations between Lagrangian and Newtonian systems
are investigated. Lagrangian conservation laws are defined by means of the
first Noether theorem.

2.1 Lagrangian formalism on Q@ — R

Let 7 : Q — R be a fibre bundle (1.1.1). The finite order jet manifolds J*Q
of @ — R form the inverse sequence

D JQe— g Q e— (2.1.1)

where 7/_, are affine bundles. Its projective limit J>°(@) is a paracompact
Fréchet manifold. One can think of its elements as being infinite order jets of
sections of Q — R identified by their Taylor series at points of R. Therefore,
J*Q is called the infinite order jet manifold. A bundle coordinate atlas
(t,q") of @ — R provides J>°Q with the manifold coordinate atlas

(taqi,qzqutv"')a q/;/\ = dth, (2]—2)
where A = (¢---t) denotes a multi-index of length |A| and

dy = Oy + qi0;i + 440 + - + a0} + -+

43
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is the total derivative.
Let O = O*(J"Q) be a graded differential algebra of exterior forms on
a jet manifold J"Q. The inverse sequence (2.1.1) of jet manifolds yields the
direct sequence of differential graded algebras O;:
1x 3 *

0*(Q) s 0r — ...@;_1”: OF —s ., (2.1.3)

*

where 7, _;* are the pull-back monomorphisms. Its direct limit

O*.Q = lim O (2.1.4)

(or, simply, OF) consists of all exterior forms on finite order jet mani-
folds modulo the pull-back identification. In particular, O% is the ring
of all smooth functions on finite order jet manifolds. The OF (2.1.4) is
a differential graded algebra which inherits the operations of the exterior
differential d and exterior product A of exterior algebras O.

Theorem 2.1.1. The cohomology H*(O%,) of the de Rham complex
0—R-—0° L0 4. (2.1.5)

of the differential graded algebra OF, equals the de Rham cohomology
H{z(Q) of a fibre bundle Q [68].

Corollary 2.1.1. Since Q (1.1.1) is a trivial fibre bundle over R, the de
Rham cohomology H\R (Q) of Q equals the de Rham cohomology of its typ-
ical fibre M in accordance with the well-known Kinneth formula. There-
fore, the cohomology H*(O%,) of the de Rham complex (2.1.5) equals the
de Rham cohomology H\r (M) of M.

Since elements of the differential graded algebra O, (2.1.4) are exterior
forms on finite order jet manifolds, this OY_-algebra is locally generated by
the horizontal form dt and contact one-forms

0y = dgi — giadt.
Moreover, there is the canonical decomposition
Or =a0km  m=0,1,

of O, into 0% -modules O%™ of k-contact and (m = 0, 1)-horizontal forms
together with the corresponding projectors

hy : OF, — OF*, O, — O3
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Accordingly, the exterior differential on O}, is decomposed into the sum
d = dy + dg of the vertical differential

dy : OFm s OFFLm - dy o k™ = h™ od o h™,
dv(¢) =0 NIt ¢ €Ok,
and the total differential
dy - O™ — Okl dyohy =hgodohyg, dgohg=hgod,
dy (@) = dt N did, ¢p e OL. (2.1.6)
These differentials obey the nilpotent conditions
dygodyg =0, dy ody =0, dgody +dyodyg =0,
and make O%* into a bicomplex.

One introduces the following two additional operators acting on O%".
(i) There exists an R-module endomorphism

1
0= Z E@O hgoh!: 020 — 0201 (2.1.7)
k>0
2(0) = Y (=DM A [da(@} )], b e O,
0<[A|
possessing the following properties.

Lemma 2.1.1. For any ¢ € O2%Y, the form ¢ — o(¢) is locally dy-ezact
on each coordinate chart (2.1.2). The operator o obeys the relation

(0odm)(¥) =0, Y e 0200, (2.1.8)

It follows from Lemma 2.1.1 that ¢ (2.1.7) is a projector, i.e., po 0 = p.
(ii) One defines the variational operator

§=pod: O — O (2.1.9)

Lemma 2.1.2. The variational operator 6 (2.1.9) is nilpotent, i.e., §o0d =
0, and it obeys the relation

dop=24. (2.1.10)

With operators ¢ (2.1.7) and ¢ (2.1.9), the bicomplex O** is brought
into the variational bicomplex. Let us denote E; = o(O%:!). We have

ot

0 — Oééo dﬂ> Oég} & E, —0 (2.1.11)
dVT dVT 7(5T
0-R— 00 4 o0l =
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This variational bicomplex possesses the following cohomology [68].

Theorem 2.1.2. The bottom row and the last column of the variational
bicomplex (2.1.11) make up the variational complex

0-R—0% 4,000 g CiEy (2.1.12)

Its cohomology is isomorphic to the de Rham cohomology of a fibre bundle Q
and, consequently, the de Rham cohomology of its typical fibre M (Corollary
2.1.1).

Theorem 2.1.3. The rows of contact forms of the variational bicomplex
(2.1.11) are exact sequences.

Note that Theorem 2.1.3 gives something more. Due to the relations
(2.1.6) and (2.1.10), we have the cochain morphism

o d 1 d 2 d 3
O, — 0O, — 0, — 0 — -

ho l ho l 0 l Y l
d 0 )
0% s 0% S E S5 Ey — -
of the de Rham complex (2.1.5) of the differential graded algebra O to its
variational complex (2.1.12). By virtue of Theorems 2.1.1 and 2.1.2, the cor-

responding homomorphism of their cohomology groups is an isomorphism.
A consequence of this fact is the following.

Theorem 2.1.4. Any §-closed form ¢ € OF', k = 0,1, is split into the
sum
¢ = hoo + dgé, k=0, £c0%, (2.1.13)
p=o0(0)+6(&, k=1,  £€0%, (2.1.14)
where o is a closed (1 + k)-form on Q.

In Lagrangian formalism on a fibre bundle @ — R, a finite order La-
grangian and its Lagrange operator are defined as elements

L = Ldt € 0%, (2.1.15)

Er = 6L = E0° N dt € By, (2.1.16)

g =Y (-n)Mdx(rL), (2.1.17)
0<|A|

of the variational complex (2.1.12). Components &; (2.1.17) of the Lagrange
operator (2.1.16) are called the variational derivatives. Elements of E; are
called the Lagrange-type operators.
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We agree to call a pair (O, L) the Lagrangian system.
Corollary 2.1.2. A finite order Lagrangian L (2.1.15) is variationally triv-
ial, i.e., (L) = 0 if and only if
L = hoo + dgé, e 0%, (2.1.18)

where o is a closed one-form on Q.

Corollary 2.1.3. A finite order Lagrange-type operator £ € E; satisfies
the Helmholtz condition §(£) = 0 if and only if

E=0L+ o(o), Le0o%, (2.1.19)
where o is a closed two-form on Q.

Given a Lagrangian L (2.1.15) and its Lagrange operator 6L (2.1.16),
the kernel Ker L C J?"Q of 6L is called the Lagrange equation. It is locally
given by the equalities

g =Y (-1)Mdy(dre) = 0. (2.1.20)
0<[A|

However, it may happen that the Lagrange equation is not a differential
equation in accordance with Definition 11.3.2 because Ker § L need not be
a closed subbundle of J2"Q — R.

Example 2.1.1. Let Q = R? — R be a configuration space, coordinated
by (t,q). The corresponding velocity phase space J@Q is equipped with the
adapted coordinates (¢, ¢, ¢:). The Lagrangian

1
L= §q2qt2dt

on J'Q leads to the Lagrange operator
£ = g4} — di(¢*qr))dg A dt

whose kernel is not a submanifold at the point ¢ = 0.

Theorem 2.1.5. Owing to the exactness of the row of one-contact forms
of the variational bicomplex (2.1.11) at the term OL}, there is the decom-
position

dL = 6L —dy L, (2.1.21)

where a one-form £ is a Lepage equivalent of a Lagrangian L [68].
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Let us restrict our consideration to first order Lagrangian theory on
a fibre bundle ¢ — R. This is the case of Lagrangian non-relativistic
mechanics.

A first order Lagrangian is defined as a density

L = Ldt, L:J'Q — R, (2.1.22)

on a velocity space J'Q. The corresponding second-order Lagrange opera-
tor (2.1.16) reads

6L = (0:£ — dyOLL)H" A dt. (2.1.23)
Let us further use the notation
m=0{L,  my=00iL. (2.1.24)

The kernel Ker L C J?Q of the Lagrange operator defines the second
order Lagrange equation

(0; — di 0L = 0. (2.1.25)

Tts solutions are (local) sections ¢ of the fibre bundle @ — R whose second
order jet prolongations ¢ live in (2.1.25). They obey the equations

.d
&'ﬁoc—%(

Definition 2.1.1. Given a Lagrangian L, a holonomic connection
§L = 0i+qi0i + €0}

on the jet bundle J'Q — R is said to be the Lagrangian connection if

mio0é) =0. (2.1.26)

it takes its values into the kernel of the Lagrange operator 6L, i.e., if it
satisfies the relation

8z£ - 8t7ri — qfajm — fjﬂ'ji =0. (2.1.27)

A Lagrangian connection need not be unique.
Let us bring the relation (2.1.27) into the form

O, L — dym; + (q{t — fj)ﬂji =0. (2128)

If a Lagrangian connection &, exists, it defines the second order dynamic
equation

4 = €L (2.1.29)
on @@ — R, whose solutions also are solutions of the Lagrange equation

(2.1.25) by virtue of the relation (2.1.28). Conversely, since the jet bundle
J2Q — J'Q is affine, every solution c of the Lagrange equation also is an
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integral section for a holonomic connection &, which is a global extension of
the local section J'c(R) — J2¢(R) of this jet bundle over the closed imbed-
ded submanifold J'c¢(R) € J'Q. Hence, every solution of the Lagrange
equation also is a solution of some second order dynamic equation, but it
is not necessarily a Lagrangian connection.

Every first order Lagrangian L (2.1.22) yields the bundle morphism

L: JQ ?V*Q, pioizm, (2.1.30)

where (t, ¢, p;) are holonomic coordinates on the vertical cotangent bundle
V*Q of @ — R. This morphism is called the Legendre map, and

mm: VIQ — Q, (2.1.31)
is called the Legendre bundle. As was mentioned above, the vertical cotan-
gent bundle V*@ plays a role of the phase space of non-relativistic me-
chanics on a configuration space Q — R. The range N = L(J'Q) of the
Legendre map (2.1.30) is called the Lagrangian constraint space.

Definition 2.1.2. A Lagrangian L is said to be:

e hyperregular if the Legendre map Lisa diffeomorphism;

e regular if L is a local diffeomorphism, i.e., det(m;;) # 0;

e semiregular if the inverse image E‘l(p) of any point p € N is a
connected submanifold of J'Q;

e almost regular if a Lagrangian constraint space Ny, is a closed imbed-
ded subbundle iy : N, — V*@Q of the Legendre bundle V*@Q — @ and the
Legendre map

L:J'Q— Ny, (2.1.32)
is a fibred manifold with connected fibres (i.e., a Lagrangian is semiregular).
Remark 2.1.1. A glance at the equation (2.1.27) shows that a regular
Lagrangian L admits a unique Lagrangian connection

% = (Wﬁl)ij(—aiﬁ‘i‘atm +qfak7fi)- (2.1.33)
In this case, the Lagrange equation (2.1.25) for L is equivalent to the second
order dynamic equation associated to the Lagrangian connection (2.1.33).

2.2 Cartan and Hamilton—De Donder equations

Given a first order Lagrangian L, its Lepage equivalent £ in the decompo-
sition (2.1.21) is the Poincaré—Cartan form

HL = Widqi - (Wiqé - ,C)dt (221)
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(see the notation (2.1.24)). This form takes its values into the subbundle
JIQ x T*Q of T*J'Q. Hence, we have a morphism
Q
Hp:J'Q — T*Q, (2.2.2)
whose range
Z, = Hp(J'Q) (2.2.3)

is an imbedded subbundle iy, : Z;, — T*Q of the cotangent bundle T*@Q.
One calls H 1 the homogeneous Legendre map and T*(Q the homogeneous
Legendre bundle. Let (t, ¢, po, p;) denote the holonomic coordinates of T*Q
possessing transition functions

o¢’ o
/ — . / f— —_— .
pi= aq/ipj’ po = (po T p]) . (2.2.4)

With respect to these coordinates, the morphism fIL (2.2.2) reads
(pospi) o Hy, = (£ — gims, ).

A glance at the transition functions (2.2.4) shows that T*Q is a one-
dimensional affine bundle

¢:T"Q—=V"Q (2.2.5)

over the vertical cotangent bundle V*@Q (cf. (11.2.19)). Moreover, the
Legendre map L (2.1.30) is exactly the composition of morphisms

L=CoH:J'\Q 5>V*Q. (2.2.6)

It is readily observed that the Poincaré-Cartan form Hy, (2.2.1) also is
the Poincaré-Cartan form Hy = Hj of the first order Lagrangian

L=ho(HL) = (L + (g} — q))m)dt,  holdg’) = qfydt, (2.2.7)

on the repeated jet manifold J'J'Y [53; 68]. The Lagrange operator for L
reads (called the Lagrange—Cartan operator)

5L = (0L — dym; + 0 (ql,) — a)))dg’ + Ofm; (], — al)dgi] A dt. (2.2.8)
Its kernel Ker 6L C J'J'Q defines the Cartan equation

8;7'(]' (qgt) - (]g) =0, (229)

;L — (/i\tﬂ'i + 32'7Tj(q€t) — qi) =0 (2210)

on J1Q. Since (5Z|J2Q = 0L, the Cartan equation (2.2.9) — (2.2.10) is equiv-
alent to the Lagrange equation (2.1.25) on integrable sections of J1Q — X.
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It is readily observed that these equations are equivalent if a Lagrangian L
is regular.

The Cartan equation (2.2.9) — (2.2.10) on sections ¢ : R — J'Q is
equivalent to the relation

¢ (u|dHp) =0, (2.2.11)

which is assumed to hold for all vertical vector fields u on J'Q — R.
The cotangent bundle T*Q admits the Liouville form

2 = podt + pidq’. (2.2.12)

Accordingly, its imbedded subbundle Zj, (2.2.3) is provided with the pull-
back De Donder form Zj, = i} =. There is the equality

Hp = H:Zp = Hi(i52). (2.2.13)

By analogy with the Cartan equation (2.2.11), the Hamilton—De Donder
equation for sections 7 of Z; — R is written as

7™ (u]d=L) =0, (2.2.14)
where u is an arbitrary vertical vector field on Z; — R.

Theorem 2.2.1. Let the homogeneous Legendre map Hy, be a submersion.
Then a section © of J'Q — R is a solution of the Cartan equation (2.2.11)
if and only if Hy o is a solution of the Hamilton—De Donder equation
(2.2.14), i.e., the Cartan and Hamilton-De Donder equations are quasi-
equivalent [68; 74].

Remark 2.2.1. As was mentioned above, the vertical cotangent bundle
V*@Q plays a role of the phase space of non-relativistic mechanics on a
configuration space Q. Accordingly, the cotangent bundle T*@ is its ho-
mogeneous phase space (Section 3.3).

2.3 Quadratic Lagrangians

Quadratic Lagrangians provide the most physically relevant case of non-
relativistic mechanical systems.

Given a configuration bundle @ — R, let us consider a quadratic
Lagrangian

1 .
L= (iaijqiqi + biqi + C) dt, (2.3.1)
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where a, b and c are local functions on ). This property is global due to the
transformation law of the velocity coordinates ¢¢. The associated Legendre
map reads

Ppi © f = aiqu + b;. (232)
Lemma 2.3.1. The Lagrangian (2.3.1) is semiregular.

Proof. For any point p of the Lagrangian constraint space N, (2.3.2),
the system of linear algebraic equations (2.3.2) for ¢i has solutions which
make up an affine space modelled over the linear space of solutions of the
homogeneous linear algebraic equations

0= A5 qjv
where ¢/ are the holonomic coordinates on a vertical tangent bundle V Q.

This affine space is obviously connected. O

Let us assume that the Lagrangian L (2.3.1) is almost regular, i.e., the
matrix a;; is of constant rank.

The Legendre map (2.3.2) is an affine morphism over Q. It defines the
corresponding linear morphism

L:vVQ 5’V*Q, pioL = a;;¢,

whose range N is a linear subbundle of the Legendre bundle V*Q — Q.
Accordingly, the Lagrangian constraint space N, given by the equations
(2.3.2), is an affine subbundle N — @Q, modelled over N, of the Legendre
bundle V*@Q — @Q. Hence, the fibre bundle N — @ has a global section.
For the sake of simplicity, let us assume that this is the canonical zero
section 0(Q) of V*Q — Q. Then N = Ni.
The kernel
Ker L = L~1(0(Q))
of the Legendre map is an affine subbundle of the affine jet bundle J'Q —
@, which is modelled over the vector bundle
KeeZ=1 '(0Q)) cVQ.

Then there exists a connection

I:Q—KerlL, (2.3.3)

ai;T7 +b; =0, (2.3.4)

on the configuration bundle Q — R, which takes its values into Ker L. Tt
is called the Lagrangian frame connection.
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Thus, any quadratic Lagrangian defines a reference frame given by some
Lagrangian frame connection (2.3.3). It is called the Lagrangian reference
frame.

With a Lagrangian frame connection, the quadratic Lagrangian (2.3.1)
can be brought into the covariant form

1 . o _
L= (§aij(q; —T) (¢ —T7)+ c’) dt, (2.3.5)

i.e., it factorizes trough relative velocities ¢& = ¢ — I'* with respect to the
Lagrangian reference frame (2.3.3).

For instance, if the quadratic Lagrangian (2.3.1) is regular, there is a
unique solution (2.3.3) of the algebraic equations (2.3.4). Thus, the regular
Lagrangian admits a unique Lagrangian frame connection and a Lagrangian
reference frame.

The matrix a in the Lagrangian L (2.3.1) can be seen as a degenerate
fibre metric of constant rank in V@ — @. Then the following holds.

Lemma 2.3.2. Given a k-dimensional vector bundle E — Z, let a be a
2
section of rank r of the tensor bundle V E* — Z. There is a splitting
E=Kera® E, (2.3.6)
z

where E' = E/Kera is the quotient bundle, and a is a non-degenerate fibre
metric in E'.

Proof. Since a exists, the structure group GL(k,R) of the vector bun-
dle E — Z is reducible to the subgroup GL(r,k — r;R) of general linear
transformations of R* which keep its r-dimensional subspace, and to its
subgroup GL(r,R) x GL(k — r,R). O

Theorem 2.3.1. Given an almost reqular quadratic Lagrangian L, there
exists a linear map
oc:V*Q - VQ, §' oo =ap;, (2.3.7)

over @Q such that

Locoiy=in.
Proof. The map (2.3.7) is a solution of the algebraic equations

aijajkakb = a;p. (2.3.8)
By virtue of Lemma 2.3.2, there exist the bundle slitting

VQ = KeragE’ (2.3.9)
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and a (non-holonomic) atlas of this bundle such that transition functions of
Kera and E’ are independent. Since a is a non-degenerate fibre metric in
E’, there exists an atlas of E’ such that a is brought into a diagonal matrix
with non-vanishing components a4 4. Due to the splitting (2.3.9), we have
the corresponding bundle splitting

V*Q = (Kera)* %Ima. (2.3.10)

Then a desired map o is represented by the direct sum o1®0( of an arbitrary
section o7 of the bundle

\2/(Ker a*) — Q

2
and a section og of the bundle V E’ — @, which has non-vanishing com-
ponents 044 = (a44)~! with respect to the above mentioned atlas of E’.
Moreover, o satisfies the particular relations

oo =0p0Looy, aoo; =0, cioa=0. (2.3.11)

O

Remark 2.3.1. Using the relations (2.3.11), one can write the above as-
sumption, that the Lagrangian constraint space N — @ admits a global
zero section, in the form

bi = aijoi by. (2.3.12)
If the quadratic Lagrangian (2.3.1) is regular, the map (2.3.7) is uniquely

defined by the equation (2.3.8).
With the relations (2.3.7), (2.3.8) and (2.3.12), we obtain the splitting

JQ =8(J'Q) %}'(JlQ) = Kerf%lm(oo oL), (2.3.13)
g =S8 +F (2.3.14)
= [¢i — 06 (arsal + be)] + (00" (arsql + bx)]-

It is readily observed that, with respect to the coordinates S* and F*
(2.3.14), the Lagrangian (2.3.1) reads

1 y
L= §a1‘j}_z]‘7 + C/, (2315)
where
Fi=okar;(q —T7) (2.3.16)

for some Lagrangian reference frame I' (2.3.3) on ¥ — X.



2.3. Quadratic Lagrangians 55

Example 2.3.1. Let us consider a regular quadratic Lagrangian

1 o )
L= gmola )il + k)i + o) . (2317)

where m;; is a non-degenerate positive-definite fibre metric in the vertical
tangent bundle V@Q — @Q. The corresponding Lagrange equation takes the
form

G =—(m )" hwlad, @ =1, (2.3.18)
where .

{)\uu} - _5(8)\9/“/ + anu)\ - aug)\u)
are the Christoffel symbols of the metric

goo = —2¢, goi = —ki, Gij = —Mij (2.3.19)

on the tangent bundle T'Q). Let us assume that this metric is non-
degenerate. By virtue of Corollary 1.5.1, the second order dynamic equation
(2.3.18) is equivalent to the non-relativistic geodesic equation (1.5.9) on the
tangent bundle T'QQ which reads

=0, =1 §@={NW - hatdd (23.20)
Let us now bring the Lagrangian (2.3.17) into the form (2.3.5):
1 A o .
£ = gmoteat - T - )+ 6 @) 2.3.21)

where I' is a Lagrangian frame connection on ¢ — R. This connection
defines an atlas of local constant trivializations of a fibre bundle @ — R
and the corresponding coordinates (£,g') on @ such that the transition
functions ' — @’* are independent of ¢, and I'* = 0 with respect to (,7").
In these coordinates, the Lagrangian (2.3.21) reads
1 . _
L= | gmonal + o (@) (23.22)
Let us assume that ¢’ is a nowhere vanishing function on ). Then the
Lagrange equation (2.3.18) takes the form
T =00gT, @ =1,
where {)%,} are the Christoffel symbols of the metric (2.3.19), whose com-
ponents with respect to the coordinates (¢,7") read
goo = —2¢/, goi =0, Gij = —Tj. (2.3.23)
The corresponding non-relativistic geodesic equation (1.5.9) on the tangent
bundle T'Q) reads
LO -0
q = 07

=1,
7 ={\"}77. (2.3.24)

Its spatial part (2.3.24) is exactly the spatial part of a geodesic equation
with respect to the Levi—Civita connection for the metric (2.3.23) on T'Q.
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2.4 Lagrangian and Newtonian systems

Let L be a Lagrangian on a velocity space J'Q and L the Legendre map
(2.1.30). Due to the vertical splitting (11.2.27) of VV*Q, the vertical tan-
gent map VL to L reads

VL:VoJ'Q— V*Q x V*Q.
It yields the linear bundle morphism
= (dyg,pryo VL) : VoJ'Q — V4J'Q, i : 0! — mydg], (2.4.1)
and consequently a fibre metric
m:J'Q— U V5I'Q
. JlQ Q

in the vertical tangent bundle VopJ'Q — J'Q. This fibre metric m obvi-
ously satisfies the symmetry condition (1.9.2).

Let a Lagrangian L be regular. Then the fibre metric m (2.4.1) is
non-degenerate. In accordance with Remark 2.1.1, if a Lagrangian L is
regular, there exists a unique Lagrangian connection £z, for L which obeys
the equality

minl¥ + Oymi + 0jmiq) — 0L = 0. (2.4.2)

The derivation of this equality with respect to qg results in the relation
(1.9.3). Thus, any regular Lagrangian L defines a Newtonian system char-
acterized by the mass tensor m;; = m;;.

Remark 2.4.1. Any fibre metric m in V@ — @ can be seen as a mass
metric of a standard Newtonian system, given by the Lagrangian

L= %mij(q“)(qi —I)(q] — 1Y), (2.4.3)

where I is a reference frame. If m is positive-definite, one can think of the
Lagrangian (2.4.3) as being a kinetic energy with respect to the reference
frame T.

Now let us investigate the conditions for a Newtonian system to be the
Lagrangian one.

The equation (1.9.4) is the kernel of the second order differential La-
grange type operator

£:J%Q - V*Q, E = mir (¥ — ¢&)o" A dt. (2.4.4)
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A glance at the variational complex (2.1.12) shows that this operator is
a Lagrange operator of some Lagrangian only if it obeys the Helmholtz
condition

5(E:0° A dt) = [(20; — d; 0% + d; O )E:67 N O
+ (058 + OLE; — 2d, DI E)0F N 07 + (DELE; — DILE;)O, N O] A dt = 0.

This condition falls into the equalities

1
8]»52» — 815J + Edt(affj — 3;&) =0, (2.4.5)
i+ 0;&; — 2d,05°E; = 0, (2.4.6)
otE —ofE; =0. (2.4.7)

It is readily observed, that the condition (2.4.7) is satisfied since the mass
tensor is symmetric. The condition (2.4.6) holds due to the equality (1.9.3)
and the property (1.9.2). Thus, it is necessary to verify the condition
(2.4.5) for a Newtonian system to be a Lagrangian one. If this condition
holds, the operator £ (2.4.4) takes the form (2.1.19) in accordance with
Corollary 2.1.3. If the second de Rham cohomology of @ (or, equivalently,
M) vanishes, this operator is a Lagrange operator.

Example 2.4.1. Let £ be a free motion equation which takes the form
(1.7.8) with respect to a reference frame (¢,q"), and let m be a mass tensor
which depends only on the velocity coordinates ¢. Such a mass tensor may
exist in accordance with affine coordinate transformations (1.7.9) which
maintain the equation (1.7.8). Then £ and m make up a Newtonian system.
This system is a Lagrangian one if m is constant with respect to the above-
mentioned reference frame (¢,7'). Relative to arbitrary coordinates on a
configuration space @, the corresponding Lagrangian takes the form (2.4.3),
where I is the connection associated with the reference frame (t,g").

Example 2.4.2. Let us consider a one-dimensional motion of a point mass
myp subject to friction. It is described by the equation

mogu = —kq, k>0, (2.4.8)

on the configuration space R? — R coordinated by (¢,q). This mechanical
system is characterized by the mass function m = mg and the holonomic
connection

k
€= 0+ 00y — —a:0g, (2.4.9)
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but it is neither a Newtonian nor a Lagrangian system. The conditions
(2.4.5) and (2.4.7) are satisfied for an arbitrary mass function m(t, ¢, g¢),
whereas the conditions (1.9.3) and (2.4.6) take the form

—kq:0tm — km + 8ym + q:0gm = 0. (2.4.10)

The mass function m = const. fails to satisfy this relation. Nevertheless,
the equation (2.4.10) has a solution

m = mg exp {it] . (2.4.11)
mo

The mechanical system characterized by the mass function (2.4.11) and the
holonomic connection (2.4.9) is both a Newtonian and Lagrangian system
with the Havas Lagrangian

1 k
L= ™Mo exp [m_ot} q (2.4.12)

[133]. The corresponding Lagrange equation is equivalent to the equation
of motion (2.4.8).

In conclusion, let us mention mechanical systems whose motion equa-
tions are Lagrange equations plus additional non-Lagrangian external
forces. They read

(0; — drO)L + fi(t. ¢ .q]) = 0. (2.4.13)

Let a Lagrangian system be the Newtonian one, and let an external force
f satisfy the condition (1.9.8). Then the equation (2.4.13) describe a New-
tonian system.

2.5 Lagrangian conservation laws

In Lagrangian mechanics, integrals of motion come from variational symme-
tries of a Lagrangian (Theorem 2.5.3) in accordance with the first Noether
theorem (Theorem 2.5.2). However, not all integrals of motion are of this
type (Example 2.5.4).

2.5.1 Generalized vector fields

Given a Lagrangian system (O , L) on a fibre bundle @ — R, its infinites-
imal transformations are defined to be contact derivations of the real ring
09 [64; 68].
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Let us consider the 0% -module 00Y, of derivations of the real ring 0% .
This module is isomorphic to the ©O% -dual (OL))* of the module of one-
forms OL . Let 9]¢, ¥ € 00, ¢ € OL, be the corresponding interior
product. Extended to a differential graded algebra OF_, it obeys the rule
(11.2.48).

Restricted to the coordinate chart (2.1.2), any derivation of a real ring
0% takes the coordinate form

9 =00, + 00, + Y i
0<|A|
where
0} (@k) = 07 | g3, = 6165

Not concerned with time-reparametrization, we restrict our consideration
to derivations

O =u'd,+ 00+ Y 030}, =01 (2.5.1)

0<|A|

Their coefficients ¥, possess the transformation law

oq" oq’ . 0 aq,
qﬁ q" ut ﬁx Z QA192+ QA ut.

gi = 24
dgi ot = O ot

Any derivation 9 (2.5.1) of a ring O, yields a derivation (a Lie deriva-
tive) Ly of a differential graded algebra O which obeys the relations
(11.2.49) — (11.2.50).

A derivation ¥ € 00Y, (2.5.1) is called contact if the Lie derivative Ly
preserves an ideal of contact forms of a differential graded algebra O%_, i.e
the Lie derivative Ly of a contact form is a contact form.

Lemma 2.5.1. A derivation ¥ (2.5.1) is contact if and only if it takes the
form
¥ =u'dy +u'0; + Z [da(u’ — qiub) + ¢t yut]OP. (2.5.2)
0<|A|
A glance at the expression (2.5.2) enables one to regard a contact deriva-
tion 9 as an infinite order jet prolongation ¥ = J*u of its restriction
u=u'd; +u'(t,q',q4)0;, ut =0,1, (2.5.3)
to a ring C*(Q). Since coefficients u® of u (2.5.3) generally depend on jet
coordinates ¢4, 0 < |A| < r, one calls u (2.5.3) the generalized vector field.
It can be represented as a section of the pull-back bundle
J'Q C>; TQ — J"Q.
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In particular, let u (2.5.3) be a vector field
u=u'd; +u'(t,q")0;, ut=0,1, (2.5.4)

on a configuration space  — R. One can think of this vector field as
being an infinitesimal generator of a local one-parameter group of local
automorphisms of a fibre bundle Q@ — R. If v’ = 0, the vertical vector
field (2.5.4) is an infinitesimal generator of a local one-parameter group
of local vertical automorphisms of Q@ — R. If u! = 1, the vector field u
(2.5.4) is projected onto the standard vector field 9; on a base R which is
an infinitesimal generator of a group of translations of R.
Any contact derivation 9 (2.5.2) admits the horizontal splitting

0=V + 0y =u'd + |uy0; + > daul, o) | (2.5.5)
0<|A|
u=ug+uy =u' (0 +qi0;) + (u' — giu')o;. (2.5.6)
Lemma 2.5.2. Any vertical contact derivation
9= w0+ Y dpu'd)} (2.5.7)
0<|A]

obeys the relations
I dud=—du(¥|¢),  Ly(duo) =du(Lyg), ¢€OL. (2.5.8)

We restrict our consideration to first order Lagrangian mechanics. In
this case, contact derivations (2.1.1) can be reduced to the first order jet
prolongation

¥ = J'u =0, +u'0; + du'0l (2.5.9)
of the generalized vector fields u (2.5.3).

2.5.2 First Noether theorem

Let L be a Lagrangian (2.1.22) on a velocity space J'@Q. Let us consider

its Lie derivative Ly L along the contact derivation 9 (2.5.9).

Theorem 2.5.1. The Lie derivative Ly L fulfils the first variational formula
LJluL:uvj(SL—l—dH(uJHL), (2510)

where £ = Hy, is the Poincaré—Cartan form (2.2.1). Its coordinate expres-
sion reads

[ul0y +u'0; + du' 0L = (u' — giu')&E; + di[m;(u' — u'q)) +u'L]. (2.5.11)
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Proof. The formula (2.5.10) results from the decomposition (2.1.21) and
the relations (2.5.8) [68]. O

The generalized vector field u (2.5.3) is said to be the variational sym-
metry of a Lagrangian L if the Lie derivative L j1,L is dy-exact, i.e.,

Lj,L=dgo. (2.5.12)

Variational symmetries of L constitute a real vector space which we denote

Gr.

Proposition 2.5.1. A glance at the first variational formula (2.5.11)
shows that a generalized vector field w is a wvariational symmetry if and
only if the exterior form

uy |0L = (u* — glu')E;dt (2.5.13)
18 dp-exact.

Proposition 2.5.2. The generalized vector field u (2.5.3) is a variational
symmetry of a Lagrangian L if and only if its vertical part uy (2.5.6) also
s a variational symmetry.

Proof. A direct computation shows that
Lj,L= LJluVL—i—dH(utﬁ). (2514)
O

A corollary of the first variational formula (2.5.10) is the first Noether
theorem.

Theorem 2.5.2. If a contact derivation ¥ (2.5.2) is a variational sym-
metry (2.5.12) of a Lagrangian L, the first variational formula (2.5.10)
restricted to the kernel of the Lagrange operator Ker 6L yields a weak con-
servation law

O’N"dH(uJHL—O'), (2515)
0~ di(m;(u' —ulql) +u'L — o), (2.5.16)

of the generalized symmetry current
Ty =u|Hy, —0=mu' —ulq)) +u'L — o (2.5.17)

along a generalized vector field w. The generalized symmetry current
(2.5.17) obuviously is defined with the accuracy of a constant summand.
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The weak conservation law (2.5.15) on the shell 6L = 0 is called the
Lagrangian conservation law. It leads to the differential conservation law
(1.10.2):

d
0= %[zu o J ¢,

on solutions ¢ of the Lagrange equation (2.1.26).

Proposition 2.5.3. Let u be a variational symmetry of a Lagrangian L.
By virtue of Proposition 2.5.2, its vertical part uy is so. It follows from
the equality (2.5.14) that the conserved generalized symmetry current T,
(2.5.17) along u equals that T, along uy .

A glance at the conservation law (2.5.16) shows the following.

Theorem 2.5.3. If a variational symmetry u is a generalized vector field
independent of higher order jets g%, |A| > 1, the conserved generalized
current %, (2.5.17) along u plays a role of an integral of motion.

Therefore, we further restrict our consideration to variational symme-
tries at most of first jet order for the purpose of obtaining integrals of
motion. However, it may happen that a Lagrangian system possesses inte-
grals of motion which do not come from variational symmetries (Example
2.5.4).

A variational symmetry u of a Lagrangian L is called its exact symmetry

if
Ly, L =0. (2.5.18)
In this case, the first variational formula (2.5.10) takes the form
0=wuyv|dL+dp(u|Hz). (2.5.19)
It leads to the weak conservation law (2.5.15):
0~ d;T, (2.5.20)

of the symmetry current
Tw=u|Hp = m(u' —u'q)) +u'L (2.5.21)

along a generalized vector field u.

Remark 2.5.1. In accordance with the standard terminology, if variational
and exact symmetries are generalized vector fields (2.5.3), they are called
generalized symmetries [21; 42; 87; 124]. Accordingly, by variational and
exact symmetries one means only vector fields u (2.5.4) on Q). We agree to
call them classical symmetries. Classical exact symmetries are symmetries
of a Lagrangian, and they are named the Lagrangian symmetries.
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Remark 2.5.2. Given a Lagrangian L, let L be its partner (2.2.7) on the
repeated jet manifold J*! JlQ Since Hy, (2.2.1) is the Poincaré—Cartan both
for L and L a Lagrangian L does not lead to new conserved currents.

Remark 2.5.3. Let us describe the relation between symmetries of a La-
grangian and and symmetries of the corresponding Lagrange equation. Let
u be the vector field (2.5.4) and

JPu = u'dy + u'0; + dyu' 0f + dypu'Of

its second order jet prolongation. Given a Lagrangian L on J'Q, the
relation

Lj2y0L = 8(Lj1, L) (2.5.22)

holds [53; 124]. Note that this equality need not be true in the case of a
generalized vector field u. A vector field w is called the local variational
symmetry of a Lagrangian L if the Lie derivative L i, L of L along w is
variationally trivial, i.e.,

S(Lyi L) = 0.

Then it follows from the equality (2.5.22) that a local (classical) variational
symmetry of L also is a symmetry of the Lagrange operator 4L, i.e.,

LJ2U6L = 07

and wvice versa. Consequently, any local classical variational symmetry u
of a Lagrangian L is a symmetry of the Lagrange equation (2.1.25) in
accordance with Proposition 1.10.3. By virtue of Theorem 2.1.2, any local
classical variational symmetry is a classical variational symmetry if a typical
fibre M of @ is simply connected.

Remark 2.5.4. The first variational formula (2.5.10) also can be utilized
when a Lagrangian possesses symmetries, but an equation of motion is the
sum (2.4.13) of a Lagrange equation and an additional non-Lagrangian ex-
ternal force. Let us substitute & = —f; from this equality in the first
variational formula (2.5.10), and let us assume that the Lie derivative of a
Lagrangian L along a vector field u vanishes. Then we have the transfor-
mation law

(u' = ¢) fi = di T (2.5.23)

of the symmetry current %, (2.5.21).
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2.5.3 Noether conservation laws

It is readily observed that the first variational formula (2.5.11) is linear in
a generalized vector field u. Therefore, one can consider superposition of
the identities (2.5.11) for different generalized vector fields.

For instance, if u and u’ are generalized vector fields (2.5.3), projected
onto the standard vector field 9, on R, the difference of the corresponding
identities (2.5.11) results in the first variational formula (2.5.11) for the
vertical generalized vector field u — /.

Conversely, every generalized vector field u (2.5.4), projected onto 0O,
can be written as the sum

u=IT+wv (2.5.24)
of some reference frame
=0, + T (2.5.25)

and a vertical generalized vector field v on Q.

It follows that the first variational formula (2.5.11) for the generalized
vector field u (2.5.4) can be represented as a superposition of those for a
reference frame I' (2.5.25) and a vertical generalized vector field v.

If u = v is a vertical generalized vector field, the first variational formula
(2.5.11) reads

(v'0; + dtviaf)ﬁ = 0'& + dy(mv?).

If v is an exact symmetry of L, we obtain from (2.5.20) the weak conserva-
tion law

0 =~ dy(m;v'). (2.5.26)

By analogy with field theory [68], it is called the Noether conservation law
of the Noether current

T, = T’ (2.5.27)

If a generalized vector field v is independent of higher order jets ¢4, |A| > 1,
the Noether current (2.5.27) is an integral of motion by virtue of Theorem
2.5.3.

Example 2.5.1. Let us assume that, given a trivialization @ = R x M in
bundle coordinates (t,q'), a Lagrangian L is independent of a coordinate
q'. Then the Lie derivative of L along the vertical vector field v = 9; equals
zero, and we have the conserved Noether current (2.5.27) which reduces to
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the momentum ¥, = m;. With respect to arbitrary bundle coordinates
(t,q'"), this conserved Noether current takes the form
8q/i
T, = o .

It is an integral of motion.

Example 2.5.2. Let us consider a free motion on a configuration space Q.
It is described by a Lagrangian

1 .
L= <§qui6g> dt, m;; = const., (2.5.28)

written with respect to a reference frame (¢,g°) such that the free motion
dynamic equation takes the form (1.7.1). As it follows from Example 2.5.1,
this Lagrangian admits dim ) — 1 independent integrals of motion ;.

Example 2.5.3. Let us consider a point mass in the presence of a central
potential. Its configuration space is

Q=RxR3>=R (2.5.29)

endowed with the Cartesian coordinates (t,¢%). A Lagrangian of this me-
chanical system reads

1/2
L= % (Z(q;')?) -V(r), r= (Z(qif) : (2.5.30)

% i

The vector fields
vh = q"0 — ¢"0a (2.5.31)

are infinitesimal generators of the group SO(3) acting on R3. Their jet
prolongation (2.5.9) reads

T = q"0y — q"00 + ¢{0f — ;0. (2.5.32)

It is readily observed that vector fields (2.5.31) are symmetries of the La-
grangian (2.5.30). The corresponding conserved Noether currents (2.5.27)
are orbital momenta

M =% = (¢"m — ¢"ma) = ¢“¢} — ¢"q}- (2.5.33)

They are integrals of motion, which however fail to be independent.
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Example 2.5.4. Let us consider the Lagrangian system in Example 2.5.3

where
1
V(r)=—= (2.5.34)
r
is the Kepler potential. This Lagrangian system possesses the integrals of
motion
A® = gt — dat)g - L 2.5.35
> (@*q — d"af)gt o ( )

b

besides the orbital momenta (2.5.33). They are components of the Rung—
Lenz vector. There is no Lagrangian symmetry whose generalized symme-
try currents are A% (2.5.35).

2.5.4 Energy conservation laws

In the case of a reference frame I' (2.5.25), where u! = 1, the first variational
formula (2.5.11) reads

(0r +T0; + d T 0N L = (T — ¢))& — dy(mi(q — T — L),  (2.5.36)
where
Er=-%r=m(q -T") - L (2.5.37)

is the energy function relative to a reference frame I' [36; 106; 139).
With respect to the coordinates adapted to a reference frame I', the first
variational formula (2.5.36) takes the form

L = (I — )& — di(miq; — L), (2.5.38)
and Er (2.5.37) coincides with the canonical energy function
EL = Wiqz - ,C
A glance at the expression (2.5.38) shows that the vector field T' (2.5.25) is
an exact symmetry of a Lagrangian L if and only if, written with respect
to coordinates adapted to I', this Lagrangian is independent on the time ¢.

In this case, the energy function Er (2.5.38) relative to a reference frame
I" is conserved:

0= —d:Er. (2.5.39)
It is an integral of motion in accordance with Theorem 2.5.3.

Example 2.5.5. Let us consider a free motion on a configuration space
@ described by the Lagrangian (2.5.28) written with respect to a reference
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frame (¢,g') such that the free motion dynamic equation takes the form
(1.7.1). Let ' be the associated connection. Then the conserved energy
function Er (2.5.37) relative to this reference frame I' is precisely the kinetic
energy of this free motion. With respect to arbitrary bundle coordinates
(t,q%) on Q, it takes the form

Er = milgi ')~ £ = 5mis(t,¢)g} ~ T) (g ~ T9).
Example 2.5.6. Let us consider a one-dimensional motion of a point mass
mo subject to friction on the configuration space R? — R, coordinated
by (¢,q) (Example 2.4.2). It is described by the dynamic equation (2.4.8)
which is the Lagrange equation for the Lagrangian L (2.4.12). Tt is readily
observed that the Lie derivative of this Lagrangian along the vector field

1k

vanishes. Consequently, we have the conserved energy function (2.5.37)
with respect to the reference frame I' (2.5.40). This energy function reads

B 1 . k . L k 1 ., mk?,
= —mgexp | — —q ) ==-mjt — —
r=5moexp mo e\ moq oMdr Sm%q ’

where m is the mass function (2.4.11).

Since any generalized vector field u (2.5.3) can be represented as the sum
(2.5.24) of a reference frame I' (2.5.25) and a vertical generalized vector field
v, the symmetry current (2.5.21) along the generalized vector field u (2.5.4)
is the difference

Tu=%,—Er

of the Noether current T, (2.5.27) along the vertical generalized vector field
v and the energy function Er (2.5.37) relative to a reference frame I' [36;
139]. Conversely, energy functions relative to different reference frames I’
and TV differ from each other in the Noether current along the vertical
vector field TV — T

Er — Er =%p_rv.

One can regard this vector field IV —T" as the relative velocity of a reference
frame I with respect to I.
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2.6 Gauge symmetries

Treating gauge symmetries of Lagrangian field theory, one is tradition-
ally based on an example of the Yang—Mills gauge theory of principal
connections on a principal bundle. This notion of gauge symmetries
is generalized to Lagrangian theory on an arbitrary fibre bundle [67;
68], including non-relativistic mechanics on a fibre bundle Q@ — R.

Definition 2.6.1. Let E — R be a vector bundle and E(R) the C*(R)
module of sections y of F — R. Let ¢ be a linear differential operator on
E(R) taking its values into the vector space Gy, of variational symmetries
of a Lagrangian L (see Definition 11.5.1). Elements

u¢ = C(x) (2.6.1)

of Im ¢ are called the gauge symmetry of a Lagrangian L parameterized by
sections x of F — R. These sections are called the gauge parameters.

Remark 2.6.1. The differential operator ¢ in Definition 2.6.1 takes its
values into the vector space G, as a subspace of the C°°(R)-module 209,
but it sends the C>°(R)-module E(R) into the real vector space G, C 200Y_.

Equivalently, the gauge symmetry (2.6.1) is given by a section Z of the
fibre bundle

(J"QxJ"E)xTQ — J'QxJ"E
Q Q Q
(see Definition 11.3.3) such that

u¢ = ¢(x) =Cox
for any section x of E — R. Hence, it is a generalized vector field u¢ on
the product @ x F represented by a section of the pull-back bundle

JHQx B)xT(Qx E) — J*Q x E), k = max(r,m),
R Q R R
which lives in

TQ C T(Q x E).

This generalized vector field yields the contact derivation J*u, (2.5.2) of
the real ring 0% [Q x E] which obeys the following condition.

Condition 2.6.1. Given a Lagrangian

LeO%"E c 0%"Q x E,



2.6. Gauge symmetries 69

let us consider its Lie derivative
LJooucL = JocuddL-i-d(.]ooudL), (2.6.2)

where d is the exterior differential of O} [Q x E]. Then for any section x
of E — R, the pull-back x*L s, L is du-exact.

It follows at once from the first variational formula (2.5.10) for the Lie
derivative (2.6.2) that Condition 2.6.1 holds only if u¢ is projected onto a
generalized vector field on @) and, in this case, if and only if the density
(u¢)v )€ is dy-exact (Proposition 2.5.1). Thus, we come to the following
equivalent definition of gauge symmetries.

Definition 2.6.2. Let £ — R be a vector bundle. A gauge symmetry of a
Lagrangian L parameterized by sections x of E — R is defined as a contact
derivation ¥ = J>u of the real ring OY [Q x E|] such that:

(i) it vanishes on the subring O% E,

(ii) the generalized vector field w is linear in coordinates x4 on J*E,
and it is projected onto a generalized vector field on @), i.e., it takes the
form

u=0+ | > ulrtd)xi|o (2.6.3)

0<[A]<m
(iii) the vertical part of u (2.6.3) obeys the equality

For the sake of convenience, the generalized vector field (2.6.3) also is
called the gauge symmetry. In accordance with Proposition 2.5.2, the u
(2.6.3) is a gauge symmetry if and only if its vertical part is so. Owing to
this fact and Proposition 2.5.3, we can restrict our consideration to vertical
gauge symmetries

u= | Y uwltah)xi | o (2.6.5)
0<|Al<m

Gauge symmetries possess the following particular properties.

(i) Let £/ — R be another vector bundle and (' a linear E(R)-valued
differential operator on a C*°(R)-module E'(R) of sections of E/ — R.
Then

uer(xy = (Co¢)(X)
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also is a gauge symmetry of L parameterized by sections x’ of £/ — R. It
factorizes through the gauge symmetry u, (2.6.1).

(ii) Given a gauge symmetry, the corresponding conserved symmetry
current T, (2.5.17) vanishes on-shell (Theorem 2.6.2 below).

(iii) The second Noether theorem associates to a gauge symmetry of a
Lagrangian L the Noether identities of its Lagrange operator §L.

Theorem 2.6.1. Let u (2.6.5) be a gauge symmetry of a Lagrangian L,
then its Lagrange operator 0L obeys the Noether identities (2.6.6).

Proof. The density (2.6.4) is variationally trivial and, therefore, its vari-
ational derivatives with respect to variables x® vanish, i.e.,

Ea= Y (—~1)Mdy(uie) = 0. (2.6.6)
0<|A|
These are the Noether identities for the Lagrange operator 6L [68]. O

For instance, if the gauge symmetry u (2.6.3) is of second jet order in
gauge parameters, i.e.,

u = (ugX® + ug X + g x50, (2.6.7)
the corresponding Noether identities (2.6.6) take the form
ug& —dy (Uztgl) + dtt(ugt&) =0. (268)

If a Lagrangian L admits a gauge symmetry u (2.6.5), i.e., Ly, L = o,
the weak conservation law (2.5.16) of the corresponding generalized sym-
metry current ¥, (2.5.17) holds. We call it the gauge conservation law.
Because gauge symmetries depend on derivatives of gauge parameters, all
gauge conservation laws in first order Lagrangian mechanics possess the
following peculiarity.

Theorem 2.6.2. If v (2.6.5) is a gauge symmetry of a first order La-
grangian L, the corresponding conserved generalized symmetry current <,
(2.5.17) vanishes on-shell, i.e., T, ~ 0.

Proof. Let a gauge symmetry u be at most of jet order N in gauge
parameters. Then the corresponding generalized symmetry current T, is
decomposed into the sum

Tu= > I+ T+ Jax” (2.6.9)
1<|AI<N
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The first variational formula (2.5.11) takes the form

N N
0= | Y ubMx& +ubax®| E+di | D TG + Jax”

[Al=1 [Al=1

It falls into the set of equalities for each x%y, x%, |[A] =1,..., N, and x® as
follows:

0=J |A|=N, (2.6.10)

0=ub &+ % +d,J™,  1<|A| <N, (2.6.11)

0=ul,t& + Jo +dpJ., (2.6.12)

0 =ub o +diJa. (2.6.13)

With the equalities (2.6.10) — (2.6.12), the decomposition (2.6.9) takes the
form
Ty =— Z [(ul B2 & + dp T XA
1<|A|<N
— (uya &+ deJ)xd — (uy i+ deJy)X"

A direct computation leads to the expression

Tu=—{ D wbiXA+uvix” | & (2.6.14)
1>|A|l<N

_ Z dtJtAX% + dtJ(tha
1>|Al<N
The first summand of this expression vanishes on-shell. Its second one
contains the terms d; J*, [A| = 1,..., N. By virtue of the equalities (2.6.11),
every d;J®, |A| < N, is expressed in the terms vanishing on-shell and the
term dyd,J**. Iterating the procedure and bearing in mind the equality
(2.6.10), one can easily show that the second summand of the expression
(2.6.14) also vanishes on-shell. Thus, the generalized symmetry current ¥,
vanishes on-shell. O

Note that the statement of Theorem 2.6.2 is a particular case of the fact
that symmetry currents of gauge symmetries in field theory are reduced to
a superpotential [68; 143].
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Chapter 3

Hamiltonian mechanics

As was mentioned above, a phase space of non-relativistic mechanics is the
vertical cotangent bundle V*@Q of its configuration space  — R. This
phase space is provided with the canonical Poisson structure (3.3.7). How-
ever, Hamiltonian mechanics on a phase space V*@ is not familiar Poisson
Hamiltonian theory on a Poisson manifold V*@Q (Section 3.2) because all
Hamiltonian vector fields on V*@ are vertical. Hamiltonian non-relativistic
mechanics on V*@ is formulated as particular (polysymplectic) Hamilto-
nian formalism on fibre bundles [53; 68; 106]. Its Hamiltonian is a section
of the fibre bundle T*Q — V*@Q (2.2.5). The pull-back of the canonical Li-
ouville form (2.2.12) on T*Q with respect to this section is a Hamiltonian
one-form on V*@. The corresponding Hamiltonian connection (3.3.21) on
V*@Q — R defines a first order Hamilton equation on V*@Q.

Note that one can associate to any Hamiltonian non-relativistic system
on V*@Q an autonomous symplectic Hamiltonian system on the cotangent
bundle T*@ such that the corresponding Hamilton equations on V*@Q and
T*@ are equivalent (Section 3.4). Moreover, a Hamilton equation on V*@Q
also is equivalent to the Lagrange equation of a certain first order Lagran-
gian on a configuration space V*@Q (Section 3.5).

Lagrangian and Hamiltonian formulations of mechanics fail to be equiv-
alent, unless a Lagrangian is hyperregular. The comprehensive relations
between Lagrangian and Hamiltonian systems can be established in the
case of almost regular Lagrangians (Section 3.6).

3.1 Geometry of Poisson manifolds

Throughout the book, all Poisson manifolds are assumed to be regular.
We start with symplectic manifolds which are non-degenerate Poisson
manifolds.

73
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3.1.1 Symplectic manifolds

Let Z be a smooth manifold. Any exterior two-form 2 on Z yields the
linear bundle morphism

Q":TZ?T*Z, Qv — —v|Uz), veT.Z, zeZ  (3.1.1)

One says that a two-form 2 is of rank r if the morphism (3.1.1) has a rank
r. The kernel Ker Q) of  is defined as the kernel of the morphism (3.1.1).
If Q is of constant rank, its kernel is a subbundle of the tangent bundle
TZ. In particular, Ker () contains the canonical zero section 0ofTZ — Z.
If KerQ = 0 (one customarily writes Ker Q = 0), a two-form Q is said to
be non-degenerate. 1t is called an almost symplectic form. Equipped with
such a form, a manifold Z becomes an almost symplectic manifold. It is
never odd-dimensional. Unless otherwise stated, we put dim Z = 2m.

A closed almost symplectic form is called symplectic. Accordingly, a
manifold equipped with a symplectic form is a symplectic manifold. A
symplectic manifold (Z,2) is orientable. It is usually oriented so that AQ
is a volume form on Z, i.e., it defines a positive measure on Z.

A manifold morphism ¢ of a symplectic manifold (Z, ) to a symplectic
manifold (Z',€)) is called a symplectic morphism if Q = (*Q’. Any sym-
plectic morphism is an immersion. A symplectic isomorphism is sometimes
called a symplectomorphism [104].

A vector field u on a symplectic manifold (Z, §2) is an infinitesimal gen-
erator of a local one-parameter group of symplectic local automorphisms if
and only if the Lie derivative L, ) vanishes. It is called the canonical vector
field. A canonical vector field v on a symplectic manifold (Z, ) is said to
be Hamiltonian if the closed one-form u|Q is exact. Any smooth function
f € C>®(Z) on Z defines a unique Hamiltonian vector field ¥y, called the
Hamiltonian vector field of a function f such that

IplQ=—df, 9y =QXdf), (3.1.2)
where QF is the inverse isomorphism to Q” (3.1.1).

Remark 3.1.1. There is another convention [1], where a Hamiltonian vec-
tor field differs in the minus sign from (3.1.2).

Example 3.1.1. Given an m-dimensional manifold M coordinated by (¢°),
let

Terg cT°M — M
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be its cotangent bundle equipped with the holonomic coordinates (¢¢, p; =
gi). It is endowed with the canonical Liouville form

E = pidg'
and the canonical symplectic form
Qp = d= = dp; A dq'. (3.1.3)

Their coordinate expressions are maintained under holonomic coordinate
transformations. The Hamiltonian vector field ¥ (3.1.2) with respect to
the canonical symplectic form (3.1.3) reads

9y =0 f0; — 0, fO. (3.1.4)

Of course, Q7 (3.1.3) is not a unique symplectic form on the cotangent
bundle T*M. Given a closed two-form ¢ on a manifold M and its pull-
back 7} ,,¢ onto T*M, the form

Qyp =Q+ 75y (3.1.5)
also is a symplectic form on T* M.

The canonical symplectic form (3.1.3) plays a prominent role in sym-
plectic geometry in view of the classical Darboux theorem [104].

Theorem 3.1.1. Each point of a symplectic manifold (Z,)) has an open
neighborhood equipped with coordinates (q*,p;), called canonical or Darboux
coordinates, such that Q takes the coordinate form (3.1.3).

One defines the following special submanifolds of a symplectic manifold.
Let iy : N — Z be a submanifold of a symplectic manifold (Z, ). The
subset
OrthoTN = | J{v € T.Z: v|u]Q =0, u € T.N} (3.1.6)
zEN

of TZ|y is called orthogonal to TN relative to the symplectic form € or,
simply, the Q-orthogonal space to TIN. There are the following bijections

Orthg (OrthgTN) =TN C TZ|n,
Q°(OrthoTN) = Ann TN C T*Z|y,
Ann (OrthoTN) = Q(TN) € T*Z|x.
If Ny and Ny are two submanifolds of Z, then TNy C T'N5 implies
OrthgT N1 D OrthgT No
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over N1 N Ny, and vice versa. We also have
Ortho (T Ny NTN3) = OrthoT N1 |nynn, + OrthoT Na|n,An,,
TN N OrthoTN = Orthg(OrthoTN + TN).
It should be emphasized that
TN N OrthgTN # 0, TZ|n # TN + OrthoTN,

in general. The first set is exactly the kernel of the pull-back Qy = i3 of
the symplectic form 2 onto a submanifold N.

As was mentioned above, one considers the following special types of
submanifolds of a symplectic manifold such that this pull-back Qpy is of
constant rank. A submanifold N of Z is said to be:

e coisotropic if OrthgTN CTN, dim N > m;

e symplectic if Q is a symplectic form on N;

e isotropic if TN C OrthgT N, dim N < m;

e Lagrangianif N is both coisotropic and isotropic, i.e., Orthq N = T'N,
dim N = m.

Clearly, Qn = 0if N isisotropic. A one-dimensional submanifold always
is isotropic, while that of codimension 1 is coisotropic.

3.1.2 Presymplectic manifolds

A two-form w on a manifold Z is said to be presymplectic if it is closed, but
not necessarily non-degenerate. A manifold equipped with a presymplectic
form is called presymplectic.

Example 3.1.2. Let (Z, ) be a symplectic manifold and iy : N — Z its
coisotropic submanifold. Then 3,2 is a presymplectic form on V.

The kernel Ker w of a presymplectic form w of constant rank is an invo-
lutive distribution, called the characteristic distribution [104]. It defines the
characteristic foliation of a presymplectic manifold (Z,w). The pull-back
of the presymplectic form w onto any leaf of this foliation equals zero.

The notion of a Hamiltonian vector field on a symplectic manifold is
extended in a straightforward manner to a presymplectic manifold. How-
ever, a function on a presymplectic manifold need not admit an associated
Hamiltonian vector field.

Any presymplectic form has a symplectic realization, i.e., can be repre-
sented as the pull-back of a symplectic form. Indeed, a presymplectic form
w on a manifold Z is the pull-back

w=0"Q, =0 (Q+ 7' w)
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of the symplectic form Q,, (3.1.5) on the cotangent bundle T*Z of Z by its
zero section 0. It is easily justified that the zero section G(Z yCT*Z is a
coisotropic submanifold with respect to the symplectic form €, on T*Z.
Therefore, the morphism 0 of the presymplectic manifold (Z,w) into the
symplectic manifold (T*Z, Q,,) exemplifies the coisotropic imbedding. This
construction can be refined as follows.

If a presymplectic form is of constant rank, it admits the following
symplectic realization [72].

Proposition 3.1.1. Given a presymplectic manifold (Z,w) where w is of
constant rank, there exists a symplectic form on a tubular neighborhood of
the zero section 0 of the dual bundle (Kerw)* to the characteristic distri-
bution Kerw — Z such that (Z,w) can be coisotropically imbedded onto
0(2).

If the characteristic foliation of a presymplectic form is simple, there
is another important variant of symplectic realization, namely, along the
leaves of this foliation [73].

Proposition 3.1.2. Let a presymplectic form w on a manifold Z be of
constant rank, and let its characteristic foliation be simple, i.e., a fibred
manifold w : Z — P. Then the base P of this fibred manifold is equipped
with a symplectic form 0 such that w is the pull-back of Q0 by .

3.1.3 Poisson manifolds

A Poisson bracket on the ring C*°(Z) of smooth real functions on a manifold
Z (or a Poisson structure on Z) is defined as an R-bilinear map

C*(2) x C*(2) 3 (f.9) = {[, 9} € C=(2)

which satisfies the following conditions:

o {g.f}=—{f.9}

o {f.{g,h}}+ {9, {h, f}} +{h,{f,9}} =0, called the Jacobi identity;

o {h.fg} ={h.frg+ f{h,g}.

A manifold Z endowed with a Poisson structure is called a Poisson
manifold. A Poisson bracket makes C°°(Z) into a real Lie algebra, called
the Poisson algebra. A Poisson structure is characterized by a particular
bivector field as follows.

Theorem 3.1.2. Every Poisson bracket on a manifold Z is uniquely
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defined as
{£, 1"} = w(df,df") = w9, fO, f' (3.1.7)

by a bivector field w whose Schouten—Nijenhuis bracket [w, w|sn vanishes.
It is called a Poisson bivector field [157].

Example 3.1.3. Any manifold admits the zero Poisson structure charac-
terized by the zero Poisson bivector field w = 0.

Example 3.1.4. Let vector fields u and v on a manifold Z mutually com-
mute. Then u A v is a Poisson bivector field.

A function f € C*°(Z) is called the Casimir function of a Poisson struc-
ture on X if its Poisson bracket with any function on Z vanishes. Casimir
functions form a real ring C(Z). Obviously, the Poisson algebra C'*°(X)
also is a Lie C(Z)-algebra.

Any bivector field w on a manifold Z yields a linear bundle morphism

w: T*Z ?TZ, w o — —w(2)|a, aeT}Z. (3.1.8)

One says that w is of rank r if the morphism (3.1.8) is of this rank. If a
Poisson bivector field is of constant rank, the Poisson structure is called
regular. Throughout the book, only regular Poisson structures are consid-
ered. A Poisson structure determined by a Poisson bivector field w is said
to be non-degenerate if w is of maximal rank.

Remark 3.1.2. The morphism (3.1.8) is naturally generalized to the homo-
morphism of graded commutative algebras O*(Z) — 7.(Z) in accordance
with the relation

wH(@)(o1, .y 00) = (1) d(wh(01), ..., w(ar)),
pe 0 (2), o; € 0Y(2).
It is an isomorphism if the bivector field w is non-degenerate.

There is one-to-one correspondence €2, < wq between the almost sym-
plectic forms and the non-degenerate bivector fields which is given by the
equalities

wa(9,0) = Qu(wh(6), wh(0), 6,0 €0'(2),  (3.1.9)
Qu (0, v) = wo(V,(9), 2, (v),  0,veT(Z), (3.1.10)
where the morphisms wgz (3.1.8) and Q, (3.1.1) are mutually inverse, i.e.,

wh =Y, wd Quas = 5.
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Furthermore, one can show that there is one-to-one correspondence be-
tween the symplectic forms and the non-degenerate Poisson bivector fields.
However, this correspondence is not preserved under manifold morphisms
in general.

Namely, let (Z1,w1) and (Z3,wz) be Poisson manifolds. A manifold
morphism o : Z; — Z5 is said to be a Poisson morphism if

{foQ7f/OQ}1:{faf/}2097 fa.f/ecoo(ZQ)a
or, equivalently, if
wy =Toows,

where T'p is the tangent map to ¢. Herewith, the rank of w; is superior
or equal to that of wy. Therefore, there are no pull-back and push-forward
operations of Poisson structures in general. Nevertheless, let us mention
the following construction [157].

Theorem 3.1.3. Let (Z,w) be a Poisson manifold and 7 : Z — Y a
fibration such that, for every pair of functions (f,g) on'Y and for each
point y € Y, the restriction of the function {7*f,7*g} to the fibre 71 (y)
is constant, i.e., {m* f,7*g} is the pull-back onto Z of some function on'Y .
Then there exists a coinduced Poisson structure w' on'Y for which m is a
Poisson morphism.

Example 3.1.5. The direct product Z x Z’ of Poisson manifolds (Z,w)
and (Z’,w") can be endowed with the product of Poisson structures, given
by the bivector field w+w’ such that the surjections pr; and pr, are Poisson
morphisms.

Example 3.1.6. Let (Z1,€1) and (Z2,9Q2) be symplectic manifolds
equipped with the associated non-degenerate Poisson structures w; and
wy. If dim Z7; > dim Z5, a Poisson morphism ¢ : Z; — Z5 need not be a
symplectic one, i.e., wo = Tpow; and Q7 # 0*(s.

A vector field u on a Poisson manifold (Z, w) is an infinitesimal generator
of a local one-parameter group of Poisson automorphisms if and only if the
Lie derivative

L,w = [u, w]sn (3.1.11)
vanishes. It is called the canonical vector field for the Poisson structure w.

In particular, for any real smooth function f on a Poisson manifold (Z,w),
let us put

I = w(df) = —w|df = w0, f0,. (3.1.12)
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It is a canonical vector field, called the Hamiltonian vector field of a function
f with respect to the Poisson structure w. Hamiltonian vector fields fulfil
the relations

{f. 9} =9y]dg, (3.1.13)

[ﬁf,ﬁg]Zﬁ{ﬁg}, f,gECOO(Z). (3.1.14)

For instance, the Hamiltonian vector field 9¢ (3.1.2) of a function f on

a symplectic manifold (Z,2) coincides with that (3.1.12) with respect to

the corresponding Poisson structure wg. The Poisson bracket defined by a
symplectic form Q) reads

{f.9} = 9q]07 102

Since a Poisson manifold (Z,w) is assumed to be regular, the range
T = w*(T*Z) of the morphism (3.1.8) is a subbundle of T'Z called the
characteristic distribution on (Z,w). It is spanned by Hamiltonian vector
fields, and it is involutive by virtue of the relation (3.1.14). It follows that a
Poisson manifold Z admits local adapted coordinates in Theorem 11.2.14.
Moreover, one can choose particular adapted coordinates which bring a
Poisson structure into the following canonical form [157].

Theorem 3.1.4. For any point z of a Poisson manifold (Z,w), there exist
coordinates

(z17"'7Zk_2m7q17"'7qm7p17"'ap’m) (3115)
on a neighborhood of z such that
o 0 af 9g  9f dg
= — P - Y — . .]..1
Y o o th.9} dp; 9¢'  Oq' dp; (3.1.16)

The coordinates (3.1.15) are called the canonical or Darboux coordinates
for the Poisson structure w. The Hamiltonian vector field of a function f
written in this coordinates is

Uy =0'f0; — 0ifo".
Of course, the canonical coordinates for a symplectic form {2 in Theorem

3.1.1 also are canonical coordinates in Theorem 3.1.4 for the corresponding
non-degenerate Poisson bivector field w, i.e.,

Q= dp; Adq', w=0d"N 0.
With respect to these coordinates, the mutually inverse bundle isomor-
phisms O (3.1.1) and w* (3.1.8) read

O 01 4+ v;0° — —vidg’ + vidp;,

wh vidg® + vidp; — v'0; — v;0".
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Given a Poisson manifold (Z,w) and its characteristic distribution T,
the above mentioned notions of coisotropic and Lagrangian submanifolds
of a symplectic manifold are generalized to a Poisson manifold as follows.
A submanifold N of a Poisson manifold is said to be:

e coisotropic if w*(AnnTN) C TN,

e Lagrangian if w*(Ann TN) = TN N T.

Integral manifolds of the characteristic distribution T of a Poisson ma-
nifold (Z,w) constitute a (regular) foliation F of Z whose tangent bundle
TF is T. It is called the characteristic foliation of a Poisson manifold. By
the very definition of the characteristic distribution T = T'F, the Poisson

bivector field w is subordinate to /2\T F. Therefore, its restriction w|p to
any leaf F' of F is a non-degenerate Poisson bivector field on F'. It provides
F with a non-degenerate Poisson structure {, } r and, consequently, a sym-
plectic structure. Clearly, the local Darboux coordinates for the Poisson
structure w in Theorem 3.1.4 also are the local adapted coordinates

1 k—2m _i _ i ,m+i _ S
(27"'32 2 =4,z _pi)v z—l,...,m,

(11.2.65) for the characteristic foliation F, and the symplectic structures
along its leaves read

Qp = dp; /\dqi.

Remark 3.1.3. Provided with this symplectic structure, the leaves of the
characteristic foliation of a Poisson manifold Z are assembled into a sym-
plectic foliation of Z. Moreover, there is one-to-one correspondence between
the symplectic foliations of a manifold Z and the Poisson structures on Z
(Section 3.1.5).

Since any foliation is locally simple, a local structure of an arbitrary
Poisson manifold reduces to the following [157; 163].

Theorem 3.1.5. Fach point of a Poisson manifold has an open neighbor-
hood which is Poisson equivalent to the product of a manifold with the zero
Poisson structure and a symplectic manifold.

Let (Z,w) be a Poisson manifold. By its symplectic realization is meant
a symplectic manifold (Z’,Q) together with a Poisson morphism Z' — Z
which is a surjective submersion.

Theorem 3.1.6. Fach point of a Poisson manifold has an open neighbor-
hood which is realizable by a symplectic manifold.
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Proof. In local Darboux coordinates, this symplectic realization is de-
scribed as follows. The Poisson structure given by the Poisson bracket
(3.1.16) with respect to the canonical coordinates is coinduced from the
symplectic structure given by the symplectic form
Q = dp; Adg' + dzy A d2
with respect to the coordinates
(2L 2T Eeamn dh @ DLy D)

by the surjection
(Z)\az)\aqivpi) - (Z)\vqivpi)' O

Remark 3.1.4. It follows from Theorem 3.1.5 that each point of a Poisson
manifold has an open neighborhood which is a presymplectic manifold with
respect to the presymplectic form
Q = dp; Adq',

written relative to the local Darboux coordinates (z’\,qi,pi). Moreover,
let the direct product in Theorem 3.1.5 be global, i.e., a Poisson manifold
(Z,w) is the Poisson product Z = P x Y of a symplectic manifold (P, ()
and a manifold Y with the zero Poisson structure. Then Z is provided with
the presymplectic form priQ. Conversely, let the characteristic foliation
7w : Z — P of a presymplectic form w on a manifold Z in Proposition 3.1.2
be a trivial bundle Z = P x Y. Then Z is a Poisson manifold given by the
Poisson product of the symplectic manifold (P,2) and Y equipped with
the zero Poisson structure.

3.1.4 Lichnerowicz—Poisson cohomology

Given a Poisson manifold (Z,w), let us introduce the operator

w:T(Z) = Tr11(2), W) = —[w, ¥, Ve T.(Z), (3.1.17)
on the graded commutative algebra 7, (Z) of multivector fields on Z, where
[., .] is the Schouten—Nijenhuis bracket. This operator is nilpotent and obeys
the rule

@0 Av) =B0) Av~+ (=119 A B(w). (3.1.18)
Called the contravariant exterior differential [157], it makes 7.(Z) into
a differential algebra. Its de Rham complex is the Lichnerowicz—Poisson
complex

0— Sr(Z) —C®(2) L1(2) 2. (3.1.19)
T,.1(2) L T(2) 2o

la lg
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where Srz(Z) denotes the center of a Poisson algebra C*°(Z). Accord-
ingly, the cohomology H{'p(Z, w) of this complex is called the Lichnerowicz—
Poisson cohomology (henceforth the LP cohomology) of a Poisson manifold.

Example 3.1.7. If f € 7o(Z) = C*°(Z) is a function,
—w(f) = w, f] =¥y

is its Hamiltonian vector field. Hence, the LP cohomology group Hp(Z, w)
coincides with the center Sz of the Poisson algebra C*°(Z). The first LP
cohomology group H{,(Z, w) is the space of canonical vector fields u for the
Poisson bivector field w (i.e., L,w = —w(u) = 0) modulo Hamiltonian vec-
tor fields —w(f), f € C°°(Z). The second LP cohomology group H?p(Z, w)
contains an element [w] whose representative is the Poisson bivector field
w. We have [w] = 0 if there is a vector field u on Z such that

w=w(u) = —Lyw.
If [w] = 0, a Poisson manifold (Z,w) is called exact or homogeneous.

The contravariant exterior differential @ is related to the exterior dif-
ferential by means of the formula

D(wi(9) = —wi(dg), ¢ €O (2).

This formula shows that w! is a cochain homomorphism of the de Rham
complex (O*(Z),d) of exterior forms on Z to the Lichnerowicz—Poisson
complex (7., —w) (3.1.19). It yields the homomorphism

[w'] : Hpyg(Z) — Hip(Z,w) (3.1.20)

of the de Rham cohomology to the LP cohomology.

3.1.5 Symplectic foliations

There is above-mentioned one-to-one correspondence between the symplec-
tic foliations of a manifold Z and the Poisson structures on Z. We start
with some basic facts on geometry and cohomology of foliations.

Let F be a (regular) foliation of a k-dimensional manifold Z provided
with the adapted coordinate atlas (11.2.65). The real Lie algebra 77 (F) of
global sections of the tangent bundle TF — Z to F is a C°°(Z)-submodule
of the derivation module of the R-ring C*°(Z) of smooth real functions on
Z. Tts kernel Sg(Z) C C*°(Z) consists of functions constant on leaves of
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F. Therefore, T;(F) is the Lie Sx(Z)-algebra of derivations of C'*°(Z),
regarded as a Sz(Z)-ring. Then one can introduce the leafwise differential
calculus [58; 65] as the Chevalley-Eilenberg differential calculus over the
Sx(Z)-ring C*°(Z). Tt is defined as a subcomplex

d

0— Sr(Z) —C>(2) =3FY(2)--- Lsdimf(Z) —0  (3.1.21)

of the Chevalley—Eilenberg complex of the Lie Sz(Z)-algebra 7;(F) with
coefficients in C'°°(Z) which consists of C*°(Z)-multilinear skew-symmetric
maps

NTUF) = C=(Z), r=1,... dimF.

These maps are global sections of exterior products ATF* of the dual
TF* — Z of TF — Z. They are called the leafwise forms on a foliated
manifold (Z, F), and are given by the coordinate expression

1 ~ ~
¢ = —,¢¢1...¢sz“ N ANdzT,
7!

where {dz'} are the duals of the holonomic fibre bases {9;} for TF. Then
one can think of the Chevalley—Eilenberg coboundary operator

~ ~ 1 ~ ~ . ~
dp = dzF N oo = Fakqsh__“dzk Adz A AN d2T

as being the leafwise exterior differential. Accordingly, the complex (3.1.21)
is called the leafwise de Rham complex (or the tangential de Rham com-
plex). This is the complex (A%*, dy) in [155]. Its cohomology H(Z), called
the leafwise de Rham cohomology, equals the cohomology H*(Z; Sx) of Z
with coefficients in the sheaf Sz of germs of elements of S#(Z) [119]. We
aim to relate the leafwise de Rham cohomology H>(Z) with the de Rham
cohomology H}yr(Z) of Z and the LP cohomology Hj'p(Z,w) [58].

Let us consider the exact sequence (11.2.67) of vector bundles over Z.
Since it admits a splitting, the epimorphism 7% yields that of the algebra
O*(Z) of exterior forms on Z to the algebra §*(Z) of leafwise forms. It
obeys the condition i% od = do 1%, and provides the cochain morphism

it (R,0*(2),d) — (S£(2), F*(Z),d), (3.1.22)
dz* -0, dzf — Jzi,
of the de Rham complex of Z to the leafwise de Rham complex (3.1.21)

and the corresponding homomorphism

[i%]) : Hyp(Z) — Hi(Z) (3.1.23)
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of the de Rham cohomology of Z to the leafwise one. Let us note that
[i%]">° need not be epimorphisms [155].

Given a leaf ip : F — Z of F, we have the pull-back homomorphism
(R,0*(Z),d) — (R,O*(F),d) (3.1.24)

of the de Rham complex of Z to that of F' and the corresponding homo-
morphism of the de Rham cohomology groups

Hip(Z) — Hiyp(F). (3.1.25)

Proposition 3.1.3. The homomorphisms (3.1.24) — (3.1.25) factorize
through the homomorphisms (3.1.22) — (3.1.23) [65].

Let us turn now to symplectic foliations. Let F be an even dimensional
foliation of a manifold Z. A d-closed non-degenerate leafwise two-form 2 r
on a foliated manifold (Z, F) is called symplectic. Its pull-back i5.Qz onto
each leaf F' of F is a symplectic form on F'. A foliation F provided with a
symplectic leafwise form Q. is called the symplectic foliation.

If a symplectic leafwise form Qr exists, it yields the bundle isomorphism

Q) TF STF, Qv — —v|Qr(2), wveT.F.  (3.1.26)
The inverse isomorphism Qg_- determines the bivector field
wo(a, B) = Qp(Q%(ika), QL(i%0)),  a,feTiZ, z€Z, (3.1.27)

2
on Z subordinate to ATF. It is a Poisson bivector field (see the relation
(3.1.34) below). The corresponding Poisson bracket reads

(L fYr=9.1df',  0p)Qr =—df, Oy =Q%(df).  (3.1.28)
Its kernel is S£(Z).
Conversely, let (Z,w) be a Poisson manifold and F its characteristic

foliation. Since AnnT'F C T*Z is precisely the kernel of a Poisson bivector
field w, the bundle homomorphism

wh T Z 7TZ
factorizes in a unique fashion
wh T Z %T}"* %Tﬁ 17 (3.1.29)
through the bundle isomorphism
wg_-:T}"* 7T.7:, wg-:oc—>—w(z)Loz, aeT,F*. (3.1.30)
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The inverse isomorphism wb}- yields the symplectic leafwise form
Qr(v,v") = wwy ), wr (")), v,v' € T,F, z€Z  (3.1.31)

The formulas (3.1.27) and (3.1.31) establish the above mentioned equiva-
lence between the Poisson structures on a manifold Z and its symplectic
foliations, though this equivalence need not be preserved under morphisms.

Let us consider the Lichnerowicz—Poisson complex 3.1.19. We have the
cochain morphism

wh (R,0*(2),d) — (S¢(2),T.(Z), —w), (3.1.32)

wH(@)(o1, .y 00) = (=1) d(wH(01), ..., wi(0v)), 01 € ON(Z),

Dow' = —whod,
of the de Rham complex to the Lichnerowicz—Poisson one and the corre-

sponding homomorphism (3.1.20) of the de Rham cohomology of Z to the
LP cohomology of the complex (3.1.31) [157].

Proposition 3.1.4. The cochain morphism w* (3.1.82) factorizes through
the leafwise complex (3.1.21) and, accordingly, the cohomology homomor-
phism [w*] (8.1.20) does through the leafwise cohomology

Hin(2) "l He(z) — B p(Zow). (3.1.33)

Proof. Let T.(F) C T.(Z) denote the graded commutative subalgebra

of multivector fields on Z subordinate to T'F, where To(F) = C*(Z).

Clearly, (Sr(Z),T.(F),w) is a subcomplex of the Lichnerowicz—Poisson

complex (3.1.19). Since
WoQh =0k od, (3.1.34)
the bundle isomorphism wﬁ}- = Qg_- (3.1.30) yields the cochain isomorphism
O (57(2),8"(2),d) = (S7(2), T.(F), ~0)

of the leafwise de Rham complex (3.1.21) to the subcomplex (7, (F), w) of
the Lichnerowicz—Poisson complex (3.1.19). Then the composition

ir o0y 1 (SF(2),8°(2),d) — (S£(2), T.(Z), D) (3.1.35)

is a cochain monomorphism of the leafwise de Rham complex to the

LP one (3.1.19). In view of the factorization (3.1.29), the cochain mor-

phism (3.1.32) factorizes through the cochain morphisms (3.1.22) and

(3.1.35).  Accordingly, the cohomology homomorphism [w#] (3.1.20) fac-
torizes through the cohomology homomorphisms [i%] (3.1.23) and

i o Q%) HE(Z) — Hip(Z,w). (3.1.36)

O
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3.1.6 Group action on Poisson manifolds

By G throughout is meant a real connected Lie group, g is its right Lie
algebra, and g* is the Lie coalgebra (see Section 11.2.9). We start with the
symplectic case [1; 104].

Let a Lie group G act on a symplectic manifold (Z,2) on the left by
symplectomorphisms. Such an action of G is called symplectic. Since G
is connected, its action on a manifold Z is symplectic if and only if the
homomorphism ¢ — &, € € g, (11.2.69) of the Lie algebra g to the Lie
algebra 77 (Z) of vector fields on Z is carried out by canonical vector fields
for the symplectic form 2 on Z. If all these vector fields are Hamiltonian,
the action of G on 7 is called a Hamiltonian action. One can show that, in
this case, &, € € g, are Hamiltonian vector fields of functions on Z of the
following particular type.

Proposition 3.1.5. An action of a Lie group G on a symplectic manifold
Z is Hamiltonian if and only if there exists a mapping

J:Z—g", (3.1.37)
called the momentum mapping, such that

&0 =—dJ., J.(z)=(J(2),e), ce€g. (3.1.38)

The momentum mapping (3.1.37) is defined up to a constant map. In-
deed, if J and J’ are different momentum mappings for the same symplectic
action of G on Z, then

d((J(z) = J'(2),e)) =0, e€g.

A symplectic manifold provided with a Hamiltonian action of a Lie group
is called the Hamiltonian manifold.
Given g € G, let us us consider the difference

o(g) = J(gz) — Ad*g(J(2)), (3.1.39)

where Ad*g is the coadjoint representation (11.2.72) on I'*. One can show
(see, e.g., [1]) that the difference (3.1.39) is constant on a symplectic ma-
nifold Z and that it fulfils the equality

o(gg’) = o(g) + Ad"g(a(g")). (3.1.40)
This equality (3.1.40) is a one-cocycle of cohomology H*(G; g*) of the group
G with coefficients in the Lie coalgebra g* [65; 105]. This cocycle is a
coboundary if there exists an element p € g* such that

o(g) = p— Ad*g(p). (3.1.41)
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Let J' be another momentum mapping associated to the same Hamiltonian
action of G on Z. Since the difference J — J’ is constant on Z, then the
difference of the corresponding cocycles o — ¢’ is the coboundary (3.1.41)
where p = J—J. Thus, a Hamiltonian action of a Lie group G on a
symplectic manifold (Z, ) defines a cohomology class [0] € H'(G;g*) of
G.

A momentum mapping J is called equivariant if o(g)=0,9g€ G It
defines the zero cohomology class of the group G.

Example 3.1.8. Let a symplectic form on Z be exact, i.e., Q = df, and
let 6 be G-invariant, i.e.,

Liee = d(&sje) + gsJQ =0, eeg.
Then the momentum mapping J (3.1.37) can be given by the relation

(T(2),€) = (&:]0)(2).

It is equivariant. In accordance with the relation (11.2.72), it suffices to
show that

Je(92) = Jaag19)(2),  (&]0)(92) = (Eaag—1(0)]0)(2).

This holds by virtue of the relation (11.2.70). For instance, let T*Q be
a symplectic manifold equipped with the canonical symplectic form Qp
(3.1.3). Let a left action of a Lie group G on @ have the infinitesimal
generators 7, = €% (q)0;. The canonical lift of this action onto T*Q has
the infinitesimal generators (11.2.29):

fm = %m = vein&; — pj&;e{n@i, (3142)

and preserves the canonical Liouville form 6 on T*Q. The &, (3.1.42) are
Hamiltonian vector fields of the functions J,,, = €! (q)p;, determined by the
equivariant momentum mapping J = € (q)p;e™.

Now a desired Poisson bracket of functions J. (3.1.38) is established as

follows.

Theorem 3.1.7. A momentum mapping J associated to a symplectic ac-
tion of a Lie group G on a symplectic manifold Z obeys the relation

{Jey Jor } = Je,en — <Ted(6/),€> (3.1.43)

(see, e.g., [1] where the left Lie algebra is utilized and Hamiltonian vector
fields differ in the minus sign from those here).
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In the case of an equivariant momentum mapping, the relation (3.1.43)
leads to a homomorphism

{']63 ‘]6’} = J[E,a’] (3144)

of the Lie algebra g to the Poisson algebra of functions on a symplectic
manifold Z (cf. Proposition 3.1.6 below).

Now let a Lie group G act on a Poisson manifold (Z,w) on the left by
Poisson automorphism. This is a Poisson action. Since G is connected, its
action on a manifold Z is a Poisson action if and only if the homomorphism
€ — &, e € g, (11.2.69) of the Lie algebra g to the Lie algebra 77(Z) of
vector fields on Z is carried out by canonical vector fields for the Poisson
bivector field w, i.e., the condition (3.1.11) holds. The equivalent conditions
are

E{fgh) ={&() gy +{f.&(9)),  fge Cx(2),
E({f.9}) = [&:9¢](9) — &, V4] (f),
(€, U 7] = Ve (p)s

where ¥ is the Hamiltonian vector field (3.1.12) of a function f.

A Hamiltonian action of G on a Poisson manifold Z is defined similarly
to that on a symplectic manifold. Its infinitesimal generators are tangent
to leaves of the symplectic foliation of Z, and there is a Hamiltonian action
of G on every symplectic leaf. Proposition 3.1.5 together with the notions
of a momentum mapping and an equivariant momentum mapping also are
extended to a Poisson action. However, the difference o (3.1.39) is constant
only on leaves of the symplectic foliation of Z in general. At the same time,
one can say something more on an equivariant momentum mapping (that
also is valid for a symplectic action) [157].

Proposition 3.1.6. An equivariant momentum mapping J (8.1.37) is a
Poisson morphism to the Lie coalgebra g*, provided with the Lie—Poisson
structure (11.2.73).

3.2 Autonomous Hamiltonian systems

This Section addresses autonomous Hamiltonian systems on Poisson, sym-
plectic and presymplectic manifolds.
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3.2.1 Poisson Hamiltonian systems

Given a Poisson manifold (Z,w), a Poisson Hamiltonian system (w,H) on
Z for a Hamiltonian H € C*°(Z) with respect to a Poisson structure w is
defined as the set

Su=|J{veT.Z: v—uwi(dH)(z) = 0}. (3.2.1)

z€Z

By a solution of this Hamiltonian system is meant a vector field ¢ on Z
which takes its values into TN N Sy. Clearly, the Poisson Hamiltonian
system (3.2.1) has a unique solution which is the Hamiltonian vector field

¥y = w (dH) (3.2.2)

of H. Hence, Sy (3.2.1) is an autonomous first order dynamic equation
(Definition 1.2.1), called the Hamilton equation for the Hamiltonian H
with respect to the Poisson structure w.

Relative to local canonical coordinates (z*,q%,p;) (3.1.15) for the
Poisson structure w on Z and the corresponding holonomic coordinates
(2>, ¢',pi, 2, ¢, p;) on TZ, the Hamilton equation (3.2.1) and the Hamil-
tonian vector field (3.2.2) take the form

qt = 0"H, pi = —0;H, 2 =0, (3.2.3)

V3 = O"HO; — Oy HO". (3.2.4)
Solutions of the Hamilton equation (3.2.3) are integral curves of the Hamil-
tonian vector field (3.2.4).

Let (Z,w,H) be a Poisson Hamiltonian system. Its integral of motion
is a smooth function F' on Z whose Lie derivative

Ly, F ={H, F} (3.2.5)

along the Hamiltonian vector field ¥4 (3.2.4) vanishes in accordance with
the equality (1.10.6). The equality (3.2.5) is called the evolution equation.

It is readily observed that the Poisson bracket {F, F'} of any two inte-
grals of motion F and F’ also is an integral of motion. Consequently, the
integrals of motion of a Poisson Hamiltonian system constitute a real Lie
algebra.

Since

ﬂ{H,F} = [ﬂHaﬂF]a {HaF} - _L19FHa

the Hamiltonian vector field ¥z of any integral of motion F' of a Poisson
Hamiltonian system is a symmetry both of the Hamilton equation (3.2.3)
(Proposition 1.10.3) and a Hamiltonian H (Definition 1.10.3).
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3.2.2 Symplectic Hamiltonian systems

Let (Z,9) be a symplectic manifold. The notion of a symplectic Hamil-
tonian system is a repetition of the Poisson one, but all expressions are
rewritten in terms of a symplectic form Q as follows.

A symplectic Hamiltonian system (€2, ’H) on a manifold Z for a Hamil-
tonian H with respect to a symplectic structure 2 is the set

S=|J{veTZ: v|Q+dH(z) = 0}. (3.2.6)
zEZ

As in the general case of Poisson Hamiltonian systems, the symplectic one
(©,H) has a unique solution which is the Hamiltonian vector field

Iy |Q = —dH (3.2.7)
of H. Hence, Sy (3.2.6) is an autonomous first order dynamic equation,
called the Hamilton equation for the Hamiltonian H with respect to the
symplectic structure Q. Relative to the local canonical coordinates (¢°, p;)
for the symplectic structure €2, the Hamilton equation (3.2.6) and the Ha-
miltonian vector field (3.2.7) read

V3 = O"HO; — Oy HO". (3.2.9)
Integrals of motion of a symplectic Hamiltonian system are defined just
as those of a Poisson Hamiltonian system.

3.2.3 Presymplectic Hamiltonian systems

The notion of a Hamiltonian system is naturally extended to presymplectic
manifolds [70; 106]. Given a presymplectic manifold (Z, ), a presymplectic
Hamiltonian system for a Hamiltonian H € C*°(Z) is the set
Sn=J{veT.Z: v]Q+dH(z) =0} (3.2.10)
z€Z
A solution of this Hamiltonian system is a Hamiltonian vector field ¥4 of H.

The necessary and sufficient conditions of its existence are the following [70;
106).

Proposition 3.2.1. The equation
v|Q+dH(z) =0, veTl,Z, (3.2.11)
has a solution only at points of the set

Ny ={z€ Z : Ker,Q C Ker ,dH}. (3.2.12)
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Proof. Tt is readily observed that the fibre (3.2.11) of the set Sy (3.2.10)
over z € Z is an affine space modelled over the fibre

Ker,Q={veT.Z : v]Q =0}

of the kernel of the presymplectic form 2. Let a vector v € T,Z sat-
isfy the equation (3.2.11). Then the contraction of the right-hand side of
this equation with an arbitrary element u € Ker Q) leads to the equal-
ity u]dH(z) = 0. In order to prove the converse, it suffices to show that
dH(z) € ImQ°. This inclusion results from the injections

_ b
dH(z) € Ann(KerdH(z)) C Ann(Ker ,Q) =Im . 0

Let us suppose that a presymplectic form €2 is of constant rank and that
the set Ny (3.2.12) is a submanifold of Z, but not necessarily connected.
Then Ker (2 is a closed vector subbundle of the tangent bundle T'Z, while
Sw|n, is an affine bundle over Ny. The latter has a section over Ny, but
this section need not live in T'Ns, i.e., it is not necessarily a vector field on
the submanifold N3. Then one aims to find a submanifold N € Ny C Z
such that

Suln NT.N #0, z €N,
or, equivalently,
dH(z) € @(T'N),  zeN.

If such a submanifold exists, it may be obtained by means of the following
constraint algorithm . Let us consider the overlap Sy|n, N TNy and its
projection to Z. We obtain the subset

N3 = Wz(SH|N2 N TNQ) C Z.

If N3 is a submanifold, let us consider the overlap Sy|n, N T N3. Its pro-
jection to Z gives a subset Ny C Z, and so on. Since a manifold Z is
finite-dimensional, the procedure is stopped after a finite number of steps
by one of the following results.

e There is a number ¢ > 2 such that a set N; is empty. This means that
a presymplectic Hamiltonian system has no solution.

e A set N;, i > 2, fails to be a submanifold. It follows that a solution
need not exist at each point of N;.

o If N;1; = N; for some i > 2, this is a desired submanifold N. A local
solution of the presymplectic Hamiltonian system (3.2.10) exists around

each point of N. If Q°|y is of constant rank, there is a global solution on
N.
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Sections of the vector bundle Ker{) — Z are sometimes called gauge
fields in order to emphasize that, being solutions of the presymplectic Ha-
miltonian system (2, 0) for the zero Hamiltonian, they do not contribute to
a physical state, and are responsible for a certain gauge freedom [152]. At
the same time, there are physically interesting presymplectic Hamiltonian
systems, e.g., in relativistic mechanics when a Hamiltonian is equal to zero
(Section 10.5). In this case, KerdH = T'Z and the Hamiltonian system
(3.2.11) has a solution everywhere on a manifold Z.

The above mentioned gauge freedom also is related to the pull-back
construction in Proposition 3.1.2. Let a presymplectic form €2 on a manifold
Z be of constant rank and let its characteristic foliation be simple, i.e., a
fibred manifold 7 : Z — P. Then ) is the pull-back 7*Qp of a certain
symplectic form Qp on P. Let a Hamiltonian H also be the pull-back
7*Hp of a function Hp on P. Then we have

KerQ =VN C KerdH,

and the presymplectic Hamiltonian system (€2, H) has a solution everywhere
on a manifold Z. Any such a solution ¥4 is projected onto a unique solution
of the symplectic Hamiltonian system (2p, Hp) on the manifold P, while
gauge fields are vertical vector fields on the fibred manifold Z — P.

3.3 Hamiltonian formalism on Q@ — R

As was mentioned above, a phase space of non-relativistic mechanics on a
configuration space @ — R is the vertical cotangent bundle (2.1.31):

ViQ ™ Q TR,

of @ — R equipped with the holonomic coordinates (¢,q*,p; = ¢;) with
respect to the fibre bases {dg'} for the bundle V*Q — Q [106; 139].

Remark 3.3.1. A generic phase space of Hamiltonian mechanics is a fibre
bundle II — R endowed with a regular Poisson structure whose charac-
teristic distribution belongs to the vertical tangent bundle VII of II — R
[81]. It can be seen locally as the Poisson product over R of a fibre bun-
dle V*Q — R and a fibre bundle over R, equipped with the zero Poisson
structure.

The cotangent bundle 7T*@Q of the configuration space @ is endowed with
the holonomic coordinates (¢, ¢*, po, p;), possessing the transition functions
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(2.2.4). Tt admits the Liouville form = (2.2.12), the symplectic form
Qr = d= = dpo A dt + dp; A dq', (3.3.1)
and the corresponding Poisson bracket
{f,9yr = 0°f0rg — O f + 0" fOig — D'gif, f,g € C(T*Q). (3.3.2)

Provided with the structures (3.3.1) — (3.3.2), the cotangent bundle T*Q
of @ plays a role of the homogeneous phase space of Hamiltonian non-
relativistic mechanics.

There is the canonical one-dimensional affine bundle (2.2.5):

C:T*Q — V*Q. (3.3.3)

A glance at the transformation law (2.2.4) shows that it is a trivial affine
bundle. Indeed, given a global section h of (, one can equip 7*Q with the
global fibre coordinate

Iy = po — h, Ipoh =0, (3.34)
possessing the identity transition functions. With respect to the coordinates
(t,q", In, ps), i=1,...,m, (3.3.5)

the fibration (3.3.3) reads
C:RXV*Q 3 (t,q', To,pi) — (t,q",pi) € V*Q. (3.3.6)

Let us consider the subring of C*°(T*@Q) which comprises the pull-back
¢* f onto T*@Q of functions f on the vertical cotangent bundle V*@Q by the
fibration ¢ (3.3.3). This subring is closed under the Poisson bracket (3.3.2).
Then by virtue of Theorem 3.1.3, there exists the degenerate coinduced
Poisson structure

{f.9}v =0'fdig—9'gdif,  f,g€ C=(V*Q), (3.3.7)

on a phase space V*(@ such that
C{figtv ={Cf.Cgtr. (3.3.8)
The holonomic coordinates on V*@Q are canonical for the Poisson structure

(3.3.7).
With respect to the Poisson bracket (3.3.7), the Hamiltonian vector
fields of functions on V*@ read
Iy =0 f0; — 0 f0", feoc>V*Q), (3.3.9)
[, p] =Dis.030- (3.3.10)
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They are vertical vector fields on V*@Q — R. Accordingly, the characteristic
distribution of the Poisson structure (3.3.7) is the vertical tangent bundle
VV*Q C TV*Q of a fibre bundle V*@ — R. The corresponding symplectic
foliation on the phase space V*@ coincides with the fibration V*@Q) — R.

It is readily observed that the ring C(V*Q) of Casimir functions on a
Poisson manifold V*@Q consists of the pull-back onto V*@Q of functions on
R. Therefore, the Poisson algebra C*°(V*Q) is a Lie C*°(R)-algebra.

Remark 3.3.2. The Poisson structure (3.3.7) can be introduced in a dif-
ferent way [106; 139]. Given any section h of the fibre bundle (3.3.3), let
us consider the pull-back forms

® = h*(EAdt) = pidg' Adt,

Q =h*(dEAdt) = dp; Adq' A dt (3.3.11)
on V*@. They are independent of the choice of h. With € (3.3.11), the

Hamiltonian vector field ¥5 (3.3.9) for a function f on V*Q is given by the
relation

95| Q = —df Adt,
while the Poisson bracket (3.3.7) is written as

{f,g}vdt = ﬂgJﬁfJ Q.

Moreover, one can show that a projectable vector field ¢ on V*@Q such that
J|dt =const. is a canonical vector field for the Poisson structure (3.3.7) if
and only if

Ly = d(¥|Q) = 0. (3.3.12)

In contrast with autonomous Hamiltonian mechanics, the Poisson struc-
ture (3.3.7) fails to provide any dynamic equation on a fibre bundle
V*@Q — R because Hamiltonian vector fields (3.3.9) of functions on V*@Q
are vertical vector fields, but not connections on V*@Q — R (see Defini-
tion 1.3.1). Hamiltonian dynamics on V*@ is described as a particular
Hamiltonian dynamics on fibre bundles [68; 106; 139].

A Hamiltonian on a phase space V*@Q — R of non-relativistic mechanics
is defined as a global section

h:V*Q —T*Q,  pooh=mH(tq¢, pj), (3.3.13)

of the affine bundle ¢ (3.3.3). Given the Liouville form = (2.2.12) on T*Q),
this section yields the pull-back Hamiltonian form

H = (—h)*E = ppdq® — Hdt (3.3.14)
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on V*Q. This is the well-known invariant of Poincaré-Cartan [4].

It should be emphasized that, in contrast with a Hamiltonian in au-
tonomous mechanics, the Hamiltonian H (3.3.13) is not a function on V*@Q),
but it obeys the transformation law

H'(t,q",pi) = H(t,¢',pi) + Didrg" (3.3.15)
Remark 3.3.3. Any connection I' (1.1.18) on a configuration bundle @ —

R defines the global section hr = p;,I"* (3.3.13) of the affine bundle ¢ (3.3.3)
and the corresponding Hamiltonian form

Hr = ppdq® — Hrdt = prdg® — p;I'dt. (3.3.16)

Furthermore, given a connection I', any Hamiltonian form (3.3.14) admits
the splitting

H = Hr — &rdt, (3.3.17)
where
Er =M —Hr =H — pT" (3.3.18)

is a function on V*@Q. It is called the Hamiltonian function relative to a
reference frame I'. With respect to the coordinates adapted to a reference
frame I, we have &r = H. Given different reference frames I' and T, the
decomposition (3.3.17) leads at once to the relation

v =6r+Hr —Hr =&r+ (Fi — F/i)pi (3.3.19)

between the Hamiltonian functions with respect to different reference
frames.

Given a Hamiltonian form H (3.3.14), there exists a unique horizontal
vector field (1.1.18):

i =0 — 'O — 7',
on V*@ (i.e., a connection on V*@ — R) such that
v |dH = 0. (3.3.20)
This vector field, called the Hamilton vector field, reads
vir = 0y + O"HOy, — O HO . (3.3.21)

In a different way (Remark 3.3.2), the Hamilton vector field vy is defined
by the relation

v | = dH.
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Consequently, it is canonical for the Poisson structure {, }v (3.3.7). This
vector field yields the first order dynamic Hamilton equation

qF = "N, (3.3.22)
pe = —OH (3.3.23)

on V*Q — R (Definition 1.3.1), where (t,¢", px,qF,ps1) are the adapted
coordinates on the first order jet manifold J'V*Q of V*@Q — R.

Due to the canonical imbedding J'V*@Q — TV*Q (1.1.6), the Hamilton
equation (3.3.22) — (3.3.23) is equivalent to the autonomous first order
dynamic equation

t=1, §t = O'H, pi = —OH (3.3.24)

on a manifold V*@Q (Definition 1.2.1).
A solution of the Hamilton equation (3.3.22) — (3.3.23) is an integral
section r for the connection vp.

Remark 3.3.4. Similarly to the Cartan equation (2.2.11), the Hamilton
equation (3.3.22) — (3.3.23) is equivalent to the condition

r*(u|dH) =0 (3.3.25)
for any vertical vector field u on V*@Q — R.

We agree to call (V*Q, H) the Hamiltonian system of k = dim @ — 1
degrees of freedom.

In order to describe evolution of a Hamiltonian system at any instant,
the Hamilton vector field vy (3.3.21) is assumed to be complete, i.e., it
is an Ehresmann connection (Remark 1.1.2). In this case, the Hamilton
equation (3.3.22) — (3.3.23) admits a unique global solution through each
point of the phase space V*@Q. By virtue of Theorem 1.1.2, there exists a
trivialization of a fibre bundle V*@Q — R (not necessarily compatible with
its fibration V*@Q — Q) such that

Yo =0,  H=pdq (3.3.26)

with respect to the associated coordinates (t,7',p;). A direct computa-
tion shows that the Hamilton vector field vy (3.3.21) satisfies the rela-
tion (3.3.12) and, consequently, it is an infinitesimal generator of a one-
parameter group of automorphisms of the Poisson manifold (V*Q,{, }v).
Then one can show that (¢,7’,p;) are canonical coordinates for the Poisson
manifold (V*@Q, {, }v) [106], i.e.,

_0 90
- op; o7

w
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Since H = 0, the Hamilton equation (3.3.22) — (3.3.23) in these coordinates
takes the form

6% = 07 ﬁti = 0)

i.e., (t,q",p;) are the initial data coordinates.

3.4 Homogeneous Hamiltonian formalism

As was mentioned above, one can associate to any Hamiltonian system
on a phase space V*@Q an equivalent autonomous symplectic Hamiltonian
system on the cotangent bundle 7*Q (Theorem 3.4.1).

Given a Hamiltonian system (V*@Q, H), its Hamiltonian H (3.3.13) de-
fines the function

H* = 0,)(E - C*(—h)*E)) = po + h = po + H (3.4.1)

on T*Q. Let us regard H* (3.4.1) as a Hamiltonian of an autonomous
Hamiltonian system on the symplectic manifold (T*Q, Q7). The corre-
sponding autonomous Hamilton equation on T*@ takes the form

i=1, po = —O/H, it = 0'H, pi = —0;H. (3.4.2)

Remark 3.4.1. Let us note that the splitting H* = pg + H (3.4.1) is ill
defined. At the same time, any reference frame I' yields the decomposition

H* = (po + Hr) + (H — Hr) = H} + &r, (3.4.3)

where Hr is the Hamiltonian (3.3.16) and &r (3.3.18) is the Hamiltonian
function relative to a reference frame I'.

The Hamiltonian vector field ¥4+ of H* (3.4.1) on T*Q is
V9~ = O — OyHO® + O'HO; — O HO". (3.4.4)
Written relative to the coordinates (3.3.5), this vector field reads
3¢ = Oy + O'HO; — O;HO". (3.4.5)

It is identically projected onto the Hamilton vector field vy (3.3.21) on
V*(@Q such that

CLoy f) ={H", " f}r, feCT(VTQ). (3.4.6)

Therefore, the Hamilton equation (3.3.22) — (3.3.23) is equivalent to the
autonomous Hamilton equation (3.4.2).
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Obviously, the Hamiltonian vector field ¥+ (3.4.5) is complete if the
Hamilton vector field vy (3.3.21) is complete.
Thus, the following has been proved [31; 65; 108].

Theorem 3.4.1. A Hamiltonian system (V*Q, H) of k degrees of freedom
is equivalent to an autonomous Hamiltonian system (T*Q,H*) of k + 1
degrees of freedom on a symplectic manifold (T*Q, Q1) whose Hamiltonian
is the function H* (3.4.1).

We agree to call (T*Q,H*) the homogeneous Hamiltonian system and
H* (3.4.1) the homogeneous Hamiltonian.

3.5 Lagrangian form of Hamiltonian formalism

It is readily observed that the Hamiltonian form H (3.3.14) is the Poincaré-
Cartan form of the Lagrangian

Ly = ho(H) = (piq — H)dt (3.5.1)
on the jet manifold J'V*Q of V*Q — R [109; 110; 139].

Remark 3.5.1. In fact, the Lagrangian (3.5.1) is the pull-back onto J1V*Q
of the form Ly on the product V*Q x¢g J1Q.

The Lagrange operator (2.1.16) associated to the Lagrangian Ly reads

Eg=90Ly = [(q; — 81H)dpz - (pti + azH)dql] A dt. (3.5.2)
The corresponding Lagrange equation (2.1.20) is of first order, and it coin-
cides with the Hamilton equation (3.3.22) — (3.3.23) on J'V*Q.
Due to this fact, the Lagrangian Ly (3.5.1) plays a prominent role in
Hamiltonian non-relativistic mechanics.

In particular, let u (2.5.4) be a vector field on a configuration space Q.
Its functorial lift (11.2.32) onto the cotangent bundle T*Q is

T =uld +u'd; — pjaiuja’:. (3.5.3)
This vector field is identically projected onto a vector field, also given by

the expression (3.5.3), on the phase space V*@Q as a base of the trivial fibre
bundle (3.3.3). Then we have the equality

LaH = LJlaLH = (—utatH —|—p,;8tui - uZ&H +p,;6jui6j7-[)dt. (354)

This equality enables us to study conservation laws in Hamiltonian me-
chanics similarly to those in Lagrangian mechanics (Section 3.8).
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3.6 Associated Lagrangian and Hamiltonian systems

As was mentioned above, Lagrangian and Hamiltonian formulations of me-
chanics fail to be equivalent. For instance, there exist physically interesting
systems whose phase spaces fail to be the cotangent bundles of config-
uration spaces, and they do not admit any Lagrangian description [149].
The comprehensive relations between Lagrangian and Hamiltonian systems
can be established in the case of almost regular Lagrangians [106; 108;
139]. This is a particular case of the relations between Lagrangian and
Hamiltonian theories on fibre bundles [55; 68].

In order to compare Lagrangian and Hamiltonian formalisms, we are
based on the facts that:

(i) every first order Lagrangian L (2.1.15) on a velocity space J@Q in-
duces the Legendre map (2.1.30) of this velocity space to a phase space
V*Q;

(ii) every Hamiltonian form H (3.3.14) on a phase space V*@ yields the
Hamiltonian map

H:v*Q 7J1Q, quﬁzaiH (3.6.1)
of this phase space to a velocity space J'Q.

Remark 3.6.1. A Hamiltonian form H is called regular if the Hamiltonian
map H (3.6.1) is regular, i.e., a local diffeomorphism.

Remark 3.6.2. It is readily observed that a section r of a fibre bundle
V*@Q — R is a solution of the Hamilton equation (3.3.22) — (3.3.23) for the
Hamiltonian form H if and only if it obeys the equality

JHrmor)y=Hor, (3.6.2)
where 71 : V*Q — Q.

Given a Lagrangian L, the Hamiltonian form H (3.3.14) is said to be
associated with L if H satisfies the relations
LoHoL=1, (3.6.3)
H*Ly = H*L,
where Ly is the Lagrangian (3.5.1).
A glance at the equality (3.6.3) shows that Lo H is the projector of V*@Q
onto the Lagrangian constraint space Ny which is given by the coordinate

conditions

pi =it ¢, "H(t, ¢, pj)). (3.6.5)
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The relation (3.6.4) takes the coordinate form
H = p0"H — L(t,¢°, " H). (3.6.6)
Acting on this equality by the exterior differential, we obtain the relations
OH(p) = —(L) o H(p),  p€ N,
OiH(p) = —(&:iL) o H(p),  pe€ Ny, (3.6.7)
(pi — (DL)(t, ¢, H))D'OH = 0. (3.6.8)
The relation (3.6.8) shows that an L-associated Hamiltonian form H is not
regular outside the Lagrangian constraint space INf,.
For instance, let L be a hyperregular Lagrangian, i.e., the Legendre map
L (2.1.30) is a diffeomorphism. It follows from the relation (3.6.3) that, in
this case, H = L='. Then the relation (3.6.6) takes the form
H=pL Y= L(t,¢¢,L7Y). (3.6.9)
It defines a unique Hamiltonian form associated with a hyperregular La-
grangian. Let s be a solution of the Lagrange equation (2.1.25) for a La-
grangian L. A direct computation shows that Lo J's is a solution of the
Hamilton equation (3.3.22) — (3.3.23) for the Hamiltonian form H (3.6.9).
Conversely, if 7 is a solution of the Hamilton equation (3.3.22) — (3.3.23)
for the Hamiltonian form H (3.6.9), then s = mp or is a solution of the La-
grange equation (2.1.25) for L (see the equality (3.6.2)). It follows that, in
the case of hyperregular Lagrangians, Hamiltonian formalism is equivalent
to Lagrangian one.
If a Lagrangian is not regular, an associated Hamiltonian form need not
exist.

Example 3.6.1. Let Q be a fibre bundle R? — R with coordinates (t, q).
Its jet manifold J'Q = R? and its Legendre bundle V*Q = R3 are coordi-
nated by (¢, ¢,q:) and (¢, q,p), respectively. Let us put

L = exp(qy)dt. (3.6.10)
This Lagrangian is regular, but not hyperregular. The corresponding Leg-
endre map reads

pol =expq.
It follows that the Lagrangian constraint space Ny, is given by the coordi-
nate relation p > 0. This is an open subbundle of the Legendre bundle,
and L is a diffeomorphism of J'Q onto Ny. Hence, there is a unique Ha-
miltonian form

H =pdq — p(lnp — 1)dt

on Ny, which is associated with the Lagrangian (3.6.10). This Hamiltonian
form however is not smoothly extended to V*Q.
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A Hamiltonian form is called weakly associated with a Lagrangian L if
the condition (3.6.4) (namely, the condition (3.6.8) holds on the Lagrangian
constraint space Nyp,.

For instance, any Hamiltonian form is weakly associated with the La-
grangian L. = 0, while the associated Hamiltonian forms are only Hrp
(3.3.16).

A hyperregular Lagrangian L has a unique weakly associated Hamil-
tonian form (3.6.9) which also is L-associated. In the case of a regular
Lagrangian L, the Lagrangian constraint space Ny, is an open subbundle of
the vector Legendre bundle V*Q — Q. If Np, # V*(@Q, a weakly associated
Hamiltonian form fails to be defined everywhere on V*@ in general. At the
same time, Ny, itself can be provided with the pull-back symplectic struc-
ture with respect to the imbedding N; — V*@, so that one may consider
Hamiltonian forms on Nyp,.

Note that, in contrast with associated Hamiltonian forms, a weakly
associated Hamiltonian form may be regular.

In order to say something more, let us restrict our consideration to
almost regular Lagrangians L (Definition 2.1.2) [106; 108; 139].

Lemma 3.6.1. The Poincaré—Cartan form Hy, (2.2.1) of an almost reqular
Lagrangian L is constant on the inverse image L~'(z) of any point z € Np,.

A corollary of Lemma 3.6.1 is the following.

Theorem 3.6.1. All Hamiltonian forms weakly associated with an almost
regular Lagrangian L coincide with each other on the Lagrangian constraint
space Np,, and the Poincaré—Cartan form Hy, (2.2.1) of L is the pull-back

Hy=L'H,  mg—L="Htq, ), (3.6.11)
of such a Hamiltonian form H.

It follows that, given Hamiltonian forms H and H' weakly associated
with an almost regular Lagrangian L, their difference is a density

H —H=(H-H)dt

vanishing on the Lagrangian constraint space Ni,. However, ﬁ|NL # ﬁ’\NL
in general. Therefore, the Hamilton equations for H and H' do not neces-
sarily coincide on the Lagrangian constraint space Ny, .

Theorem 3.6.1 enables us to relate the Lagrange equation for an almost
regular Lagrangian L with the Hamilton equation for Hamiltonian forms
weakly associated to L.
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Theorem 3.6.2. Let a section r of V¥Q — R be a solution of the Hamilton
equation (3.3.22) — (3.53.23) for a Hamiltonian form H weakly associated
with an almost regular Lagrangian L. If r lives in the Lagrangian constraint
space N1, the section s = wor of w: Q — R satisfies the Lagrange equation
(2.1.25), while s = H or obeys the Cartan equation (2.2.9) - (2.2.10).

The proof is based on the relation
L=(J'L)"Ly,
where L is the Lagrangian (2.2.7), while Ly is the Lagrangian (3.5.1). This

relation is derived from the equality (3.6.11). The converse assertion is more
intricate.

Theorem 3.6.3. Given an almost reqular Lagrangian L, let a section 5
of the jet bundle J'Q — R be a solution of the Cartan equation (2.2.9) —
(2.2.10). Let H be a Hamiltonian form weakly associated with L, and let
H satisfy the relation

HoLos=J's, (3.6.12)

where s is the projection of s onto Q. Then the section r = Los of a fibre
bundle V*Q — R is a solution of the Hamilton equation (3.3.22) — (3.3.23)
for H.

We say that a set of Hamiltonian forms H weakly associated with an
almost regular Lagrangian L is complete if, for each solution s of the La-
grange equation, there exists a solution r of the Hamilton equation for a
Hamiltonian form H from this set such that s = 7y or. By virtue of Theo-
rem 3.6.3, a set of weakly associated Hamiltonian forms is complete if, for
every solution s of the Lagrange equation for L, there exists a Hamiltonian
form H from this set which fulfills the relation (3.6.12) where 5 = J1s, i.e.,

HoLoJ's=J's. (3.6.13)

In the case of almost regular Lagrangians, one can formulate the follow-
ing necessary and sufficient conditions of the existence of weakly associated
Hamiltonian forms.

Theorem 3.6.4. A Hamiltonian form H weakly associated with an almost
reqular Lagrangian L exists if and only if the fibred manifold (2.1.32):

L:J'Q— Ny, (3.6.14)

admits a global section.
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In particular, any point of V*(@Q possesses an open neighborhood U such
that there exists a complete set of local Hamiltonian forms on U which
are weakly associated with an almost regular Lagrangian L. Moreover, one
can construct a complete set of local L-associated Hamiltonian forms on U
[138].

3.7 Quadratic Lagrangian and Hamiltonian systems

Let us study an important case of the almost regular quadratic Lagrangian
L (2.3.1). We show that there exists a complete set of Hamiltonian forms
associated with L.

Given the almost regular quadratic Lagrangian L (2.3.1), there is the
splitting (2.3.10) of a phase space V*@Q. It takes the form

V'Q=R(V'Q)&P(V'Q) = Keroy & Ny, (3.7.1)

pi=R;+P;= [pi — aijogkpk] + [aijagkpkL (3.7.2)

where 0 = 0g + o1 is the linear bundle map (2.3.7) whose summands og
and o satisfy the relations (2.3.11). These relations lead to the equalities

"Ry =0, oi*PL=0. (3.7.3)

It is readily observed that, with respect to the coordinates R; and P; (3.7.2),
the Lagrangian constraint space (2.3.2) is defined by the equations

Ri=pi— aijaékpk =0. (3.7.4)

Given the linear map o (2.3.7) and the arbitrary connection I' (2.3.3),
let us consider the morphism

P=Hr+0:V'Q—J'Q =0+ T +05p)d;, (3.7.5)
and the Hamiltonian form
H(o,T) = —3|© + &*L (3.7.6)
. . 1 .. ..
= p;dq" — [pilﬂ' + Eﬁo”pz‘pj + 01" pipj — C/} dt
) R g
= (R, +P;)dq" — [(T\’,Z +P)T + §USJ7DZ‘PJ‘ + UiniRj — Cl] dt.

Theorem 3.7.1. The Hamiltonian form (3.7.6) is weakly associated with
the Lagrangian (2.5.1) (and (2.3.5)), and it is L-associated if o1 = 0.
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Proof. A direct computation shows that the Hamiltonian form (3.7.6)
satisfies the condition (3.6.3) and the condition (3.6.4) on the constraint
space (3.7.4). This condition holds everywhere on V*@ if o1 = 0. O

Theorem 3.7.2. The Hamiltonian forms

. . 1 ..
H(o,T) = pidg* — |piT* + iaoupipj —c | dt (3.7.7)
parameterized by Lagrangian frame connections I’ (2.8.3) constitute a com-
plete set of L-associated Hamiltonian forms.

Proof. Let s be an arbitrary section of Q — R, e.g., a solution of the La-
grange equation. There exists a connection I" (2.3.3) such that the relation
(3.6.13) holds. Namely, let us put I' = S o IV where I" is a connection on
@ — R which has s as an integral section. O

3.8 Hamiltonian conservation laws

As was mentioned above, integrals of motion in Lagrangian mechanics usu-
ally come from variational symmetries of a Lagrangian (Theorem 2.5.3),
though not all integrals of motion are of this type (Section 2.5). In Hamilto-
nian mechanics, all integrals of motion are conserved generalized symmetry
currents (Theorem 3.8.12 below).

An integral of motion of a Hamiltonian system (V*Q, H) is defined as
a smooth real function F' on V*@ which is an integral of motion of the
Hamilton equation (3.3.22) — (3.3.23) (Section 1.10). Its Lie derivative

L., F=0,F+{H F}y (3.8.1)

along the Hamilton vector field vz (3.3.21) vanishes in accordance with the
equation (1.10.7). Given the Hamiltonian vector field 9 of F' with respect
to the Poisson bracket (3.3.7), it is easily justified that

[va,9p] =L, F- (3.8.2)

Consequently, the Hamiltonian vector field of an integral of motion is a
symmetry of the Hamilton equation (3.3.22) — (3.3.23).

One can think of the formula (3.8.1) as being the evolution equation of
Hamiltonian non-relativistic mechanics. In contrast with the autonomous
evolution equation (3.2.5), the right-hand side of the equation (3.8.1) is not
reduced to the Poisson bracket {, }v.
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Given a Hamiltonian system (V*Q, H), let (T*Q, H*) be an equivalent

homogeneous Hamiltonian system. It follows from the equality (3.4.6) that

C Ly F) ={H","F}r = (0. F + {H, F}v) (3.8.3)

for any function F' € C*°(V*Q). This formula is equivalent to the evolution
equation (3.8.1). It is called the homogeneous evolution equation.

Proposition 3.8.1. A function F € C*(V*Q) is an integral of motion of
a Hamiltonian system (V*Q, H) if and only if its pull-back (*F onto T*Q
is an integral of motion of a homogeneous Hamiltonian system (T*Q,H*).

Proof. It follows from the equality (3.8.3) that
{H*,¢*F}r = (L, F) = 0. (3.8.4)
(Il

Proposition 3.8.2. If F and F' are integrals of motion of a Hamiltonian
system, their Poisson bracket {F, F'}v also is an integral of motion.

Proof. This fact results from the equalities (3.3.8) and (3.8.4). O

Consequently, integrals of motion of a Hamiltonian system (V*Q, H)
constitute a real Lie subalgebra of the Poisson algebra C*°(V*Q).

Let us turn to Hamiltonian conservation laws. We are based on the fact
that the Hamilton equation (3.3.22) — (3.3.23) also is the Lagrange equation
of the Lagrangian Ly (3.5.1). Therefore, one can study conservation laws
in Hamiltonian mechanics similarly to those in Lagrangian mechanics [110].

Since the Hamilton equation (3.3.22) — (3.3.23) is of first order, we
restrict our consideration to classical symmetries, i.e., vector fields on V*Q.
In this case, all conserved generalized symmetry currents are integrals of
motion.

Let

v =u'd + v'0; + v; 0", ut=0,1, (3.8.5)

be a vector field on a phase space V*Q. Its prolongation onto V*Q x ¢ J'Q
(Remark 3.5.1) reads

Jo = utd; + v'0; + v; 0 + dtviaf.
Then the first variational formula (2.5.11) for the Lagrangian Ly (3.5.1)
takes the form
—u'OH — v O;H + vi(q) — O'H) + pidyo’ (3.8.6)
= —(v" = qju")(pei + OH) + (vi — priu') (¢ — O'H)
+ di(piv’ — u'H).
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If v (3.8.5) is a variational symmetry, i.e.,
Lj,Ly =dyo,

we obtain the weak conservation law, called the Hamiltonian conservation

law,
0=~ dT, (3.8.7)
of the generalized symmetry current (2.5.17) which reads.
T, =pivt —u'H —o. (3.8.8)

This current is an integral of motion of a Hamiltonian system.
The converse also is true. Let F' be an integral of motion, i.e.,
L,,F=0F+{H,F}y=0. (3.8.9)
We aim to show that there is a variational symmetry v of Ly such that
F =%, is a conserved generalized symmetry current along v.
In accordance with Proposition 2.5.1, the vector field v (3.8.5) is a
variational symmetry if and only if

O (pri + OiH) — vi(qf — O'H) + uldH = dy (T + uPH). (3.8.10)
A glance at this equality shows the following.

Proposition 3.8.3. The vector field v (3.8.5) is a variational symmetry
only if
vy = —9'. (3.8.11)

For instance, if the vector field v (3.8.5) is projectable onto @ (i.e.,
its components v’ are independent of momenta p;), we obtain that u; =
—p;0;u. Consequently, v is the canonical lift @ (3.5.3) onto V*@Q of the
vector field u (2.5.4) on Q). Moreover, let u be a variational symmetry of
a Lagrangian Ly. It follows at once from the equality (3.8.10) that u is
an exact symmetry of Ly. The corresponding conserved symmetry current
reads

Tap = pi’ — u'H. (3.8.12)

We agree to call the vector field w (2.5.4) the Hamiltonian symmetry if
its canonical lift u (3.5.3) onto V*@Q is a variational (consequently, exact)
symmetry of the Lagrangian Ly (3.5.1). If a Hamiltonian symmetry is
vertical, the corresponding conserved symmetry current T = p;u’ is called
the Noether current.

Proposition 3.8.4. The Hamilton vector field vy (3.3.21) is a unique
variational symmetry of Ly whose conserved generalized symmetry current
equals zero.
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It follows that, given a non-vertical variational symmetry v, u! = 1,
of a Lagrangian Ly, there exists a vertical variational symmetry v — vy
possessing the same generalized conserved symmetry current T, = T, _,,
as v.

Theorem 3.8.1. Any integral of motion F of a Hamiltonian system
(V*Q, H) is a generalized conserved current F' = Ty, of the Hamiltonian
vector field 9p (3.1.4) of F.

Proof. If v=149Yp and Ty, = F, the relation (3.8.10) is satisfied owing
to the equality (3.8.9). O

It follows from Theorem 3.8.1 that the Lie algebra of integrals of motion
of a Hamiltonian system in Proposition 3.8.2 coincides with the Lie algebra
of conserved generalized symmetry currents with respect to the bracket

{F, FI}V = {Tﬂpa T19F’ }V = 3j[ﬁF’ﬂF’]'

In accordance with Theorem 3.8.1, any integral of motion of a Hamil-
tonian system can be treated as a conserved generalized current along a
vertical variational symmetry. However, this is not convenient for the study
of energy conservation laws.

Let &r (3.3.18) be the Hamiltonian function of a Hamiltonian system
relative to a reference frame I'. Given bundle coordinates adapted to I, its
evolution equation (3.8.1) takes the form

L., & = 06 = O/H. (3.8.13)

It follows that, a Hamiltonian function &r relative to a reference frame I"
is an integral of motion if and only if a Hamiltonian, written with respect
to the coordinates adapted to I', is time-independent. One can think of &p
as being the energy function relative to a reference frame I' [36; 106; 110;
139]. Indeed, by virtue of Theorem 3.8.1, if £ is an integral of motion, it
is a conserved generalized symmetry current of the variational symmetry

vi + gp = —(0; + T70; — p;O,1907) = —T.

This is the canonical lift (3.5.3) onto V*@Q of the vector field —I' (1.1.18)
on ). Consequently, —I' is an exact symmetry, and —I" is a Hamiltonian
Syminetry.

Example 3.8.1. Let us consider the Kepler system on the configuration
space @ (2.5.29) in Example 2.5.4. Tts phase space is

V*Q =R xR



3.8. Hamiltonian conservation laws 109

coordinated by (t,¢%, p;). The Lagrangian (2.5.30) and (2.5.34) of the Ke-
pler system is hyperregular. The associated Hamiltonian form reads

H = pidq’ — l% <Z(p7)2> —% dt. (3.8.14)

K3

The corresponding Lagrangian Ly (3.5.1) is

Ly = lpiqi —% <Z(pi)2> +% dt. (3.8.15)

%

The Kepler system possesses the following integrals of motion [49]:
e an energy function & = H;
e orbital momenta

Mg = q“py — ¢"pa; (3.8.16)

e components of the Rung—Lenz vector

a

’ “ q
A" =3 ("~ d"pa)ps — (3.8.17)
b

These integrals of motions are the conserved currents of:
e the exact symmetry O,
e the exact vertical symmetries

Vi = q*0 — ¢"0a — Pb0* + pad”, (3.8.18)

e the variational vertical symmetries
v = > [pyvi + (@°py — ¢°pa) O] + Oy (q—) v, (3.8.19)
5 r

respectively. Note that the vector fields vy (3.8.18) are the canonical lift
(3.5.3) onto V*Q of the vector fields

U(zf = qaab - qbaa

on . Thus, these vector fields are vertical Hamiltonian symmetries, and
integrals of motion My (3.8.16) are the Noether currents.

Let us remind that, in contrast with the Rung-Lenz vector (3.8.19)
in Hamiltonian mechanics, the Rung-Lenz vector (2.5.35) in Lagrangian
mechanics fails to come from variational symmetries of a Lagrangian. There
is the following relation between Lagrangian and Hamiltonian symmetries
if they are the same vector fields on a configuration space Q.
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Theorem 3.8.2. Let a Hamiltonian form H be associated with an almost
reqular Lagrangian L. Let r be a solution of the Hamilton equation (3.5.22)
- (8.3.23) for H which lives in the Lagrangian constraint space Np. Let
s =m or be the corresponding solution of the Lagrange equation for L so
that the relation (3.6.13) holds. Then, for any vector field u (2.5.4) on a
fibre bundle Q — R, we have

Ta(r) =Tulmor),  Ta(LoJ's)=Tu(s), (3.8.20)

where T,, is the symmetry current (2.5.21) on J'Y and Ty is the symmetry
current (3.8.12) on V*Q.

Proof. The proof is straightforward. O

By virtue of Theorems 3.6.2 — 3.6.3, it follows that:

e if T, in Theorem 3.8.2 is a conserved symmetry current, then the
symmetry current T3 (3.8.20) is conserved on solutions of the Hamilton
equation which live in the Lagrangian constraint space;

o if Ty in Theorem 3.8.2 is a conserved symmetry current, then the
symmetry current ¥, (3.8.20) is conserved on solutions s of the Lagrange
equation which obey the condition (3.6.13).

3.9 Time-reparametrized mechanics

We have assumed above that the base R of a configuration space of non-
relativistic mechanics is parameterized by a coordinate ¢ with the transition
functions t — t' = t+ const. Here, we consider an arbitrary reparametriza-
tion of time

t—t = f(t) (3.9.1)

which is discussed in some models of quantum mechanics [83].

In the case of an arbitrary time reparametrization (3.9.1), a configura-
tion space of non-relativistic mechanics is a fibre bundle Q — R over a one-
dimensional base R, diffeomorphic to R. Let R be coordinated by ¢ with the
transition functions (3.9.1). In contrast with R, the base R admits neither
the standard vector field 9; nor the standard one-form dt. We can not use
the simplifications mentioned in Remark 1.1.1 and, therefore, should strictly
follow the (polysymplectic) Hamiltonian formalism on fibre bundles [55; 68;
138]. Nevertheless, Hamiltonian formalism of time-reparametrized mechan-
ics possesses some peculiarities because of a one-dimensional base R.
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e There exists the canonical tangent-valued one-form
Or =dt ® 0,

on the base R of a configuration space of time-reparametrized mechanics.

e The velocity space J'Q of time-reparametrized mechanics is not an
affine subbundle of the tangent bundle T'Q), whereas a phase space is iso-
morphic to the vertical cotangent bundle V*@Q — Q. It follows that a
phase space of time-reparametrized mechanics is provided with the canon-
ical Poisson structure (3.3.7). Moreover, this Poisson structure is invariant
under time reparametrization (3.9.1) which, consequently, is a canonical
transformation.

e A phase space V*@Q is endowed with the canonical polysymplectic
form

A =dp; Ndq' A Og.

Then the notions of a Hamiltonian connection and a Hamiltonian form are
the repetitions of those in Hamiltonian field theory [68]. At the same time,
since the homogeneous Legendre bundle of time-reparametrized mechanics
is the cotangent bundle T*@ of @, Hamiltonian forms and Hamilton equa-
tions of time-reparametrized mechanics are defined as those in Section 3.3.
The difference is only that the Hamiltonian function £r in the splitting
(3.3.17) is a density, but not a function under the transformations (3.9.1).

e Since a Lagrangian and a Hamiltonian of time-reparametrized mechan-
ics are densities under the transformations (3.9.1), one should introduce a
volume element on the base R in order to construct them in an explicit
form. A key problem of models with time reparametrization lies in the fact
that the time axis R of time-reparametrized mechanics has no canonical
volume element. Another problem is concerned with a mass tensor. Since
a velocity space J'(@Q of time-reparametrized mechanics is an affine bundle
J1Q — Q modelled over the vector bundle T*R%)VQ7 a mass tensor fails

to be invariant under time reparametrization (3.9.1).
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Chapter 4

Algebraic quantization

Algebraic quantum theory follows the hypothesis that an autonomous quan-
tum system can be characterized by a topological involutive algebra A and
continuous positive forms f on A treated as mean values of quantum observ-
ables. In quantum mechanics, C*-algebras are considered. In accordance
with the Gelfand-Naimark—Segal (henceforth GNS) construction, any posi-
tive form on a C*-algebra A determines its cyclic representation by bounded
operators in a Hilbert space (Section 4.1.5).

Quantum non-relativistic mechanics is phrased in the geometric terms
of Banach and Hilbert manifolds and locally trivial Hilbert and C*-algebra
bundles over smooth finite-dimensional manifolds, e.g., R [65; 148]. For
instance, this is the case of time-dependent quantum systems (Section 4.4)
and quantum models depending on classical parameters (Section 9.3).

4.1 GNS construction

We start with a brief exposition of the conventional GNS representation of
C*-algebras [33; 65].

4.1.1 Involutive algebras

A complex algebra A is called involutive, if it is provided with an involution
* such that

(a*)* =a, (a+\b)* =a*+Xb*, (ab)* =b*a*, a,bc A, NeC.

Let us recall the standard terminology. An element a € A is normal if
aa* = a*a, and it is Hermitian or self-adjoint (Section 4.1.6) if a* = a. If

113
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A is a unital algebra, a normal element such that
ad* =a*a=1

is called unitary.

An involutive algebra A is called a normed algebra (resp. a Banach
algebra) if it is a normed (resp. complete normed) vector space whose
norm ||| obeys the multiplicative conditions

labl| < [lafllloll,  lla®[[=llal,  a,be A.
A Banach involutive algebra A is called a C*-algebra if
lal|* = lla*al|

for all @ € A. If A is a unital C*-algebra, then ||1|| = 1. A C*-algebra
is provided with the normed topology, i.e., it is a topological involutive
algebra.

Let Z be a closed two-sided ideal of a C*-algebra A. Then Z is self-
adjoint, i.e., Z7* = Z. Endowed with the quotient norm, the quotient A/Z
is a C*-algebra.

Remark 4.1.1. It should be emphasized that by a morphism of normed
involutive algebras is customarily meant a morphism of the underlying invo-
lutive algebras, without any condition on the norms and continuity. At the
same time, an isomorphism of normed algebras means always an isometric
morphism. Any morphism ¢ of C*-algebras is automatically continuous
due to the property

[o(@)ll <llall,  acA. (4.1.1)

Any involutive algebra A can be extended to a unital algebra A=CoA
by the adjunction of the identity 1 to A (Remark 11.1.1). The unital
extension of A also is an involutive algebra with respect to the operation

(AL +a)* = (M1 +a*), AeC, acA

If A is a normed involutive algebra, a norm on A is extended to Z, but not
uniquely. If A is a C*-algebra, a norm on A is uniquely prolonged to the
norm

A1 +al = sup ||[Aa’ + ad|
lla’|I<1

on A which makes A into a C*-algebra.
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Remark 4.1.2. Any C*-algebra admits an approximate identity. This is a
family {u,},cr of elements of A, indexed by a directed set I, which possesses
the following properties:

(1) flu ]l < 1foralle eI,

(ii) [Ju,a — al| — 0 and ||jau, — a|| — O for every a € A.
It should be noted that the existence of an approximate identity is an
essential condition for many results. In particular, the GNS representation
is relevant to Banach involutive algebras with an approximate identity.
However, there is no loss of generality if we restrict our study of the GNS
representation to C*-algebras because any Banach involutive algebra A with
an approximate identity defines the so called enveloping C*-algebra Af such
that there is one-to-one correspondence between the representations of A
and those of At [33].

Remark 4.1.3. Unless otherwise stated, by a tensor product A @ A’ of
C*-algebras A and A’ is meant their minimal (or spatial tensor) product.
This is the C*-algebra defined as the completion of the tensor product of
involutive algebras A and A’ with respect to the minimal norm which obeys
the condition

la@d|=llall|la’]]. acd, — deA

For instance, if A and A’ are operator algebras in Hilbert spaces E and E’,
this norm is exactly the operator norm (4.1.8) of operators in the tensor
product E ® E’ of Hilbert spaces E and E’. In general, there are several
ways of completing the algebraic tensor product of C'*-algebras in order to
obtain a C*-algebra [137].

4.1.2 Hilbert spaces

An important example of C*-algebras is the algebra B(E) of bounded (and,
equivalently, continuous) operators in a Hilbert space E. Every closed
involutive subalgebra of B(FE) is a C*-algebra and, conversely, every C*-
algebra is isomorphic to a C*-algebra of this type (see Theorem 4.1.1 below).
Let us recall the basic facts on pre-Hilbert and Hilbert spaces [17].
A Hermitian form on a complex vector space E is defined as a sesquilin-
ear form (.|.) such that

(ele’y = (e']e), (Nele’) = (e|]Ae) = Mele!), e € E, MeC.

Remark 4.1.4. There exists another convention where (e|Ae’) = A(e|e’).
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A Hermitian form (.|.) is said to be positive if {e|e) > 0 for all e € E.
Throughout the book, all Hermitian forms are assumed to be positive. A
Hermitian form is called non-degenerate if the equality (ele) = 0 implies
e = 0. A complex vector space endowed with a (positive) Hermitian form is
called a pre-Hilbert space. Morphisms of pre-Hilbert spaces, by definition,
are isometric.

A Hermitian form provides E with the topology determined by the
seminorm

lell = (ele)*/>. (41.2)

Hence, a pre-Hilbert space is Hausdorff if and only if the Hermitian form
(.].) is non-degenerate, i.e., the seminorm (4.1.2) is a norm. In this case,
the Hermitian form (.|.) is called a scalar product.

A family {e; } 1 of elements of a pre-Hilbert space FE is called orthonormal
if its members are mutually orthogonal and |le;|| = 1 for all 4 € I. Given
an element e € F, there exists at most a countable set of elements e; of an
orthonormal family such that (e|e;) # 0 and

> eled)® < Jell*.

il
A family {e;}; is called total if it spans a dense subset of F or, equivalently,
if the condition (e|e;) = 0 for all ¢ € I implies e = 0. A total orthonormal
family in a Hausdorff pre-Hilbert space is called a basis for E. Given a
basis {e;}r, any element e € F admits the decomposition

e= felees, el =D leles)|*.

iel el

A basis for a pre-Hilbert space need not exist.

Proposition 4.1.1. Every Hausdorff pre-Hilbert space, satisfying the first
aziom of countability (e.g., if it is second-countable), has a countable or-
thonormal basis.

Remark 4.1.5. The notion of a basis for a pre-Hilbert space differs from
that of an algebraic basis for a vector space.

A Hilbert space is defined as a complete Hausdorff pre-Hilbert space.
Any Hausdorff pre-Hilbert space can be completed to a Hilbert space so
that its basis, if any, also is a basis for its completion. Every Hilbert space
has a basis, and any orthonormal family in a Hilbert space can be extended
to its basis. All bases for a Hilbert space have the same cardinal number,
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called the Hilbert dimension. Moreover, given two bases for a Hilbert space,
there is its isomorphism sending these bases to each other. A Hilbert space
has a countable basis if and only if it is separable. Then it is called a
separable Hilbert space. A separable Hilbert space is second-countable.

Remark 4.1.6. Unless otherwise stated, by a Hilbert space is meant a
complex Hilbert space. A complex Hilbert space (E,{.|.}) seen as a real
vector space FR is provided with a real scalar product

(e, ¢') = %(<6I6’> + (€'le)) = Re (e|e’), (4.1.3)

which makes Fgr into a real Hilbert space. It also is a Banach real space.
Conversely, the complexification F = C®V of a real Hilbert space (V, (.,.))
is a complex Hilbert space with respect to the Hermitian form

(e1 +ieale] +ieh) = (e1,€)) +i((ea,€)) — (e1,€5)) + (e2, e5).  (4.1.4)

The following are the standard constructions of new Hilbert spaces from
old ones.

e Let (E*, (.|.)g.) be a set of Hilbert spaces and > E* denote the direct
sum of vector spaces E*. For any two elements e = (e*) and ¢ = (¢’*) of
> E*, the sum

(el = Y (e'le") e (4.1.5)

L

is finite, and defines a non-degenerate Hermitian form on > E*. The com-
pletion ®E* of > E* with respect to this form is a Hilbert space, called
the Hilbert sum of {E*}. This is a subspace of the Cartesian product [[ E*
which consists of the elements e = (e*) such that

Z lle' |l g < oo
L

The union of bases for Hilbert spaces E* is a basis for their Hilbert sum
oL

o Let (E,(.|.)g) and (H, (.|.)m) be Hilbert spaces. Their tensor product
FE ® H is defined as the completion of the tensor product of vector spaces
FE and H with respect to the scalar product

(wilwa)e = > (et]es) p(hi|h5) n,
uB
wlzz:ei@hi, w2:265®h§, ei,e’geE, i,h’geH.
. 3
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Let {e;} and {h;} be bases for E and H, respectively. Then {e; ® h;} is a
basis for F ® H.
e Let E’ be the topological dual of a Hilbert space E. Then the
assignment
e —ee) = (cle), e,e €E, (4.1.6)
defines an antilinear bijection of E onto E’, i.e., Ae = Xé. The dual E’ of a
Hilbert space is a Hilbert space provided with the scalar product

(ele’) = (e'le) (4.1.7)
such that the morphism (4.1.6) is isometric. The E’ is called the dual

Hilbert space, and is usually denoted by E. A Hilbert space E and its dual
E’ seen as real Hilbert and Banach spaces are isomorphic to each other.

4.1.3 Operators in Hilbert spaces

Unless otherwise stated (Section 4.1.6), we deal with bounded operators
a € B(E) in a Hilbert space E. They are continuous, and wvice versa.
Bounded operators are provided with the operator norm
llall = sup |aelg, a € B(E). (4.1.8)
llell z=1

This norm makes the involutive algebra B(F) of bounded operators in a
Hilbert space E into a C*-algebra. The corresponding topology on B(E)
is called the normed operator topology.

One also provides B(E) with the strong and weak operator topologies,
determined by the families of seminorms

{pe(a) = llael|, ee€ E},

{Pe,er(a) = |<ae|e/>|, e,e’ € E},
respectively. The normed operator topology is finer than the strong one
which, in turn, is finer than the weak operator topology. The strong and
weak operator topologies on the subgroup U(FE) C B(FE) of unitary opera-
tors coincide with each other.

Remark 4.1.7. Tt should be emphasized that B(E) fails to be a topological
algebra with respect to strong and weak operator topologies. Nevertheless,
the involution in B(F) also is continuous with respect to the weak operator
topology, while the operations

B(E) 2 a— ad' € B(E),

B(E)>a—da€ B(E),
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where a’ is a fixed element of B(FE), are continuous with respect to all the
above mentioned operator topologies.

Remark 4.1.8. Let N be a subset of B(E). The commutant N' of N is
the set of elements of B(E) which commute with all elements of N. Tt is
a subalgebra of B(FE). Let N” = (N') denote the bicommutant. Clearly,
N C N”. An involutive subalgebra B of B(FE) is called a von Neumann
algebra if B = B”. This property holds if and only if B is strongly (or,
equivalently, weakly) closed in B(E) [33]. For instance, B(E) is a von
Neumann algebra. Since a strongly (weakly) closed subalgebra of B(FE)
also is closed with respect to the normed operator topology on B(FE), any
von Neumann algebra is a C'*-algebra.

Remark 4.1.9. An operator in a Hilbert space E is called completely
continuous if it is compact, i.e., it sends any bounded set into a set whose
closure is compact. An operator a € B(FE) is completely continuous if and
only if it can be represented by the series

a(e) = > Arlelex)ex, (4.1.9)
k=1

where ey, are elements of a basis for £ and A\, are positive numbers which
tend to zero as k — oo. For instance, every degenerate operator (i.e., an
operator of finite rank which sends F onto its finite-dimensional subspace)
is completely continuous. Moreover, the set T'(E) of completely continuous
operators in E is the completion of the set of degenerate operators with
respect to the operator norm (4.1.8). Every completely continuous operator
can be written as a = UT, where U is a unitary operator and 7' is a positive
completely continuous operator, i.e., (T'e|e) > 0 for all e € E.

4.1.4 Representations of involutive algebras

In this Section, we consider a representation of and involutive algebra A
by bounded operators in a Hilbert space [33; 128]. It is a morphism 7 of
an involutive algebra A to the algebra B(FE) of bounded operators in a
Hilbert space F, called the carrier space of m. Representations throughout
are assumed to be non-degenerate, i.e., there is no element e # 0 of F such
that Ae = 0 or, equivalently, AF is dense in E. A representation m of
an involutive algebra A is uniquely prolonged to a representation m of the
unital extension A of A.
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Theorem 4.1.1. If A is a C*-algebra, there exists its isomorphic
representation.

Two representations 71 and 7o of an involutive algebra A in Hilbert
spaces Fq and FE5 are said to be equivalent if there is an isomorphism
v : E1 — E5 such that

ma(a) = yom(a) oyt a€ A

Let {m*} be a family of representations of an involutive algebra A in
Hilbert spaces E*. If the set of numbers ||7*(a)|| is bounded for each a € A,
one can construct the continuous linear operator 7(a) in the Hilbert sum
®FE" which induces 7*(a) in each E*. For instance, this is the case of a
C*-algebra A due to the property (4.1.1). Then 7 is a representation of A
in @F*, called the Hilbert sum of representations 7.

Given a representation 7 of an involutive algebra A in a Hilbert space
E, an element § € F is said to be a cyclic vector for 7 if the closure of
m(A)0 is equal to E. Accordingly, 7 is called a cyclic representation.

Theorem 4.1.2. Every representation of an involutive algebra A is a
Hilbert sum of cyclic representations.

A representation 7 of an involutive algebra A in a Hilbert space F is
called topologically irreducible if the following equivalent conditions hold:
e the only closed subspaces of E invariant under 7(A) are 0 and E;

e the commutant of 7(A) in B(E) is the set of scalar operators;

e every non-zero element of E is a cyclic vector for .

Let us recall that irreducibility of 7 in the algebraic sense means that the
only subspaces of F invariant under 7(A) are 0 and E. If A is a C*-algebra,
the notions of topologically and algebraically irreducible representations are
equivalent. Therefore, we will further speak on irreducible representations
of a C*-algebra without the above mentioned qualification.

An algebraically irreducible representation 7 of an involutive algebra A
is characterized by its kernel Kerm C A. This is a two-sided ideal, called
primitive. The assignment

A> 7 — Kerr € Prim(A) (4.1.10)

defines the canonical surjection of the set A of the equivalence classes of
algebraically irreducible representations of an involutive algebra A onto the
set Prim(A) of primitive ideals of A. It follows that algebraically irreducible
representations with different kernels are necessarily inequivalent.
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The set Prim(A) is equipped with the so called Jacobson topology [33].
This topology is not Hausdorff, but it obeys the Fréchet axiom, i.e., for
any two distinct points of Prim(A), there is a neighborhood of one of the
points which does not contain the other. Then the set A is endowed with
the coarsest topology such that the surjection (4.1.10) is continuous. It is
called the spectrum of an involutive algebra A.

Proposition 4.1.2. If the spectrum A satisfies the Fréchet aziom (e.g.,
A is Hausdorff), the map A — Prim(A) is a homeomorphism, i.e., alge-
braically irreducible representations with the same kernel are equivalent.

Proposition 4.1.3. If an involutive algebra A is unital, Prim(A) and A
are quasi-compact, i.e., they satisfy the Borel-Lebesque axiom, but need not
be Hausdorff.

Proposition 4.1.4. The spectrum A of a C*-algebra A is a locally quasi-
compact space.

A C*-algebra is said to be elementary if it is isomorphic to the algebra
T(E) C B(E) of compact operators in some Hilbert space E. Every non-
trivial irreducible representation of an elementary C* algebra A = T'(FE) is
equivalent to its isomorphic representation by compact operators in E [33].
Hence, the spectrum of an elementary algebra is a singleton set.

4.1.5 GNS representation

Let f be a complex form on an involutive algebra A. It is called positive if
f(a*a) > 0 for all a € A. Given a positive form f, the Hermitian form

(alby = f(b*a), a,be A, (4.1.11)
makes A into a pre-Hilbert space. In particular, the relation
|f(b*a)|* < f(a*a)f(b*D), a,be A, (4.1.12)
holds. If A is a normed involutive algebra, positive continuous forms on A
are provided with the norm

If1l = Sup1|f(a)\, a€A.

llall=
One says that f is a state of A if ||f|| = 1. Positive forms on a C*-algebra

are continuous. Conversely, a continuous form f on an unital C*-algebra is
positive if and only if f(1) = ||f||. In particular, it is a state if and only if

f1)=1.
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For instance, let A be an involutive algebra, 7 its representation in a
Hilbert space F/, and 6 an element of E. Then the map

wp : a — (m(a)b]l) (4.1.13)

is a positive form on A. It is called the vector form determined by 7 and 6.
This vector form is a state if the vector 6 is normalized. Let wy, and wy,
be two vector forms on A determined by representations 7 in F; and mo
in Ey. If wg, = wy,, there exists a unique isomorphism of E; to Ey which
sends w1 to mg and 61 € E; to 05 € Es.

The following theorem states that, conversely, any positive form on a
C*-algebra equals a vector form determined by some representation of A
called the GNS representation [33].

Theorem 4.1.3. Let f be a positive form on a C*- algebra A. It is extended
to a unique positive form f on the unital extension A of A such that f( )=
| fll. Let Ny be a left ideal of A consisting of those elements a € A such
that f(a a) = 0. The quotient A/Nf is a Hausdorff pre-Hilbert space with
respect to the Hermitian form obtained from f(b* ) (4.1. 11) by passage to
the quotient. We abbreviate with Ey the completion of A/Nf and with 0y
the canonical image of 1 € A in A/Nf C Ey. For each a € A, let 7(a)
be the operator in A/Nf obtained from the left multiplication by a in A by
passage to the quotient. Then the following hold.

(i) Each T(a) has a unique extension to an operator ws(a) in the Hilbert
space Ey.

(i1) The map a — 7y (a) is a representation of A in Ej.

(i11) The representation s admits a cyclic vector 0.

() f(a) = (w(a)ff|0f) for each a € A.

The representation 7; and the cyclic vector §; in Theorem 4.1.3 are
said to be determined by the form f, and the form f equals the vector form
determined by 7y and 6;. Conversely, given a representation 7 of A in a
Hilbert space E and a cyclic vector 6 for 7, let w be the vector form on A
determined by 7 and 6. Let 7, and 6, be the representation in F, and
the vector of E, determined by w in accordance with Theorem 4.1.3. Then
there is a unique isomorphism of E to E,, which sends 7 to 7, and 6 to 6,,.

Example 4.1.1. In particular, any cyclic representation of a C*-algebra
A is a summand of the universal representation @ ymy of A, where f runs
through all positive forms on A.
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It may happen that different positive forms on a C*-algebra determine
the same representation as follows.

Proposition 4.1.5. (i) Let A be a C*-algebra and [ a positive form on A
which determines a representation w¢ of A and its cyclic vector 0. Then
for any b € A, the positive form a — f(b*ab) on A determines the same
representation my.

(i1) Conversely, any vector form f' on A determined by the representa-
tion wy is the limit a — F(bfab;), where {b;} is a convergent sequence with
respect to the normed topology on A.

Now let us specify positive forms on a C*-algebra A which determine
its irreducible representations.

A positive form f’ on an involutive algebra A is said to be dominated
by a positive form f if f — f’ is a positive form. A non-zero positive form
f on an involutive algebra A is called pure if every positive form f’ on A
which is dominated by f reads A\f, 0 < A < 1.

Theorem 4.1.4. The representation of ¢ of a C*-algebra A determined
by a positive form f on A is irreducible if and only if f is a pure form [33].

In particular, any vector form determined by a vector of a carrier space
of an irreducible representation is a pure form. Therefore, it may happen
that different pure forms determine the same irreducible representation.

Theorem 4.1.5. (i) Pure states f1 and fa of a C*-algebra A yield equiv-
alent representations of A if and only if there exists an unitary element U
of the unital extension A of A such that

fa(a) = f1(U"al), a € A.

(i) Conversely, let w be an irreducible representation of a C*-algebra A
in a Hilbert space E. Given two different elements 01 and 02 of E (they are
cyclic for m), the vector forms on A determined by (m,61) and (w,02) are
equal if and only if there exists A € C, |A\| =1, such that 1 = \0s.

(iii) There is one-to-one correspondence between the pure states of a
C*-algebra A associated to the same irreducible representation ™ of A in a
Hilbert space E and the one-dimensional complex subspaces of E. It follows
that these states constitute the projective Hilbert space PE in Section 4.3.5.

Let P(A) denote the set of pure states of a C*-algebra A. Theorem
4.1.5 implies a surjection P(A) — A, where A is the spectrum of A. This
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surjection is a bijection if and only if any irreducible representation of A
is one-dimensional, i.e., A is a commutative C*-algebra. In this case, A is
the C*-algebra of continuous complex functions vanishing at infinity on E,
while a pure state on A is a Dirac measure e, x € E, on g, ie., e.(a) = a(x)
for all a € A.

Being a subset of the topological dual A’ of the Banach space A, the set
P(A) is provided with the normed topology. However, one usually refers
to P(A) equipped with the weak* topology. In this case, the canonical
surjection P(A) — A is continuous and open [33].

4.1.6 Unbounded operators

There are algebras whose representations in Hilbert spaces need not be
normed. Therefore, let us consider a generalization of the conventional GNS
representation of C*-algebras to unnormed topological involutive algebras.

By an operator in a Hilbert (or Banach) space E is meant a linear
morphism a of a dense subspace D(a) of F to E. The D(a) is called
a domain of an operator a. One says that an operator b on D(b) is an
extension of an operator a in D(a) if D(a) C D(b) and b|p(q) = a. For the
sake of brevity, let us write a C b. An operator a is said to be bounded in
D(a) if there exists a real number 7 such that

ael| < rllell, e € D(a).

If otherwise, it is called unbounded. Any bounded operator in a domain
D(a) is uniquely extended to a bounded operator everywhere in E. There-
fore, by bounded operators in E are usually meant bounded (continuous)
operators defined everywhere in F.

An operator a in a domain D(a) is called closed if the condition that
a sequence {e;} C D(a) converges to e € E and that the sequence {ae;}
does to €’ € F implies that e € D(a) and ¢ = ae. Of course, any operator
defined everywhere in E is closed. An operator a in a domain D(a) is called
closable if it can be extended to a closed operator. The closure of a closable
operator a is defined as the minimal closed extension of a.

Operators a and b in E are called adjoint if

(aele’) = (e|be’), e € D(a), €' € D(b).

Any operator a has a maximal adjoint operator a*, which is closed. Of
course, a C a** and b* C a* if a C b. An operator a is called symmetric if
it is adjoint to itself, i.e., a C a*. Hence, a symmetric operator is closable.
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One can obtain the following chain of extensions of a symmetric operator:

—% kK

aCaCa™Ca" =a"=a

In particular, if a is a symmetric operator, so are @ and a**. At the same
time, the maximal adjoint operator a* of a symmetric operator a need not
be symmetric. A symmetric operator a is called self-adjoint if a = a*, and
it is called essentially self-adjoint if @ = a* = @*. It should be emphasized
that a symmetric operator a is sometimes called essentially self-adjoint if
a** = a*. We here follow the terminology of [129; 130]. If a is a closed
operator, the both notions coincide. For bounded operators, the notions of
symmetric, self-adjoint and essentially self-adjoint operators coincide.

Let E be a Hilbert space. The pair (B, D) of a dense subspace D
of FE and a unital algebra B of (unbounded) operators in E is called the
Op*-algebra (O*-algebra in the terminology of [146]) on the domain D if,
whenever b € B, we have:

(i) D(b) = D and bD C D,

(ii) D C D(b*),

(iii) b*|p C B [86; 129].

The algebra B is provided with the involution b — b™ = b*|p, and its
elements are closable.

A representation w(A) of a topological involutive algebra A in a Hilbert
space E is an Op*-algebra if there exists a dense subspace D(w) C E such
that

D(r) = D(w(a))
for all a € A and this representation is Hermitian, i.e., w(a*) C w(a)* for
all @ € A. In this case, one also considers the representations

f:a—>ﬁ(a): (a)|D(?)? D(f): ﬂD(WL

a€A
7 ra— 1 (a) = m(a*)"| pre), D(n*) = ﬂ D(m(a)*),
acA
T ra — 7 (a) = 7(a")"| D), D(n**) = ﬂ D(n*(a)*),
a€A

called the closure of a representation w, an adjoint representation and a
second adjoint representation, respectively. There are the representation
extensions

TCTCrtCrt,
where m; C w3 means D(m) C D(mg). The representations T and 7** are

Hermitian, while 7* = 7 = 7***. A Hermitian representation 7(A) is
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said to be closed if m = 7, and it is self-adjoint if 7 = 7*. Herewith, a
representation m(A) is closed (resp. self-adjoint) if one of operators w(A) is
closed (resp. self-adjoint).

The representation domain D(7) is endowed with the graph-topology.
This is generated by the neighborhoods of the origin

U(M,e) = {x € D(n) : Z lm(a)z|| < 6},
a€EM

where M is a finite subset of elements of A. All operators of w(A) are con-
tinuous with respect to this topology. Let us note that the graph-topology
is finer than the relative topology on D(w) C E, unless all operators 7 (a),
a € A, are bounded [146].

Let N’ denote the closure of a subset N C D(7) with respect to the
graph-topology. An element 6 € D(7) is called strongly cyclic (cyclic in the
terminology of [146]) if

D(x)  (=(A)F)’.

Then the GNS representation Theorem 4.1.3 can be generalized as follows
[86; 146].

Theorem 4.1.6. Let A be a unital topological involutive algebra and f a
positive continuous form on A such that f(1) =1 (i.e., f is a state). There
exists a strongly cyclic Hermitian representation (my,05) of A such that

¢(a) = (m(a)0s)05),  a€ A

4.2 Automorphisms of quantum systems

Let us consider uniformly and strongly continuous one-parameter groups of
automorphisms of C*-algebras. In particular, they characterize evolution
of quantum systems. Forthcoming Remarks 4.2.1 and 4.2.2 explain why we
restrict our consideration to these automorphism groups.

Remark 4.2.1. Let V be a Banach space and B(V) the set of bounded
endomorphisms of V. The normed, strong and weak operator topologies on
B(V) are defined in the same manner as in Section 4.1.3. Automorphisms
of a C'*-algebra obviously are its isometries as a Banach space. Any weakly
continuous one-parameter group of endomorphism of a Banach space also
is strongly continuous and their weak and strong generators coincide with
each other [19].
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Remark 4.2.2. There is the following relation between morphisms of a
C*-algebra A and the set E(A) of its states which is a convex subset of
the topological dual A’ of A. A linear morphism v of a C*-algebra A as a
vector space is called the Jordan morphism if the relations

v(ab+ba) = y(a)y(0) +v(b)v(a),  é(a”) =~(a)*,  abeA,

hold. One can show the following [39]. Let v be a Jordan automorphism of
a unital C*-algebra A. It yields the dual weakly* continuous affine bijection
~" of E(A) onto itself, i.e.,

YO+ L= =2 () + (1= A7 (f),
e E(4), Xelo,1].

Conversely, any such a map of F(A) is the dual to some Jordan auto-
morphism of A. However, we are not concerned with groups of Jordan
automorphisms because of the following fact. If G is a connected group of
weakly continuous Jordan automorphisms of a unital C*-algebra A which
is provided with a weak operator topology, then it is a weakly continuous
group of automorphisms of A.

One says that a one-parameter group G(R) is a uniformly (resp.
strongly) continuous group of automorphisms of a C*-algebra A if it is
a range of a continuous map of R to the group Aut (A) of automorphisms
of A which is provided with the normed (resp. strong) operator topology,
and whose action on A is separately continuous. A problem is that, if a
curve G(R) in Aut (A4) is continuous with respect to the normed operator
topology, then the curve G(R)(a) for any a € A is continuous in the C*-
algebra A, but the converse is not true. At the same time, a curve G(R) is
continuous in Aut (A) with respect to the strong operator topology if and
only if the curve G(R)(a) for any a € A is continuous in A. By this reason,
strongly continuous one-parameter groups of automorphisms of C*-algebras
are most interesting. However, the infinitesimal generator of such a group
fails to be bounded, unless this group is uniformly continuous.

Remark 4.2.3. If G(R) is a strongly continuous one-parameter group of
automorphisms of a C*-algebra A, there are the following continuous maps
[19]:

e R >t — (Gi(a), f) € Cis continuous for all a € A and f € A’;

e A>a— Gi(a) € Ais continuous for all ¢ € R;

e R>t— Gi(a) € A is continuous for all a € A.
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Let A be a C*-algebra. Without a loss of generality, we assume that
A is a unital algebra. The space of derivations of A is provided with the
involution u — u* defined by the equality

0*(a) = —d6(a™)", a€ A (4.2.1)
Throughout this Section, by a derivation ¢ of A is meant an (unbounded)
symmetric derivation of A (i.e., 0(a*) = d6(a)*, a € A) which is defined
on a dense involutive subalgebra D(d) of A. If a derivation § on D(d) is
bounded, it is extended to a bounded derivation everywhere on A. Con-
versely, every derivation defined everywhere on a C*-algebra is bounded
[33]. For instance, any inner derivation
6(a) = i[b, al,

where b is a Hermitian element of A, is bounded. There is the following
relation between bounded derivations of a C*-algebra A and one-parameter
groups of automorphisms of A [19].

Theorem 4.2.1. Let § be a derivation of a C*-algebra A. The following
assertions are equivalent:

e § is defined everywhere and, consequently, is bounded;

e § is the infinitesimal gemerator of a wuniformly continuous one-
parameter group [G¢] of automorphisms of the C*-algebra A.
Furthermore, for any representation w of A in a Hilbert space E, there
exists a bounded self-adjoint operator H € w(A)"” in E and the uniformly
continuous representation

7(Gy) = exp(—itH), teR, (4.2.2)

of the group [Gy] in E such that
7(6(a)) = —i[H, w(a)], a€ A, (4.2.3)
7(Gi(a)) = e M (a)e™, teR. (4.2.4)

A (C*-algebra need not admit non-zero bounded derivations. For in-
stance, no commutative C*-algebra possesses bounded derivations. The
following is the relation between (unbounded) derivations of a C*-algebra A
and strongly continuous one-parameter groups of automorphisms of A [18;
129; 130].

Theorem 4.2.2. Let § be a closable derivation of a C*-algebra A. Its clo-
sure & is an infinitesimal generator of a strongly continuous one-parameter
group of automorphisms of A if and only if

(1) the set (1 + X6)(D(d) for any A € R\ {0} is dense in A,

(i1) |[(L + X0)(a)|| > |la|| for any A € R and any a € A.
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It should be noted that, if A is a unital algebra and § is its closable
derivation, then 1 € D(4).

Let us mention a more convenient sufficient condition for a derivation
of a C*-algebra to be an infinitesimal generator of a strongly continuous
one-parameter group of its automorphisms. A derivation ¢ of a C*-algebra
A is called well-behaved if, for each element a € D(9), there exists a state
f of A such that

fla) = llall,  f(é(a)) = 0.
If § is a well-behaved derivation, it is closable [92], and it obeys the condition
(ii) of Theorem 4.2.2 [18; 129; 130]. Then we come to the following.

Proposition 4.2.1. If § is a well-behaved derivation of a C*-algebra A
and it obeys condition (i) of Theorem 4.2.2, its closure § is an infinitesimal
generator of a strongly continuous one-parameter group of automorphisms

of A.

For instance, a derivation ¢§ is well-behaved if it is approximately inner,
i.e., there exists a sequence of self-adjoint elements {b,} in A such that

d(a) = limifby, al, a€ A

In contrast with the case of a uniformly continuous one-parameter group
of automorphisms of a C*-algebra A, a representation of A does not imply
necessarily a unitary representation (4.2.2) of a strongly continuous one-
parameter group of automorphisms of A, unless the following.

Proposition 4.2.2. Let G; be a strongly continuous one-parameter group
of automorphisms of a C*-algebra A and 6 its infinitesimal generator. Let
A admit a state f such that

|/ (8(a)] < Alf(a*a) + f(aa®)]'/? (4.2.5)

for all a € A and a positive number A, and let (75,0f) be a cyclic repre-
sentation of A in a Hilbert space E; determined by f. Then there exist a
self-adjoint operator H in a domain D(H) C A8y in Ey and a strongly con-
tinuous unitary representation (4.2.2) of Gy in Ey which fulfils the relations

(4.2.3) = (4.2.4) for m =m7y.

Let us note that the condition (4.2.5) of Theorem 4.2.2 is sufficient in
order that the derivation ¢ is closable [92].

There is a general problem of a unitary representation of an automor-
phism group of a C*-algebra.
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For instance, let B(F) be the C*-algebra of bounded operators in a
Hilbert space E. All its automorphisms are inner. Any (unitary) automor-
phism U of a Hilbert space E yields the inner automorphism

a—UaU™',  a€ B(E), (4.2.6)
of B(E). Herewith, the automorphism (4.2.6) is the identity if and only if
U = A1, |\ = 1, is a scalar operator in E. It follows that the group of
automorphisms of B(E) is the quotient

PU(E)=U(E)/U(1), (4.2.7)
called the projective unitary group of the unitary group U(E) with respect
to the circle subgroup U(1). Therefore, given a group G of automorphisms
of the C*-algebra B(E), the representatives Uy in U(E) of elements g € G
constitute a group up to phase multipliers, i.e.,

U,Uy = explia(g, g')Ugq, alg,g") e R.

Nevertheless, if G is a one-parameter weakly™ continuous group of auto-
morphisms of B(FE) whose infinitesimal generator is a bounded derivation
of B(FE), one can choose the phase multipliers

explia(g,g')] = 1.
Representations of groups by unitary operators up to phase multipliers are
called projective representations [24; 159)].
In a general setting, let G be a group and A a commutative algebra.
An A-multiplier of G is a map € : G x G — A such that

£(1a,9) =&(9,1c) = 14, gea,

€(91,9293)6(92, 93) = £(91,92)6 (9192, 93), 9 €G.
For instance,
E:GxG—1€e A
is a multiplier. Two A-multipliers £ and £’ are said to be equivalent if there

exists a map f : G — A such that

_ f(gng) ’ )
£(91,92) = 7f(g1)f(g2)§ (91,92), gi €G.

An A-multiplier is called exact if it is equivalent to the multiplier £ = 1 4.
The set of A-multipliers is an Abelian group with respect to the pointwise
multiplication, and the set of exact multipliers is its subgroup.

Proposition 4.2.3. Let G be a simply connected locally compact Lie group.
Each U(1)-multiplier £ of G is brought into the form £ = expia, where a
1s an R-multiplier. Moreover, £ is exact if and only if o is well. Any
R-multiplier of G is equivalent to a smooth one [24].
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Let G be alocally compact group of strongly continuous automorphisms
of a C*-algebra A. Let M(A) denote the multiplier algebra of A, i.e., the
largest C*-algebra containing A as an essential ideal, i.e., if a € M(A)
and ab = 0 for all b € A, then a = 0. For instance, M(A) = A if A is
a unital algebra. Let & be a multiplier of G with values in the center of
M(A). A G-covariant representation m of A [34] is a representation 7 of A
(and, consequently, M (A)) in a Hilbert space E together with a projective
representation of G by unitary operators U(g), g € G, in E such that

m(g(a)) = U(g)m(@)U(g),  U(9)U(g") = 7(&(9,9")U(g9").

4.3 Banach and Hilbert manifolds

We start with the notion of a real Banach manifold [100; 155]. Banach
manifolds are defined similarly to finite-dimensional smooth manifolds, but
they are modelled on Banach spaces, not necessarily finite-dimensional.

4.3.1 Real Banach spaces

Let us recall some particular properties of (infinite-dimensional) real Ba-
nach spaces (see Section 11.7 for topological vector spaces). Let us note
that a finite-dimensional Banach space is always provided with an Euclidean
norm.

e Given Banach spaces F and H, every continuous bijective linear map
of E to H is an isomorphism of topological vector spaces.

e Given a Banach space F, let F' be its closed subspace. One says that F’
splits in E if there exists a closed complement F’ of F such that £ = F®F’.
In particular, finite-dimensional and finite-codimensional subspaces split in
E. As a consequence, any subspace of a finite-dimensional space splits.

e Let £ and H be Banach spaces and f : E — H a continuous injection.
One says that f splits if there exists an isomorphism

g:H—>H1XH2

such that g o f yields an isomorphism of E onto H; x {0}.
e Given Banach spaces (E, ||.||g) and (H, ||.||zz), one can provide the set
HomO(E , H) of continuous linear morphisms of F to H with the norm

Ifll="sup [If()llg,  f€Hom (B, H). (4.3.1)

llzlle=1
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In particular, the norm (11.7.1) on the topological dual E’ of E is of this
type. If £, H and F are Banach spaces, the bilinear map

Hom °(E, F) x Hom°(F, H) — Hom(E, H),

obtained by the composition f o g of morphisms v € Hom°(E, F) and
f € Hom°(F, H), is continuous.

e Let (E,||.|g) and (H,||.]|z) be real Banach spaces. One says that
a continuous map f : E — H (not necessarily linear and isometric) is a
differentiable function between E and H if, given a point z € FE, there
exists an R-linear continuous map

df(z): E— H
(not necessarily isometric) such that

f() = f(2) +df(2) (2" = 2) + o(z' — 2),
lo(z" = 2)|la

=0
I —zlle—0 ||2" — z||E ’

for any 2’ in some open neighborhood U of z. For instance, any continuous
linear morphism f of E to H is differentiable and df (z)z = f(z). The linear
map df (z) is called a differential of f at a point z € U. Given an element
v € F, we obtain the map

E>z— 0,f(2) =df(2)v € H, (4.3.2)

called the derivative of a function f along a vector v € E. One says
that f is two-times differentiable if the map (4.3.2) is differentiable for
any v € E. Similarly, r-times differentiable and infinitely differentiable
(smooth) functions on a Banach space are defined. The composition of
smooth maps is a smooth map.

The following inverse mapping theorem enables one to consider smooth
Banach manifolds and bundles similarly to the finite-dimensional ones.

Theorem 4.3.1. Let f : E— H be a smooth map such that, given a point
z € E, the differential df (z) : E — H is an isomorphism of topological
vector spaces. Then f is a local isomorphism at z.

4.3.2 Banach manifolds

Let us turn to the notion of a Banach manifold, without repeating the
statements true for both finite-dimensional and Banach manifolds.
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Definition 4.3.1. A Banach manifold B modelled on a Banach space B
is defined as a topological space which admits an atlas of charts Up =
{(U., ¢.)}, where the maps ¢, are homeomorphisms of U, onto open subsets
of the Banach space B, while the transition functions ¢¢¢,; ! from ¢, (U, N
Uc) C B to ¢¢(U,NU;) C B are smooth. Two atlases of a Banach manifold
are said to be equivalent if their union also is an atlas.

Unless otherwise stated, Banach manifolds are assumed to be connected
paracompact Hausdorff topological spaces. A locally compact Banach ma-
nifold is necessarily finite-dimensional.

Remark 4.3.1. Let us note that a paracompact Banach manifold admits
a smooth partition of unity if and only if its model Banach space does.
For instance, this is the case of (real) separable Hilbert spaces. Therefore,
we restrict our consideration to Hilbert manifolds modelled on separable
Hilbert spaces.

Any open subset U of a Banach manifold B is a Banach manifold whose
atlas is the restriction of an atlas of B to U.

Morphisms of Banach manifolds are defined similarly to those of smooth
finite-dimensional manifolds. However, the notion of the immersion and
submersion need a certain modification (see Definition 4.3.2 below).

Tangent vectors to a smooth Banach manifold B are introduced by anal-
ogy with tangent vectors to a finite-dimensional one. Given a point z € B,
let us consider the pair (v; (U,, ¢,)) of a vector v € B and a chart (U, 3 z,¢,)
on a Banach manifold B. Two pairs (v; (U,, ¢,)) and (v; (U¢, ¢¢)) are said
to be equivalent if

v = d(pep ) (@ (2))v. (4.3.3)

The equivalence classes of such pairs make up the tangent space T.B to
a Banach manifold B at a point z € B. This tangent space is isomorphic
to the topological vector space B. Tangent spaces to a Banach manifold
B are assembled into the tangent bundle TB of B. It is a Banach mani-
fold modelled over the Banach space B & B which possesses the transition
functions

(ocdy ' d(dcd, ).

Any morphism f : B — B’ of Banach manifolds yields the corresponding
tangent morphism of the tangent bundles T'f : TB — TB'.

Definition 4.3.2. Let f : B — B’ be a morphism of Banach manifolds.
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(i) It is called an immersion at a point z € B if the tangent morphism
Tf at z is injective and splits.

(ii) A morphism f is called a submersion at a point z € B if T'f at z is
surjective and its kernel splits.

The range of a surjective submersion f of a Banach manifold is a sub-
manifold, though f need not be an isomorphism onto a submanifold, unless
f is an imbedding.

4.3.3 Banach vector bundles

One can think of a surjective submersion 7 : B — B’ of Banach manifolds
as a Banach fibred manifold. For instance, the product B x B’ of Banach
manifolds is a Banach fibred manifold with respect to pr; and pr,.

Let B be a Banach manifold and E a Banach space. The definition of
a (locally trivial) vector bundle with the typical fibre E' and the base B
is a repetition of that of finite-dimensional smooth vector bundles. Such a
vector bundle Y is a Banach manifold and Y — B is a surjective submersion.
It is called the Banach vector bundle. The above mentioned tangent bundle
TB of a Banach manifold exemplifies a Banach vector bundle over B.

The Whitney sum, the tensor product, and the exterior product of Ba-
nach vector bundles are defined as those of smooth vector bundles. In
particular, since the topological dual E’ of a Banach space F is a Banach
space with respect to the norm (11.7.1), one can associate to each Banach
vector bundle Yz — B the dual Y} = Yg with the typical fibre E’. For
instance, the dual of the tangent bundle T'B of a Banach manifold B is the
cotangent bundle T*J5.

Sections of the tangent bundle T8 — B of a Banach manifold are called
vector fields on a Banach manifold 5. They form a locally free module
T1(B) over the ring C*°(B) of smooth real functions on B. Every vector
field ¥ on a Banach manifold B determines a derivation of the R-ring C*°(B)
by the formula

f(z) — 09 f(2) = df (2)V(2), » e B.

Different vector fields yield different derivations. It follows that 7; (B) pos-
sesses a structure of a real Lie algebra, and there is its monomorphism

T1(B) — 20> (B) (4.3.4)

to the derivation module of the R-ring C*°(5).



4.3. Banach and Hilbert manifolds 135

Let us consider the Chevalley—Eilenberg complex of the real Lie algebra
71(B) with coefficients in C*°(B) and its subcomplex O*[71(B)] of C*(B)-
multilinear skew-symmetric maps by analogy with the complex O*[0.A4] in
Section 11.6. This subcomplex is a differential calculus over an R-ring
C>(B) where the Chevalley—Eilenberg coboundary operator d (11.6.8) and
the product (11.6.9) read

T

dp(9o,....0,) = Y _(—1)'0y,(¢(Jo, ..., Vi, ... 0)) (4.3.5)
=0
+Z 1+J¢ 191;19]190;---7{9\717---77/9\j;---779k)7
1<j
¢/\¢ (7917--- r+9) (436)

= Z Sgl’lll1 TZJ';jsl Js ¢(79i1 RN ﬁir)(ﬁ/(ﬁju ce aﬁjs)v

<< <<
¢ € O"[T1(B)], ¢ € O°[T(B)], V; € T1i(B).
There are the familiar relations
Oldf =0yf,  feC¥(B), JeT(B),
doNg)=dopnd' +(-1)londd',  6,¢' € O"[T(B)).
The differential calculus O*[7;(B)] contains the following subcomplex.

Let O'(B) be the C°°(B)-module of global sections of the cotangent bundle
T*B of B. Obviously, there is its monomorphism

O (B) = oC>(B)* (4.3.7)

to the dual of the derivation module 0C*°(B). Furthermore, let AT*B be
the r-degree exterior product of the cotangent bundle T*B and O (B) the
C(B)-module of its sections. Let O*(B) be the direct sum of C°(B)-
modules O"(B), r € N, where we put O°(B) = C*(B). Elements of O*(B)
obviously are C*°(B)-multilinear skew-symmetric maps of 77 (B) to C*°(B).
Therefore, the Chevalley—Eilenberg differential d (4.3.5) and the exterior
product (4.3.6) of elements of O*(B) are well defined. Moreover, one can
show that d¢ and ¢ A @', ¢, ¢' € O*(B), also are elements of O*(B). Thus,
O*(B) is a differential graded commutative algebra, called the algebra of
exterior forms on a Banach manifold 5.

At the same time, one can consider the Chevalley—Eilenberg differential
calculus O*[0C*°(B)] over the R-ring C°(B). Because of the monomor-
phism (4.3.4), we have a homomorphism of C*°(B)-modules

OPC=(B)] = 00> (B)* — T,(B)* = O[T (B)|—0O'(B).  (4.3.8)
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It follows that the differential calculi O*[77(B)], O*(B) and O'[pC>(B)]
over the R-ring C°°(B) are not mutually isomorphic in general. However,
it is readily observed that the minimal differential calculi in O*[77(B)] and
O*(B) coincide with the minimal Chevalley—Eilenberg differential calculus
O*C*>(B) over the R-ring C*>°(B) because they are generated by the ele-
ments df, f € C*(B), where d is the restriction (4.3.5) to 7;(B) of the
Chevalley—Eilenberg coboundary operator (11.6.8).

A connection on a Banach manifold B is defined as a connection on the
C*>(B)-module 77 (B) [155]. In accordance with Definition 11.5.4, it is an
R-module morphism

V: Ti(B) — O'C%(B) @ Tw(B),
which obeys the Leibniz rule
V(f9) =df @ 9+ fV(¥), fec>(B), ¥ € T1(B). (4.3.9)
In view of the inclusions,
O'C=(B) c OY(B) c Ti(B)*,  Tu(B) € Ti(B)*™ c O(B)",

it is however convenient to define a connection on a Banach manifold as an
R-module morphism

V:T(B) — 0Y(B) ® T.(B), (4.3.10)
which obeys the Leibniz rule (4.3.9).

4.3.4 Hilbert manifolds

Hilbert manifolds are particular Banach manifolds modelled on complex
Hilbert spaces, which are assumed to be separable (Remark 4.3.1).

Remark 4.3.2. We refer the reader to [100] for the theory of real Hilbert
and (infinite-dimensional) Riemannian manifolds. A real Hilbert manifold
is a Banach manifold B modelled on a real Hilbert space V' (Remark 4.1.6).
It is assumed to be connected Hausdorff and paracompact space admitting
the partition of unity by smooth functions (this is the case of a separable
V). A Riemannian metric on B is defined as a smooth section g of the

tensor bundle \2/T *B such that g(z) is a positive non-degenerate continuous
bilinear form on the tangent space T.3. This form yields the maps T, B —
T;B and T;B — T.B. It is said to be non-degenerate if these maps are
continuous isomorphisms. In infinite-dimensional geometry, the most of
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local results follow from general arguments analogous to those in the finite-
dimensional case. In particular, a Riemannian metric makes B into a metric
space. Just as in the finite-dimensional case, B admits a unique Levi-
Civita connection. The global theory of real Hilbert manifolds is more
intricate. For instance, an infinite-dimensional real (and, consequently,
complex) Hilbert space V is proved to be diffeomorphic to V'\ {0}, and the
unit sphere in V is a deformation retract of V' [10].

A complex Hilbert space (E,{.|.)) can be seen as a real Hilbert space
E >v— g € Ep, (vr,vg) = Re (v[v'),

in Remark 4.1.6 equipped with the complex structure Jug = (iv)gr. We
have

(']URaJUﬁ@) = (UR,U];{)’ (J’URaUﬁ@) =Im (Uﬁ{,@]}{).
Let Ec = C ® Er denote the complexification of Eg provided with the
Hermitian form (.|.)c (4.1.4). The complex structure J on Eg is naturally
extended to E¢ by letting J oé = 40 .J. Then E¢ is split into the two
complex subspaces
Ec = EY ¢ B, (4.3.11)
EY0 = {vr — iJug : vr € ER},
Eo’l = {UR +iJug : vR € ER},
which are mutually orthogonal with respect to the Hermitian form (.|.)c.
Since
(vg — iJug)|vg — iJug) = 2(v[v’),
(vg + iJug|vg + iJog) = 2(v'|v),

there are the following linear and antilinear isometric bijections

1
Esv—wwp— —(vgr —iJug) € EY0

V2

1 .

E(UR +iJug) € EL.
They make E*? and E%! isomorphic to the Hilbert space E and the dual
Hilbert space E, respectively. Hence, the decomposition (4.3.11) takes the
form

E>v— v —

Ec=E®E. (4.3.12)
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The complex structure J on the direct sum (4.3.12) reads
J:E®Esv+u—iv—iuc E®E, (4.3.13)

where E and E are the (holomorphic and antiholomorphic) eigenspaces of
J characterized by the eigenvalues i and —i, respectively.

Let f be a function (not necessarily linear) from a Hilbert space E to a
Hilbert space H. It is said to be differentiable if the corresponding function
/r between the real Banach spaces Er and Hy is differentiable. Let dfg(z),
z € Eg, be the differential (4.3.2) of fgr on Er which is a continuous linear
morphism

ERr > vp — de(Z)U]R € Hg
between real topological vector spaces EFr and Hg. This morphism is nat-
urally extended to the C-linear morphism

Ec¢ 3 ve — dfr(2)ve € He (4.3.14)

between the complexifications of Eg and Hg. In view of the decomposition
(4.3.12), one can introduce the C-linear maps

Ofr(z)(v+7) = dfr(2)v, Of (2)(v+71) = dfe(2)u
from E & E to Hc¢ such that
dfe(2)vc = dfe(2)(v +7) = Ofa(2)v + Dfu ()T
Let us split
fr(z) = f(2) + [ (2)

in accordance with the decomposition He = H @ H. Then the morphism
(4.3.14) takes the form

dfi(2)(0 +7) = Of (=)0 + DF ()T + OF (=)o + DT ()T, (4.3.15)
where 0f = W, 0 f =0f. A function f : E — H is said to be holomorphic
(resp. antiholomorphic) if it is differentiable and 0f(z) = 0 (resp. Of(z) =
0) for all z € E. A holomorphic function is smooth, and is given by the

Taylor series. If f is a holomorphic function, then the morphism (4.3.15)
is split into the sum

dfe(2)(v +7) = 0f (2)v + 0 f(2)u
of morphisms F — H and F — H.

Example 4.3.1. Let f be a complex function on a Hilbert space E. Then
fr = (Re f,Im f)
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is a map of F to R?. The differential dfg(z), z € E, of fg yields the complex
linear morphism

E @ E 3 vc — (dRe f(2)ve, dlm f(2)ve) — d(Re f + ilm f)(2)vc € C,

which is regarded as a differential df () of a complex function f on a Hilbert
space E.

A Hilbert manifold P modelled on a Hilbert space E is defined as a real
Banach manifold modelled on the Banach space Fr which admits an atlas
{(U,, #,)} with holomorphic transition functions ¢¢¢, . Let CTP denote
the complexified tangent bundle of a Hilbert manifold P. In view of the
decomposition (4.3.12), each fibre CT, P, z € P, of CTP is split into the
direct sum

CT,P=T.,P&T.,P

of subspaces T,P and T.P, which are topological complex vector spaces
isomorphic to the Hilbert space E and the dual Hilbert space E, respec-
tively. The spaces CT.P, T.P and T, P are respectively called the complex,
holomorphic and antiholomorphic tangent spaces to a Hilbert manifold P
at a point z € P. Since transition functions of a Hilbert manifold are
holomorphic, the complex tangent bundle CT'P is split into a sum

CIP=TP&TP

of holomorphic and antiholomorphic subbundles, together with the antilin-
ear bundle automorphism

TPOTP>v+T—T+ucTPOTP
and the complex structure
J:TP®TP>v+T—iv—iuc TPHTP. (4.3.16)

Sections of the complex tangent bundle C'T'P — P are called complex
vector fields on a Hilbert manifold P. They constitute the locally free
module C7;(P) over the ring C*(P) of smooth complex functions on P.
Every complex vector field ¢ + ¥ on P yields a derivation

f(z) = df(2)(9 +v) = 0f (2)0(2) + Of (2)v(2),  fEC>(P), z€P,

of the C-ring C>(P).
The (topological) dual of the complex tangent bundle CTP is the com-
plex cotangent bundle CT*P of P. Its fibres CT;P, z € P, are topological
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complex vector spaces isomorphic to E@® E. Since Hilbert spaces are reflex-
ive, the complex tangent bundle CTP is the dual of CT*P. The complex
cotangent bundle C'T*P is split into the sum

CT*P=T'PaT P (4.3.17)

of holomorphic and antiholomorphic subbundles, which are the annihilators
of antiholomorphic and holomorphic tangent bundles TP and TP, respec-
tively. Accordingly, CT*P is provided with the complex structure J via
the relation

(v, Jwy = (Jv,w), v eCT.P, w e CT,P, z €P.

Sections of the complex cotangent bundle CT*P — P constitute a locally
free C>°(P)-module O(P). It is the C>(P)-dual

O (P) = CTL(P)* (4.3.18)

of the module C7;(P) of complex vector fields on P, and vice versa.

Similarly to the case of a Banach manifold, let us consider the differen-
tial calculi O*[71(P)], O*(P) (further denoted by C*(P)) and O [pC>(P)]
over the C-ring C>*(P). Due to the isomorphism (4.3.18), O*[T1(P)] is
isomorphic to C*(P), whose elements are called complex exterior forms on
a Hilbert manifold P. The exterior differential d on these forms is the
Chevalley—Eilenberg coboundary operator

k -~
dp(o, ..., 9%) = Y _(=1)'dp(Vo, ..., Vi, ..., 0k)0; (4.3.19)
i=0
+Z H_Jd) }190,...,1/9\i,...,1§j,...,19k), 1916071(7))
1<J

In view of the splitting (4.3.17), the differential graded algebra C*(P)

admits the decomposition
C*(P)= & CPI(P)
P,q=0

into subspaces CP9(P) of p-holomorphic and g-antiholomorphic forms. Ac-
cordingly, the exterior differential d on C*(P) is split into a sum d = 9 + 0
of holomorphic and antiholomorphic differentials

d: CPI(P) — CPTha(P), 0 : CPYP) — CPrIti(p),
000 =0, 900 =0, Dod+000=0.
A Hermitian metric on a Hilbert manifold P is defined as a complex

bilinear form g on fibres of the complex tangent bundle C'T"P which obeys
the following conditions:
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e g is a smooth section of the tensor bundle CT*P @ CT*P — P;

e g(9,,9.) = 0 if complex tangent vectors 9,,%, € CT,P are simulta-
neously holomorphic or antiholomorphic;

e g(9.,9.) > 0 for any non-vanishing complex tangent vector ¥, €
CT,P;

e the bilinear form ¢(9,,9.), 9.,9, € CT.P, defines a norm topology
on the complex tangent space CT,P which is equivalent to its Hilbert space
topology.

As an immediate consequence of this definition, we obtain

9(0.,00) = g(0.,7.),  g(JU.,J9.) = g(9.,9L).

A Hermitian metric exists, e.g., on paracompact Hilbert manifolds modelled
on separable Hilbert spaces.

The above mentioned properties of a Hermitian metric on a Hilbert ma-
nifold are similar to properties of a Hermitian metric on a finite-dimensional
complex manifold [65]. Therefore, one can think of the pair (P, g) as being
an infinite-dimensional Hermitian manifold.

A Hermitian manifold (P, g) is endowed with a non-degenerate exterior
two-form

Q.. 0,) = g(Jo.,9.), 9.9, €CT.P, z2€P, (4.3.20)

called the fundamental form of the Hermitian metric g. This form satisfies
the relations

Q0.,0)) =Q@.,7,),  QJ.0.,J.9.) = Q.,9.).

If Q (4.3.20) is a closed (i.e., symplectic) form, the Hermitian metric g is
called a Kahler metric and Q a Kéahler form. Accordingly, (P, g,(?) is said
to be an infinite-dimensional K&hler manifold.

A Kahler metric g and its Kéhler form €2 on a Hilbert manifold P yield
the bundle isomorphisms

¢ :CTP>v — v]ge CT*P,
@ :CTP3v— —v|QecCT*P.

Let ¢* and Qf denote the inverse bundle isomorphisms CT*P — CTP.
They possess the properties

OF = Jgt,
g (w2) Jw!, = gF(wl)w:,
O (w,) |w!, = = (w)) |w., w.,w, € CT*P.

z
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In particular, every smooth complex function f € C*(P) on a Kihler
manifold (P, g) determines:
e the complex vector field

g*(df) = ¢*(0f) + ¢* (@), (4.3.21)
which is split into holomorphic and antiholomorphic parts gf(0f) and
g*(9f);

e the complex Hamiltonian vector field

OF(df) = J(g*(df)) = —ig"(Df) +ig" (DS ); (4.3.22)
e the Poisson bracket

{f, 'y =Q%dp)df",  f,f €C>(P). (4.3.23)

By analogy with the case of a Banach manifold, we modify Definition
11.5.4 and define a connection V on a Hilbert manifold P as a C-module
morphism

V:CT(P) — CY(P)® CT(P),
which obeys the Leibniz rule
V(f9) =df @9+ fV(0), feC=(P), ¥ € CT(P).

Similarly, a connection is introduced on any C°°(P)-module, e.g., on sec-
tions of tensor bundles over a Hilbert manifold P. Let D and D denote the
holomorphic and antiholomorphic parts of V, and let Vy = 9]V, Dy and
Dy be the corresponding covariant derivatives along a complex vector field
¥ on P. For any complex vector field ¥ = v+ T on P, we have the relations

Dy=V,, Dy = Vg, Dy = 1Dy, Dy = —iDy.

Proposition 4.3.1. Given a Kdahler manifold (P, g), there always exists a
metric connection on P such that

Vg =0, VQ =0, VJ =0,
where J is regarded as a section of the tensor bundle CT*P @ CTP.

Example 4.3.2. If P = F is a Hilbert space, then
CTP=Ex (E®E).

A Hermitian form (.|.) on E defines the constant Hermitian metric

g:(EoE)x (E®FE) —C,

g(0,9") = (wu'y + (W|u), d=v+u, V=0 +7u, (4.3.24)
on P = E. The associated fundamental form (4.3.20) reads

Q,9") = i(vfu') —i{v'|u). (4.3.25)

It is constant on E. Therefore, d{2 = 0 and g (4.3.24) is a Kéhler metric.
The metric connection on FE is trivial, i.e., V=d, D=0, D = 0.
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4.3.5 Projective Hilbert space

Given a Hilbert space E, a projective Hilbert space PE is made up by
complex one-dimensional subspaces (i.e., complex rays) of E. This is a
Hilbert manifold with the following standard atlas. For any non-zero el-
ement z € FE, let us denote by x a point of PE such that = € x. Then
each normalized element h € E, ||h|| = 1, defines a chart (Uy, ¢p) of the
projective Hilbert space PE such that

Up={x€PE : (z|h) #0},  oén(x) = ﬁ — . (4.3.26)
The image of Uy in the Hilbert space E is the one-codimensional closed

(Hilbert) subspace
E,={z€E : (z|h) =0}, (4.3.27)

where z(x)+h € x. In particular, given a point x € PE, one can choose the
centered chart E,, h € x, such that ¢, (x) = 0. Hilbert spaces Ej, and Ej/
associated to different charts U, and Ups are isomorphic. The transition
function between them is a holomorphic function
) Z0
(2(x) + h|h')
from ¢p(Up NUp/) C Ey to ¢p (Up N U ) C Epr. The set of the charts
{(Un, ¢1)} with the transition functions (4.3.28) provides a holomorphic
atlas of the projective Hilbert space PE. The corresponding coordinate
transformations for the tangent vectors to PE at x € PFE reads
o = ﬁ[mhm — o(olh)]. (4.3.20)
The projective Hilbert space PE is homeomorphic to the quotient of
the unitary group U(FE) equipped with the normed operator topology by
the stabilizer of a ray of E. It is connected and simply connected [26].
The projective Hilbert space PE admits a unique Hermitian metric g
such that the corresponding distance function on PF is

p(x,x") = V2arccos(|(z|z')]), (4.3.30)

— R, x € Uy, N Uy, (4.3.28)

where z, x’ are normalized elements of E. It is a Kahler metric, called the
Fubini-Studi metric. Given a coordinate chart (Up, ¢y ), this metric reads

(v1]ua) + (valus)
Uy, %) =
grs(V1,92) 1+ 2|2

(efua) (02]2) + (zfu) (vs]2)
- TFSERE o rE b

(4.3.31)
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for any complex tangent vectors 1 = vy +u; and Y3 = ve + s in C'T, PE.
The corresponding Kéhler form is given by the expression

(vifug) — (valun) . (zlug)(vrlz) — (z]ur)(ve|2)
Qps(V1,92) =1 P ) A+ =2 . (4.3.32)
It is readily justified that the expressions (4.3.31) — (4.3.32) are preserved
under the transition functions (4.3.28) — (4.3.29). Written in the coordinate
chart centered at a point z(x) = 0, these expressions come to the expressions

(4.3.24) and (4.3.25), respectively.

4.4 Hilbert and C*-algebra bundles

This Section addresses particular Banach vector bundles whose fibres are
C*-algebras (seen as Banach spaces) and Hilbert spaces, but a base is a
finite-dimensional smooth manifold.

Note that sections of a Banach vector bundle B — @ over a smooth
finite-dimensional manifold @ constitute a locally free C°°(Q)-module
B(Q). Following the proof of Serre-Swan Theorem 11.5.2 [65], one can
show that it is a projective C*°(Q)-module. In a general setting, we there-
fore can consider projective locally free C'*°(Q)-modules, locally generated
by a Banach space. In contrast with the case of projective C*°(X) modules
of finite rank, such a module need not be a module of sections of some
Banach vector bundle.

Let C — @ be a locally trivial topological fibre bundle over a finite-
dimensional smooth real manifold ) whose typical fibre is a C*-algebra
A, regarded as a real Banach space, and whose transition functions are
smooth. Namely, given two trivialization charts (Uy, 1) and (Us,12) of C,
we have the smooth morphism of Banach manifolds

Yroyyt UL NUs x A— Uy NUy x A,
where

o 7/’2_1|qu10%
is an automorphism of A. We agree to call C — @ a bundle of C*-algebras.
Tt is a Banach vector bundle. The C*°(Q)-module C(Q) of smooth sections
of this fibre bundle is a unital involutive algebra with respect to fibrewise
operations. Let us consider a subalgebra A(Q) C C(Q) which consists of
sections of C — @ vanishing at infinity on Q. It is provided with the norm

llal| = sup la(g)] <00,  ae AQ), (4.4.1)
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but fails to be complete. Nevertheless, one extends A(Q) to a C*-algebra
of continuous sections of C — ) vanishing at infinity on a locally compact
space (@ as follows.

Let C — @ be a topological bundle of C*-algebras over a locally compact
topological space @, and let C°(Q) denote the involutive algebra of its
continuous sections. This algebra exemplifies a locally trivial continuous
field of C*-algebras in [33]. Its subalgebra A°(Q) of sections vanishing
at infinity on @ is a C*-algebra with respect to the norm (4.4.1). It is
called a C*-algebra defined by a continuous field of C*-algebras. There are
several important examples of C*-algebras of this type. For instance, any
commutative C*-algebra is isomorphic to the algebra of continuous complex
functions vanishing at infinity on its spectrum.

Hilbert bundles over a smooth manifold are similarly defined. Let
€ — @ be a locally trivial topological fibre bundle over a finite-dimensional
smooth real manifold @) whose typical fibre is a Hilbert space F, regarded as
a real Banach space, and whose transition functions are smooth functions
taking their values in the unitary group U(FE) equipped with the normed
operator topology. We agree to call £ — @Q a Hilbert bundle. It is a Banach
vector bundle. Smooth sections of £ — @ make up a C*°(Q)-module £(Q),
called a Hilbert module. Continuous sections of £ — @ constitute a locally
trivial continuous field of Hilbert spaces [33].

There are the following relations between bundles of C'*-algebras and
Hilbert bundles.

Let T(E) C B(E) be the C*-algebra of compact (completely continu-
ous) operators in a Hilbert space E (Remark 4.1.9). Every automorphism
¢ of E yields the corresponding automorphism

T(E) — ¢T(E)¢™"
of the C*-algebra T(E). Therefore, given a Hilbert bundle & — @ with
transition functions
E_)pLC(Q)Ea qGmeU(a

over a cover {U,} of @, we have the associated locally trivial bundle of
elementary C*-algebras T'(F) with transition functions

T(E) = pap(@T(E)(pap(a)) ™", q € UaNUp, (4.4.2)

which are proved to be continuous with respect to the normed operator
topology on T'(E) [33]. The proof is based on the following facts.

e The set of degenerate operators (i.e., operators of finite rank) is dense
in T(E).
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e Any operator of finite rank is a linear combination of operators

PETIC_)<<|77>€7 €7na<6E7

and even of the projectors Pr onto § € E.
e Let &1,..., &, be variable vectors of E. If &,7=1,...,2n, converges
to n; (or, more generally, (§;|¢;) converges to (n;|n;) for any ¢ and j), then

P§1,§2 +oeet P§2'7L71’§2n
uniformly converges to
Pmﬂlz +oe Tt Pn2n—177]2n'

Note that, given a Hilbert bundle £ — @), the associated bundle of C*-
algebras B(FE) of bounded operators in F fails to be constructed in general
because the transition functions (4.4.2) need not be continuous.

The opposite construction however meets a topological obstruction as
follows [22; 23].

Let C — @ be a bundle of C*-algebras whose typical fibre is an ele-
mentary C*-algebra T'(E) of compact operators in a Hilbert space E. One
can think of C — @ as being a topological fibre bundle with the struc-
ture group of automorphisms of T'(E). This is the projective unitary group
PU(E) (4.2.7). With respect to the normed operator topology, the groups
U(E) and PU(E) are the Banach Lie groups [84]. Moreover, U(E) is con-
tractible if a Hilbert space E is infinite-dimensional [97]. Let (U,, Pag) be
an atlas of the fibre bundle C — @ with PU(E)-valued transition functions
Pap- These transition functions give rise to the maps

Pop i Ua NUp — U(E),

which however fail to be transition functions of a fibre bundle with the
structure group U(F) because they need not satisfy the cocycle condition.
Their failure to be so is measured by the U(1)-valued cocycle

€apy = T3, T Jap-

This cocycle defines a class [e] in the cohomology group H?(Q;U(1)g) of
the manifold @) with coefficients in the sheaf U(1)q of continuous maps of
Q@ to U(1). This cohomology class vanishes if and only if there exists a
Hilbert bundle associated to C. Let us consider the short exact sequence of
sheaves

0-2Z —C) 5U(1)g — 0,
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where Cg is the sheaf of continuous real functions on ) and the morphism
~ reads

v C’% S f—exp2mif) € U(1)g.
This exact sequence yields the long exact sequence of the sheaf cohomology
groups [68; 85]:
0—-12Z —>C% —U(l)g — HYQ;Z) —---
HP(Q3Z) — HP(Q;C%) — HP(Q;U(1)q) — HP* (Q:Z) — -+,
where H*(Q;Z) is cohomology of @ with coefficients in the constant sheaf

Z. Since the sheaf Cg is fine and acyclic, we obtain at once from this exact
sequence the isomorphism of cohomology groups

H*(Q:U(1)q) = HY(Q: Z).
The image of [e] in H3(Q;Z) is called the Dixmier-Douady class [33]. One
can show that the negative —[e] of the Dixmier—Douady class is the ob-

struction class of the lift of PU(E)-principal bundles to the U (FE)-principal
ones [23].

4.5 Connections on Hilbert and C*-algebra bundles

There are different notions of a connection on Hilbert and C*-algebra bun-
dles whose equivalence is not so obvious as in the case of finite-dimensional
bundles. These are connections on structure modules of sections, connec-
tions as a horizontal splitting and principal connections.

Given a bundle of C*-algebras C — @ with a typical fibre A over a
smooth real manifold @, the involutive algebra C(Q) of its smooth sections
is a C>°(Q)-algebra. Therefore, one can introduce a connection on the fibre
bundle C — @ as a connection on the C*°(Q)-algebra C(Q). In accordance
with Definition 11.5.3, such a connection assigns to each vector field 7 on
Q@ a symmetric derivation V., of the involutive algebra C(Q) which obeys
the Leibniz rule

Vi (fa) = (r]df)a+ fVra, feC>(Q), a€C(Q),
and the condition
V.a* = (Via)™

Let us recall that two such connections V. and V/. differ from each other in
a derivation of the C°°(Q)-algebra C(Q). Then, given a trivialization chart

C|U:U><A
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of C — @, a connection on C(Q) can be written in the form
V:=7"(q)(0m — dm(q)), qge U, (4.5.1)

where (¢™) are local coordinates on @ and d,,(q) for all ¢ € U are symmetric
bounded derivations of the C*-algebra A.

Remark 4.5.1. Bearing in mind the discussion in Section 4.2, one should
assume that, in physical models, the derivations d,,(q) in the expression
(4.5.1) are unbounded in general. This leads us to the notion of a general-
ized connection on bundles of C*-algebras [6].

Let &€ — @ be a Hilbert bundle with a typical fibre F and £(Q) the
C*(Q)-module of its smooth sections. Then a connection on a Hilbert
bundle & — @ is defined as a connection V on the module £(Q). In
accordance with Definition 11.5.2, such a connection assigns to each vector
field 7 on @ a first order differential operator V., on £(Q) which obeys both
the Leibniz rule

Ve(f) = (Tldf ) + [V, feCF@Q), ¢e(@),

and the additional condition

(Ve)(@)e(@) + ()I(V-)(q)) = T(a)Jd{¥ ()¢ (q))- (4.5.2)

Given a trivialization chart €|y = U x E of £ — @, a connection on £(Q)
reads

Vi =7"(q)(0m + iHm(q)), qe U, (4.5.3)

where H,,(q) for all ¢ € U are bounded self-adjoint operators in a Hilbert
space F.

In a more general setting, let B — @ be a Banach vector bundle over
a finite-dimensional smooth manifold @ and B(X) the locally free C*°(Q)-
module of its smooth sections s(g). By virtue of Definition 11.5.2; a con-
nection on B(Q) assigns to each vector field 7 on @ a first order differential
operator V., on B(Q) which obeys the Leibniz rule

V- (fs) = (r]df)s + Vs, feC®(Q), s € B(Q). (4.5.4)

One can show that such a connection exists ([65], Proposition 1.8.11). Con-
nections (4.5.1) and (4.5.3) exemplify connections on Banach vector bun-
dles C — @ and & — @, but they obey additional conditions because these
bundles possess additional structures of a C*-algebra bundle and a Hilbert
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bundle, respectively. In particular, the connection (4.5.3) is a principal con-
nection whose second term is an element of the Lie algebra of the unitary
group U(E).

In a different way, a connection on a Banach vector bundle B — ) can
be defined as a splitting of the exact sequence

0->VB—-TB—-TQ®B — 0,
Q

where VB denotes the vertical tangent bundle of B — Q. In the case
of finite-dimensional vector bundles, both definitions are equivalent. This
equivalence is extended to the case of Banach vector bundles over a finite-
dimensional base. We leave the proof of this fact outside the scope of our
exposition because it involves the notion of jets of Banach fibre bundles.

Turn now to principal connections. Given a Banach-Lie group G, a
principal bundle over a finite-dimensional smooth manifold @, a principal
connection, its curvature form and that a holonomy group are defined sim-
ilarly to those in the case of finite-dimensional Lie groups. The main differ-
ence lies in the facts that there are Banach-Lie algebras without Lie groups
and the holonomy group of a principal connection need not be a Lie group.
Referring the reader to [96] for theory of Lie groups and principal bundles
modelled over so called convenient locally convex vector spaces (including
Fréchet spaces), we here formulate some statements adapted to the case of
Banach-Lie groups and Banach principal bundles over a finite-dimensional
manifold.

e Any Banach-Lie group G admits an exponential mapping which is
a diffeomorphism of a neighborhood of 0 in the Lie algebra g of G onto
a neighborhood of the unit in G. In a general setting, one can always
associate to a Banach-Lie algebra a local Banach-Lie group which however
fails to be extended to the global one in general [84].

e Let G be a Banach-Lie group and g its Lie algebra. If ) is a closed Lie
subalgebra of g, there exists a unique connected closed Banach-Lie subgroup
H of G with the Lie algebra b [134].

e Given a Banach-Lie group, the definition of a G-principal bundle P —
Q over a finite-dimensional smooth manifold @, a principal connection with
a structure Banach-Lie group and its curvature form in [96] follows those in
the case of a locally compact Lie group [93]. A principal connection I' on P
defines the global parallel transport and a holonomy group. In particular,
the following generalizations of the reduction theorem ([93], Theorem 7.1)
and the Ambrose-Singer theorem ([93], Theorem 8.1) to Banach principal
bundles hold [160].
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Theorem 4.5.1. Let P — @Q be a principal bundle with a Banach-Lie
structure group G over a simply connected finite-dimensional manifold Q.
Let H be a Banach-Lie subgroup of G. Let us assume that there exists a
principal connection on P whose curvature form w possesses the following
property. For any smooth one-parameter family of horizontal paths Hcg
starting at a point p € P and arbitrary smooth vector fields u, v’ on Q,

0,12 3 s,t — we_ 1) (u,u) (4.5.5)
is a smooth h-valued map. Then the structure group G of P is reduced to
H.

Theorem 4.5.2. Let us consider closed Lie subalgebras of the Lie algebra
g which contain the range of the map (4.5.5). Their overlap is the minimal
closed Lie subalgebra greq of g possessing this property. The corresponding
Banach-Lie group Greq is the minimal Banach-Lie group which contains
the holonomy group of a connection I'. By virtue of Theorem 4.5.1, the
structure group I' of P is reduced to Greq-

e Given a trivialization chart of a Banach principal bundle P — @ with
a structure Banach-Lie group G, a principal connection on P is represented
by a g-valued local connection one-form I',,d¢™ with the corresponding
transition functions. Let

B=(PxV)/G

be a Banach vector bundle associated with P whose typical fibre V is a
Banach space provided with a continuous effective left action of the struc-
ture group G. Then a principal connection I' on P yields a connection on
B given by the first order differential operators

V:=7"(0m —Tm) (4.5.6)
on the C°°(Q) module B(Q) of sections of B — @ which obey the Leibniz
rule (4.5.4).

For instance, let G = U(E) be the unitary group of a Hilbert space
E. Tts Lie algebra consists of the operators ¢H, where H are bounded self-
adjoint operators in the Hilbert space E. It follows that a U(FE)-principal
connection takes the form (4.5.3).

In conclusion, let us mention the straightforward definition of a connec-
tion on a Hilbert bundle as a parallel displacement along paths lifted from a
base [88]. Roughly speaking, such a connection corresponds to parallel dis-
placement operators whose infinitesimal generators are (4.5.3). Due to the
condition (4.5.2), these operators are unitary. If a path is closed, we come
to the notion of a holonomy group of a connection on a Hilbert bundle.
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4.6 Instantwise quantization

As it is shown in Section 5.3.3, geometric quantization of Hamiltonian non-
relativistic mechanics takes a form of instantwise quantization, and results
in a quantum system described by a Hilbert bundle over the time axis R.
This Section addresses the evolution of such quantum systems which can
be viewed as a parallel displacement along time.

It should be emphasized that, in quantum mechanics based on the
Schriodinger and Heisenberg equations, the physical time plays a role of
a classical parameter. Indeed, all relations between operators in quantum
mechanics are simultaneous, while computation of mean values of operators
in a quantum state does not imply integration over time. It follows that, at
each instant ¢ € R, there is an instantaneous quantum system characterized
by some C*-algebra A;. Thus, we come to instantwise quantization. Let us
suppose that all instantaneous C*-algebras A; are isomorphic to some uni-
tal C*-algebra A. Furthermore, let they constitute a locally trivial smooth
bundle C of C*-algebras over the time axis R. Its typical fibre is A. This
bundle of C*-algebras is trivial, but need not admit a canonical trivial-
ization in general. Omne can think of its different trivializations as being
associated to different reference frames.

Let us describe evolution of quantum systems in the framework of in-
stantwise quantization. Given a bundle of C*-algebras C — R, this evo-
lution can be regarded as a parallel displacement with respect to some
connection on C — R [6; 65; 140]. Following Section 4.5, we define V
as a connection on the involutive C*°(R)-algebra C(R) of smooth sections
of C — R. It assigns to the standard vector field 0; on R a symmetric
derivation V; of C(R) which obeys the Leibniz rule

Vi(fa) =0 fa+ fVia, a € C(R), feC>®R),
and the condition
Via* = (Via)*.
Given a trivialization C = R x A, a connection V; reads
V=0 —0(t), (4.6.1)
where §(t), t € R, are symmetric derivations of a C*-algebra A, i.e.,
0t(ab) = d¢(a)b + ady(b), or(a*) = d(a)”, a,be A

We say that a section « of the bundle of C*-algebras C — R is an
integral section of the connection Vy if

Vialt) = [0, — 8(t)]a(t) = 0. (4.6.2)
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One can think of the equation (4.6.2) as being the Heisenberg equation
describing quantum evolution.

In particular, let the derivations 6(¢) = ¢ in the Heisenberg equation
(4.6.2) be the same for all t € R, and let § be an infinitesimal generator of
a strongly continuous one-parameter group [G;] of automorphisms of the
C*-algebra A (Theorem 4.2.2). A pair (A, [Gy]) is called the C*-dynamic
system. It describes evolution of an autonomous quantum system. Namely,
for any a € A, the curve a(t) = Gi(a), t € R, in A is a unique solution with
the initial value a(0) = @ of the Heisenberg equation (4.6.2).

It should be emphasized that, if a derivation § is unbounded, the con-
nection V; (4.6.1) is not defined everywhere on the algebra C(R). In this
case, we deal with a generalized connection. It is given by operators of a
parallel displacement, whose generators however are ill defined [6]. More-
over, it may happen that a representation 7 of the C*-algebra A does not
carry out a representation of the automorphism group [G:] (Proposition
4.2.2). Therefore, quantum evolution described by the conservative Heisen-
berg equation, whose solution is a strongly (but not uniformly) continuous
dynamic system (A, [G¢]), need not be described by the Schrodinger equa-
tion (see Remark 4.6.1 below).

If § is a bounded derivation of a C*-algebra A, the Heisenberg and
Schrodinger pictures of evolution of an autonomous quantum system are
equivalent. Namely, by virtue of Theorem 4.2.1, § is an infinitesimal gener-
ator of a uniformly continuous one-parameter group [G¢] of automorphisms
of A, and wvice versa. For any representation 7 of A in a Hilbert space F,
there exists a bounded self-adjoint operator H in E (called the Hamilton
operator) such that

m(6(a)) = —i[H, 7 (a)], m(Gy) = exp(—itH), a € A. (4.6.3)
The corresponding autonomous Schrodinger equation reads
(O + TH)Y = 0, (4.6.4)

where 9 is a section of the trivial Hilbert bundle R x £ — R. Its solution
with an initial value ¢(0) € E is

¥ (t) = exp[—itH]y(0). (4.6.5)

Remark 4.6.1. If the derivation J is unbounded, but obeys the assump-
tions of Proposition 4.2.2, we also obtain the unitary representation (4.6.3)
of the group [Gy], but the curve 9 (t) (4.6.5) need not be differentiable, and
the Schrodinger equation (4.6.4) is ill defined.
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Let us return to the general case of a quantum system characterized by
a bundle of C*-algebras C — R with a typical fibre A. Let us suppose that a
phase Hilbert space of a quantum system is preserved under evolution, i.e.,
instantaneous C*-algebras A; are endowed with representations equivalent
to some representation of the C*-algebra A in a Hilbert space E. Then
quantum evolution can be described by means of the Schrédinger equation
as follows.

Let us consider a smooth Hilbert bundle £ — R with the typical fibre
E and a connection V on the C*°(R)-module £(R) of smooth sections of
€ — R (Section 4.5). This connection assigns to the standard vector field
0¢ on R an R-module endomorphism V; of £(R) which obeys the Leibniz
rule

Vi(f) = 0cfvo+ V1), Y € ER), feC*R),

and the condition

(V) () (@)) + (D (DI(Ve)(£)) = e (8)[3(2))-

Given a trivialization £ = R x E, the connection V; reads
Vit = (0 + M), (4.6.6)

where H(t) are bounded self-adjoint operators in E for all t € R. It is a
U(FE)-principal connection.

We say that a section ¥ of the Hilbert bundle £ — R is an integral
section of the connection V; (4.6.6) if it fulfils the equation

Vb (t) = (0 + iH(t))y(t) = 0. (4.6.7)

One can think of this equation as being the Schrodinger equation for the
Hamilton operator H(t). Its solution with an initial value 1(0) € E exists
and reads

Y(t) = U(t)y(0), (4.6.8)

where U(t) is an operator of a parallel displacement with respect to the
connection (4.6.6). This operator is a differentiable section of the trivial
bundle

RxU(E) — R,
which obeys the equation

BU(t) = —iH(t) o Ut),  U(0) =1. (4.6.9)
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The operator U(t) plays a role of the evolution operator. It is given by the
time-ordered exponential

U(t) = Texp —i/H(t’)dt’ ) (4.6.10)
0

which uniformly converges in the operator norm [29]. Under certain condi-
tions, U(t) can be written as a true exponential

U(t) = exp S(t)

of an anti-Hermitian operator S(t) which is expressed as the Magnus series

S(t) = io: Sk(t)
k=1

of multiple integrals of nested commutators [98; 126].
It should be emphasized that the evolution operator U(t) has been de-
fined with respect to a given trivialization of a Hilbert bundle £ — R.



Chapter 5

Geometric quantization

To quantize classical Hamiltonian systems, one usually follows canonical
quantization which replaces the Poisson bracket { f, f’} of smooth functions
with the bracket []?, f’] of Hermitian operators in a Hilbert space such
that Dirac’s condition (0.0.4) holds. Canonical quantization of Hamiltonian
non-relativistic mechanics on a configuration space Q — R is geometric
quantization [57; 65]. It takes a form of instantwise quantization phrased
in terms of Hilbert bundles over R (Section 5.4.3).

We start with the standard geometric quantization of symplectic man-
ifolds (Section 5.1). This is the case of autonomous Hamiltonian sys-
tems. In particular, we refer to geometric quantization of the cotan-
gent bundle (Section 5.2). Developed for symplectic manifolds [38;
148], the geometric quantization technique has been generalized to Poisson
manifolds in terms of contravariant connections [156; 157]. Though there
is one-to-one correspondence between the Poisson structures on a smooth
manifold and its symplectic foliations, geometric quantization of a Poisson
manifold need not imply quantization of its symplectic leaves [158].

Geometric quantization of symplectic foliations disposes of these prob-
lems (Section 5.3). A quantum algebra of a symplectic foliation also is a
quantum algebra of the associated Poisson manifold such that its restriction
to each symplectic leaf is a quantum algebra of this leaf. Thus, geometric
quantization of a symplectic foliation provides leafwise quantization of a
Poisson manifold. For instance, this is the case of Hamiltonian systems
whose symplectic leaves are indexed by non-quantizable variables, e.g., in-
stants of time (Section 5.4.3) and classical parameters (Section 9.3).

For the sake of simplicity, symplectic and Poisson manifolds through-
out this Chapter are assumed to be simple connected (see Remark 5.1.2).
Geometric quantization of toroidal cylinders possessing a non-trivial first
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homotopy group is considered in Section 7.8.

5.1 Geometric quantization of symplectic manifolds

Geometric quantization of a symplectic manifold falls into the following
three steps: prequantization, polarization and metaplectic correction.

Let (Z,2) be a 2m-dimensional simply connected symplectic manifold.
Let C'— Z be a complex line bundle whose typical fibre is C. It is coordi-
nated by (z*, c) where ¢ is a complex coordinate.

Proposition 5.1.1. By virtue of the well-known theorems [85; 109/, the
structure group of a complex line bundle C — Z is reducible to U(1) such
that:

e given a bundle atlas of C — Z with U(1)-valued transition functions
and associated bundle coordinates (z*,c), there exists a Hermitian fibre
metric

g(c,c) = cc (5.1.1)
in C;

e for any Hermitian fibre metric g in C — Z, there exists a bundle atlas
of C — Z with U(1)-valued transition functions such that g takes the form
(5.1.1) with respect to the associated bundle coordinates.

Let K be a linear connection on a fibre bundles C — Z. It reads
K = dz* @ (0x + Kxcoe), (5.1.2)
where Iy are local complex functions on Z. The corresponding covariant
differential D* (11.4.8) takes the form

DX = (¢ — Kac)dz* @ O.. (5.1.3)
The curvature two-form (11.4.18) of the connection K (5.1.2) reads
1
R = 5(8VICM — 0,C,))edz” A dzH ® 0. (5.1.4)

Proposition 5.1.2. A connection A on a complex line bundle C — Z
is a U(1)-principal connection if and only if there exists an A-invariant
Hermitian fibre metric g in C, i.e.,
dH(g(Cv C)) - g(DAC, C) Jrg(c, DAC)'

With respect to the bundle coordinates (2*,c) in Proposition 5.1.1, this
connection reads

A=dz* @ 0\ +iAxcd.), (5.1.5)
where Ay are local real functions on Z.
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The curvature R (5.1.4) of the U(1)-principal connection A (5.1.5) de-
fines the first Chern characteristic form

cr(A) = —i(&,Au 0, A )edz? A da, (5.1.6)
R = —2mic; ® uc, (5.1.7)

where
uc = c0, (5.1.8)

is the Liouville vector field (11.2.33) on C'. The Chern form (5.1.6) is closed,
but it need not be exact because A, dz" is not a one-form on Z in general.

Definition 5.1.1. A complex line bundle C — Z over a symplectic ma-
nifold (Z,Q) is called a prequantization bundle if a form (27)71Q on Z
belongs to the first Chern characteristic class of C.

A prequantization bundle, by definition, admits a U(1)-principal con-
nection A, called an admissible connection, whose curvature R (5.1.4) obeys
the relation

R=-iQ®uc, (5.1.9)
called the admissible condition.

Remark 5.1.1. A criterion of the existence of an admissible connection is
based on the fact that the Chern form ¢; is a representative of an integral co-
homology class in the de Rham cohomology group Hi(Z). Consequently,
a symplectic manifold (Z, Q) admits a prequantization bundle C — Z and
an admissible connection if and only if the symplectic form € belongs to
an integral de Rham cohomology class.

Remark 5.1.2. Let A be the admissible connection (5.1.5) and B = B, dz"
a closed one-form on Z. Then

A'=A+icB® 0, (5.1.10)

also is an admissible connection. Since a manifold Z is assumed to be
simply connected, a closed one-form B is exact. In this case, connections
A and A’ (5.1.10) are gauge conjugate . This means that there is a vertical
principal automorphism ¢ of a complex line bundle C' and a C-associated
U(1)-principal bundle P such that A’ = J'® o A, where A and A’ are
treated as sections of the jet bundle J'P — P [109)].
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Given an admissible connection A, one can assign to each function f €
C>*(Z) the C-valued first order differential operator f on a fibre bundle
C — Z in accordance with Kostant—Souriau formula

f=—i0f| DA — fuc = —[i0}(cx — iAxc) + fcld, (5.1.11)

where D? is the covariant differential (5.1.3) and 9 is the Hamiltonian
vector field of f. It is easily justified that the operators (5.1.11) obey
Dirac’s condition (0.0.4) for all elements f of the Poisson algebra C*°(Z).

Remark 5.1.3. In order to obtain Dirac’s condition with the physical co-
efficients

[F. P = —in{1. 17}, (5.1.12)

one should take the operators
~ 1
f=— {ihﬂfJDA + ﬁfc} e.

The Kostant—Souriau formula (5.1.11) is called prequantization because,
in order to obtain Hermitian operators ]? (5.1.11) acting on a Hilbert space,
one should restrict both a class of functions f € C*°(Z) and a class of
sections of C' — Z in consideration as follows.

Given a symplectic manifold (Z,2), by its polarization is meant a max-

imal involutive distribution T C T'Z such that
Q9,v) =0, Y,veT,, I AA

This term also stands for the algebra 7q of sections of the distribution
T. We denote by Az the subalgebra of the Poisson algebra C'*°(Z) which
consists of the functions f such that

[19]579] C TQ.

It is called the quantum algebra of a symplectic manifold (Z,<2). Elements
of this algebra only are quantized.

In order to obtain the carrier space of the algebra Az, let us assume
that Z is oriented and that its cohomology H?(Z;Zs) with coefficients in
the constant sheaf Z, vanishes. In this case, one can consider the met-
alinear complex line bundle D, 5[Z] — Z characterized by a bundle atlas
{(U;2*,7)} with the transition functions

o
det (%)‘ . (5.1.13)

r’ = Jr, JJ =
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Global sections p of this bundle are called the half-densities on Z [38; 165].
Note that the metalinear bundle Dy /5[Z] — Z admits the canonical lift of
any vector field u on Z such that the corresponding Lie derivative of its
sections reads

1
L, = v ) + §8>\u)‘. (5.1.14)

Given an admissible connection A, the prequantization formula (5.1.11)
is extended to sections s ® p of the fibre bundle

CD,pl2) — 2 (5.1.15)

as follows:

fls@p) = (=iVg, — Fs®p) = (fs) @ p+ 5@ Ly,p, (5.1.16)
Vo, (s @p) = (V§,s) @ p+s©Lg,p,

where Ly, p is the Lie derivative (5.1.14) acting on half-densities. This
extension is said to be the metaplectic correction, and the tensor product
(5.1.15) is called the quantization bundle. One can think of its sections
o as being C-valued half-forms. It is readily observed that the operators
(5.1.16) obey Dirac’s condition (0.0.4). Let us denote by €z a complex
vector space of sections g of the fibre bundle C' ® D, /5[Z] — Z of compact
support such that

Vy0=0, v € 1q, (5.1.17)
Voo =Vu(s®@p) = (V2s) @ p+ 5 Lyp.

Lemma 5.1.1. For any function f € Ar and an arbitrary section o € €z,
the relation fo € €z holds.

Thus, we have a representation of the quantum algebra A7 in the space
¢5. Therefore, by quantization of a function f € Az is meant the re-
striction of the operator f (5.1.16) to €. It should be emphasized that a
non-zero space €z need not exist (see Section 5.2).

Let g be an A-invariant Hermitian fibre metric in C' — Z in accordance
with Proposition 5.1.2. If &z # 0, the Hermitian form

(51 @ p1ls2 ® p2) = /9(817 $2)p1P2 (5.1.18)
z
brings €z into a pre-Hilbert space. Its completion €z is called a quan-
tum Hilbert space, and the operators f (5.1.16) in this Hilbert space are
Hermitian.
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5.2 Geometric quantization of a cotangent bundle

Let us consider the standard geometric quantization of a cotangent bundle
[38; 148; 165].

Let M be an m-dimensional simply connected smooth manifold coordi-
nated by (¢%). Its cotangent bundle 7* M is simply connected. It is provided
with the canonical symplectic form Q7 (3.1.3) written with respect to holo-
nomic coordinates (¢*, p; = ¢;) on T*M. Let us consider the trivial complex
line bundle

C=T"M x C— T*M. (5.2.1)

The canonical symplectic form (3.1.3) on T*M is exact, i.e., it has the same
zero de Rham cohomology class as the first Chern class of the trivial U(1)-
bundle C' (5.2.1). Therefore, C is a prequantization bundle in accordance
with Definition 5.1.1.

Coordinated by (q¢°, p;,c), this bundle is provided with the admissible
connection (5.1.5):

A=dp; @ +dg’ @ (9; — ipjcde) (5.2.2)

such that the condition (5.1.9) is satisfied. The corresponding A-invariant
fibre metric in C' is given by the expression (5.1.1). The covariant deriva-
tive of sections s of the prequantization bundle C' (5.2.1) relative to the
connection A (5.2.2) along the vector field u = u?8; + u;87 on T*M reads

Vus =u! (0 +ipj)s + u;0’s. (5.2.3)
Given a function f € C*°(T*M) and its Hamiltonian vector field
Iy =0'f0; — 0, f0",
the covariant derivative (5.2.3) along ¥y is
Vi, s=0"f(0; +ip;)s — i fO's.

With the connection A (5.2.2), the prequantization (5.1.11) of elements f
of the Poisson algebra C°(T*M) takes the form

f=—idl f(0; +ip;) +i0;fO — f. (5.2.4)

Let us note that, since the complex line bundle (5.2.1) is trivial, its sec-
tions are simply smooth complex functions on T*M. Then the prequantum
operators (5.2.4) can be written in the form

f=—iLy, + (Lof — f), (5.2.5)
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where v = p;07 is the Liouville vector field (11.2.33) on T*M — M.

It is readily observed that the vertical tangent bundle VT*M of the
cotangent bundle T*M — M provides a polarization of T*M. Cer-
tainly, it is not a unique polarization of T*M (see Section 6.5). We
call VT*M the vertical polarization. The corresponding quantum algebra
Ap C C°°(T*M) consists of affine functions of momenta

f=a'(¢")pi +b(¢) (5.2.6)
on T*M. Their Hamiltonian vector fields read
Wy = aiai — (pjaiaj + &b)al (5.2.7)

We call Ar the quantum algebra of a cotangent bundle.

Since the Jacobain of holonomic coordinate transformations of the
cotangent bundle T* M equals 1, the geometric quantization of T* M need
no metaplectic correction. Consequently, the quantum algebra Ap of the
affine functions (5.2.6) acts on the subspace &7« C C*°(T* M) of complex
functions of compact support on 7*M which obey the condition (5.1.17):

Vs = 0;0's =0, Ta D v =v;0.

A glance at this equality shows that elements of &7.j; are independent
of momenta p;, i.e., they are the pull-back of complex functions on M
with respect to the fibration T*M — M. These functions fail to be of
compact support, unless s = 0. Consequently, the carrier space &y
of the quantum algebra Arp is reduced to zero. One can overcome this
difficulty as follows.

Given the canonical zero section 6(M ) of the cotangent bundle T*M —
M, let

Cy =0(M)*C (5.2.8)

be the pull-back of the complex line bundle C (5.2.1) over M. It is a trivial
complex line bundle Cy; = M x C provided with the pull-back Hermitian
fibre metric g(c, ') = ¢@ and the pull-back (11.4.7):

Ay =0(M)*A = dg’ @ (8; — ipjcd.)
of the connection A (5.2.2) on C. Sections of Cps are smooth complex
functions on M. One can consider a representation of the quantum algebra

Ar of the affine functions (5.2.6) in the space of complex functions on M
by the prequantum operators (5.2.4):

f: —iajﬁj — b
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However, this representation need a metaplectic correction.

Let us assume that M is oriented and that its cohomology H?(M;Zs)
with coefficients in the constant sheaf Zy vanishes. Let D;/5[M] be the
metalinear complex line over M. Since the complex line bundle Cys (5.2.8)
is trivial, the quantization bundle (5.1.15):

Crr © Dy jo[M] — M (5.2.9)

is isomorphic to Dy jo[M].

Because the Hamiltonian vector fields (5.2.7) of functions f (5.2.6)
project onto vector fields a’d; on M and L, f — f = —b in the formula
(5.2.5) is a function on M, one can assign to each element f of the quan-
tum algebra Ar the following first order differential operator in the space
D, j2(M) of complex half-densities p on M:

fo=(=iLgg, — b)p = (~ia?d; — %ajaj —b)p, (5.2.10)

where Ly, is the Lie derivative (5.1.14) of half-densities. A glance at the
expression (5.2.10) shows that it is the Schrédinger representation of the
quantum algebra Ar of the affine functions (5.2.6). We call 7 (5.2.10) the
Schrédinger operators.

Let €y C Dy/2(M) be a space of complex half-densities p of compact
support on M and €,; the completion of &j; with respect to the non-
degenerate Hermitian form

o) = [ oo (5.2.11)
Q

The (unbounded) Schrédinger operators (5.2.10) in the domain s of the
Hilbert space €,; are Hermitian.

5.3 Leafwise geometric quantization

As was mentioned above, the geometric quantization technique has been
generalized to Poisson manifolds in terms of contravariant connections [156;
157], but geometric quantization of a Poisson manifold need not imply
quantization of its symplectic leaves [158].

e Firstly, contravariant connections fail to admit the pull-back opera-
tion. Therefore, prequantization of a Poisson manifold does not determine
straightforwardly prequantization of its symplectic leaves.
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e Secondly, polarization of a Poisson manifold is defined in terms of
sheaves of functions, and it need not be associated to any distribution. As
a consequence, its pull-back onto a leaf is not polarization of a symplectic
manifold in general.

e Thirdly, a quantum algebra of a Poisson manifold contains the center
of a Poisson algebra. However, there are models where quantization of this
center has no physical meaning. For instance, a center of the Poisson alge-
bra of a mechanical system with classical parameters consists of functions
of these parameters [58].

Geometric quantization of symplectic foliations disposes of these prob-
lems. A quantum algebra Az of a symplectic foliation F also is a quantum
algebra of the associated Poisson manifold such that its restriction to each
symplectic leaf F' is a quantum algebra of F'. Thus, geometric quantiza-
tion of a symplectic foliation provides leafwise quantization of a Poisson
manifold [58; 65].

Geometric quantization of a symplectic foliation is phrased in terms
of leafwise connections on a foliated manifold (see Definition 5.3.1 below).
Firstly, we have seen that homomorphisms of the de Rham cohomology of
a Poisson manifold both to the de Rham cohomology of its symplectic leaf
and the LP cohomology factorize through the leafwise de Rham cohomol-
ogy (Propositions 3.1.3 and 3.1.4). Secondly, any leafwise connection on
a complex line bundle over a Poisson manifold is proved to come from a
connection on this bundle (Theorem 5.3.1). Using these facts, we state the
equivalence of prequantization of a Poisson manifold to prequantization of
its symplectic foliation (Remark 5.3.2), which also yields prequantization
of each symplectic leaf (Proposition 5.3.2). We show that polarization of
a symplectic foliation is associated to particular polarization of a Poisson
manifold (Proposition 5.3.3), and its restriction to any symplectic leaf is
polarization of this leaf (Proposition 5.3.4). Therefore, a quantum algebra
of a symplectic foliation is both a quantum algebra of a Poisson manifold
and, restricted to each symplectic leaf, a quantum algebra of this leaf.

We define metaplectic correction of a symplectic foliation so that its
quantum algebra is represented by Hermitian operators in the pre-Hilbert
module of leafwise half-forms, integrable over the leaves of this foliation.

5.3.1 Prequantization

Let (Z,{,}) be a Poisson manifold and (F, Q) its symplectic foliation such
that {,} = {, }# (Section 3.1.5). Let leaves of F be simply connected.
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Prequantization of a symplectic foliation (F,Qz) provides a represen-
tation

f=Ff =il (5.3.1)
of the Poisson algebra (C*°(Z), {, } 7) by first order differential operators on
sections s of some complex line bundle C' — Z, called the prequantization

bundle. These operators are given by the Kostant—Souriau prequantization
formula

[=—iVis+efs, 9p=0Q%df), =#0, (5.3.2)

where V7 is an admissible leafwise connection on C — Z such that its
curvature form R (5.3.11) obeys the admissible condition

R =ieQF ® uc, (5.3.3)

where uc is the Liouville vector field (5.1.8) on C.

Using the above mentioned fact that any leafwise connection comes from
a connection, we provide the cohomology analysis of this condition, and
show that prequantization of a symplectic foliation yields prequantization
of its symplectic leaves.

Remark 5.3.1. If Z is a symplectic manifold whose symplectic foliation
is reduced to Z itself, the formulas (5.3.2) — (5.3.3), e = —1, of leafwise
prequantization restart the formulas (5.1.11) and (5.1.9) of geometric quan-
tization of a symplectic manifold Z.

Let S£(Z) C C*°(Z) be a subring of functions constant on leaves of a
foliation F, and let 7;(F) be the real Lie algebra of global sections of the
tangent bundle TF — Z to F. It is the Lie Sz(Z)-algebra of derivations
of C*(Z), regarded as a Sz(Z)-ring.

Definition 5.3.1. In the framework of the leafwise differential calculus
$*(Z) (3.1.21), a (linear) leafwise connection on a complex line bundle
C — Z is defined as a connection V¥ on the C*(Z)-module C(Z) of
global sections of this bundle, where C*°(Z) is regarded as an Sz(Z)-ring
(see Definition 11.5.2). It associates to each element T € 77 (F) an Sz(Z)-
linear endomorphism V7 of C(Z) which obeys the Leibniz rule

VI(fs) = (r]df)s+ fVLI(s), feC™(Z), se€C(Z). (5.34)
A linear connection on C — Z can be equivalently defined as a con-

nection on the module C(Z) which assigns to each vector field 7 € T7(2)
on Z an R-linear endomorphism of C(Z) obeying the Leibniz rule (5.3.4).
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Restricted to 77(F), it obviously yields a leafwise connection. In order to
show that any leafwise connection is of this form, we appeal to an alterna-
tive definition of a leafwise connection in terms of leafwise forms.

The inverse images 7~ 1(F) of leaves F' of the foliation F of Z provide
a (regular) foliation Cz of the line bundle C. Given the (holomorphic)
tangent bundle T'C'x of this foliation, we have the exact sequence of vector
bundles

0—VC —TCr —CxTF —0, (5.3.5)
C C zZ

where VO is the (holomorphic) vertical tangent bundle of C' — Z.

Definition 5.3.2. A (linear) leafwise connection on the complex line bun-
dle C — Z is a splitting of the exact sequence (5.3.5) which is linear over

C.

One can choose an adapted coordinate atlas {(Ug; 2, 2%)} (11.2.65) of
a foliated manifold (Z, F) such that Ug are trivialization domains of the
complex line bundle C — Z. Let (z*, 2% ¢), ¢ € C, be the corresponding
bundle coordinates on C' — Z. They also are adapted coordinates on the
foliated manifold (C,Cx). With respect to these coordinates, a (linear)
leafwise connection is represented by a T'Cr-valued leafwise one-form

Ar =dz' @ (0; + Aicd,), (5.3.6)

where A; are local complex functions on C.
The exact sequence (5.3.5) is obviously a subsequence of the exact
sequence

0—-VC —TC —CxTZ — 0,
C c 7Z

where T'C' is the holomorphic tangent bundle of C. Consequently, any
connection

K =dz* @ (0x + Kacde) + dz* @ (8; + Kicd,) (5.3.7)
on the complex line bundle C' — Z yields a leafwise connection
Ky = dz' @ (8; + Kicd.). (5.3.8)

Theorem 5.3.1. Any leafwise connection on the complex line bundle
C — Z comes from a connection on it.
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Proof. Let Ar (5.3.6) be a leafwise connection on C — Z and Kr
(5.3.8) a leafwise connection which comes from some connection K (5.3.7) on
C — Z. Their affine difference over C' is a section

S=Ar —Kr=dz'® (A — K;)cd,
of the vector bundle

T]:*ngc_’ C.

Given some splitting
B:dz' — dz' — Bidz* (5.3.9)
of the exact sequence (11.2.67), the composition
(B®Idye)oS = (dz' — Bidz") @ (A; — Ki)cde : C — T*Z? |46¢
is a soldering form on the complex line bundle C' — Z. Then
K+ (B®ldye)oS =
dz* @ (Ox + [Kx — Bi(Ai — K;)]ede) 4+ dz* @ (0; + Aicd.)
is a desired connection on C' — Z which yields the leafwise connection Az
(5.3.6). O

In particular, it follows that Definitions 5.3.1 and 5.3.2 of a leafwise
connection are equivalent, namely,

Vs =ds — Ajsdz’, se C(2).
The curvature of a leafwise connection V¥ is defined as a C*°(Z)-linear

endomorphism

E(’D T/) == V[’FT’T/] - [Vf, Vf/] = TiT,jRZ‘j, Rij = 87;14]‘ - ain, (5310)

of C(Z) for any vector fields 7, 7" € 71 (F). It is represented by the vertical-
valued leafwise two-form

1 o~ o~
R= §Rijdzz ANdz? @ uc. (5.3.11)

If a leafwise connection V¥ comes from a connection V, its curvature leaf-
wise form R (5.3.11) is an image R = %R of the curvature form R (11.4.13)
of the connection V with respect to the morphism % (3.1.22).

Now let us turn to the admissible condition (5.3.3).

Lemma 5.3.1. Let us assume that there exists a leafwise connection Kr
on the complex line bundle C — Z which fulfils the admissible condition



5.8. Leafwise geometric quantization 167

(5.3.3). Then, for any Hermitian fibre metric g in C — Z, there erists a
leafwise connection A% on C' — Z which:

(i) satisfies the admissible condition (5.3.3),

(i) preserves g,

(iii) comes from a U(1)-principal connection on C — Z.
This leafwise connection A% is called admissible.

Proof. Given a Hermitian fibre metric g in C — Z, let U9 = {(2*, 2%, ¢)}
an associated bundle atlas of C' with U(1)-valued transition functions such
that g(c,c’) = c¢ (Proposition 5.1.1). Let the above mentioned leafwise
connection Kz come from a linear connection K (5.3.7) on C' — Z written
with respect to the atlas W9. The connection K is split into the sum A9 4~
where

A9 = dz* @ (0x + Im(Cy)ede) + dz' @ (95 + Tm(K;)cd,) (5.3.12)

is a U(1)-principal connection, preserving the Hermitian fibre metric g. The
curvature forms R of I and RY of A9 obey the relation RY = Im(R). The
connection A9 (5.3.12) defines the leafwise connection

A% =i A=d' @ (0; +iA%¢d,),  iAY =Tm(K;), (5.3.13)

preserving the Hermitian fibre metric g. Its curvature fulfils a desired
relation

RI = i%RI = Im(i%R) = ieQr @ uc. (5.3.14)
O

Since A9 (5.3.12) is a U(1)-principal connection, its curvature form RY
is related to the first Chern form of integral de Rham cohomology class
by the formula (5.1.7). If the admissible condition (5.3.3) holds, the rela-
tion (5.3.14) shows that the leafwise cohomology class of the leafwise form
—(27)1eQr is an image of an integral de Rham cohomology class with
respect to the cohomology morphism [i%] (3.1.23). Conversely, if a leafwise
symplectic form Qz on a foliated manifold (Z, F) is of this type, there ex-
ist a prequantization bundle C' — Z and a U(1)-principal connection A on
C — Z such that the leafwise connection i’ A fulfils the relation (5.3.3).
Thus, we have stated the following.

Proposition 5.3.1. A symplectic foliation (F,Qx) of a manifold Z admits
the prequantization (5.5.2) if and only if the leafwise cohomology class of
—(27)~teQr is an image of an integral de Rham cohomology class of Z.
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Remark 5.3.2. In particular, let (Z, w) be a Poisson manifold and (F, Qx)
its characteristic symplectic foliation. As is well-known, a Poisson mani-
fold admits prequantization if and only if the LP cohomology class of the
bivector field (27) tew, € > 0, is an image of an integral de Rham coho-
mology class with respect to the cohomology morphism [w#] (3.1.20) [156;
157]. By virtue of Proposition 3.1.4, this morphism factorizes through the
cohomology morphism [i%] (3.1.23). Therefore, in accordance with Propo-
sition 5.3.1, prequantization of a Poisson manifold takes place if and only
if prequantization of its symplectic foliation does well, and both these pre-
quantizations utilize the same prequantization bundle C — Z. Herewith,
each leafwise connection V7 obeying the admissible condition (5.3.3) yields
the admissible contravariant connection
vg)} :v{;ﬁ(qﬁ)a ¢601(Z)7

on C' — Z whose curvature bivector equals iew. Clearly, V¥ and V* lead
to the same prequantization formula (5.3.2).

Let F be a leaf of a symplectic foliation (F,Qz) provided with the
symplectic form
Qp =ipQF.
In accordance with Proposition 3.1.3 and the commutative diagram
H*(Z;Z) — Hpg(Z)

H*(F5Z) — Hjg(F)
of groups of the de Rham cohomology H{)p, (*) and the cohomology H* (x; Z)
with coefficients in the constant sheaf Z, the symplectic form —(27) ~1eQp
belongs to an integral de Rham cohomology class if a leafwise symplectic
form Qg fulfils the condition of Proposition 5.3.1. This states the following.

Proposition 5.3.2. If a symplectic foliation admits prequantization, each
its symplectic leaf does prequantization too.

The corresponding prequantization bundle for F' is the pull-back com-
plex line bundle i},C, coordinated by (z*,¢). Furthermore, let A% (5.3.13)
be a leafwise connection on the prequantization bundle C' — Z which obeys
Lemma 5.3.1, i.e., comes from a U(1)-principal connection A9 on C' — Z.
Then the pull-back

Ap = i3 A% = dz2' @ (0; + ii%(AY)cO,) (5.3.15)
of the connection A9 onto i3.C' — F' satisfies the admissible condition
Rp =imR =icQp,
and preserves the pull-back Hermitian fibre metric i}.g in i%C — F.
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5.3.2 Polarization

Let us define polarization of a symplectic foliation (F, Qz) of a manifold Z
as a maximal (regular) involutive distribution T C T'F on Z such that

Qr(u,v) =0, u,v € T, z€Z. (5.3.16)

Given the Lie algebra T(Z) of T-subordinate vector fields on Z, let
Ar C C*®°(Z) be the complexified subalgebra of functions f whose leaf-
wise Hamiltonian vector fields ¥ (3.1.28) fulfil the condition

s, T(Z) C T(Z).

It is called the quantum algebra of a symplectic foliation (F,Qz) with
respect to the polarization T. This algebra obviously contains the center
Sz(Z) of the Poisson algebra (C*(Z), {, } ), and it is a Lie Sz (Z)-algebra.

Proposition 5.3.3. Every polarization T of a symplectic foliation (F,Qx)
yields polarization of the associated Poisson manifold (Z,wgq).

Proof. Let us consider the presheaf of local smooth functions f on Z
whose leafwise Hamiltonian vector fields ¥y (3.1.28) are subordinate to
T. The sheaf ® of germs of these functions is polarization of the Poisson
manifold (Z,wgq) (see Remark 5.3.3 below). Equivalently, ® is the sheaf of
germs of functions on Z whose leafwise differentials are subordinate to the
codistribution Q?_-T. a

Remark 5.3.3. Let us recall that polarization of a Poisson manifold
(Z,{,}) is defined as a sheaf T* of germs of complex functions on Z
whose stalks T%, z € Z, are Abelian algebras with respect to the Pois-
son bracket {,} [158]. Let T*(Z) be the structure algebra of global
sections of the sheaf T*; it also is called the Poisson polarization [156;
157). A quantum algebra A associated to the Poisson polarization T* is
defined as a subalgebra of the Poisson algebra C°°(Z) which consists of
functions f such that

{f,T°(2)} c T*(2).
Polarization of a symplectic manifold yields its Poisson one.

Let us note that the polarization ® in the proof of Proposition 5.3.3)
need not be maximal, unless T is of maximal dimension dim F/2. It belongs
to the following particular type of polarizations of a Poisson manifold. Since
the cochain morphism i% (3.1.22) is an epimorphism, the leafwise differen-
tial calculus §* is universal, i.e., the leafwise differentials d f of functions
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f € C>(Z) on Z make up a basis for the C>°(Z)-module F'(Z). Let ®(2)
denote the structure R-module of global sections of the sheaf ®. Then the
leafwise differentials of elements of ®(Z) make up a basis for the C*°(Z)-
module of global sections of the codistribution Qb}-T. Equivalently, the
leafwise Hamiltonian vector fields of elements of ®(Z) constitute a basis for
the C*°(Z)-module T(Z). Then one can easily show that polarization T
of a symplectic foliation (F,r) and the corresponding polarization ® of
the Poisson manifold (Z, wgq) in Proposition 5.3.3 define the same quantum
algebra Ar.

Let (F,Q2r) be a symplectic leaf of a symplectic foliation (F, Q2 £). Given
polarization T — Z of (F,Qx), its restriction

Tr=izTCizTF=TF
to F' is an involutive distribution on F'. It obeys the condition
15Qr(u,v) =0, u,v € Tp,, z€F,

i.e., it is polarization of the symplectic manifold (F,Qr). Thus, we have
stated the following.

Proposition 5.3.4. Polarization of a symplectic foliation defines polariza-
tion of each symplectic leaf.

Clearly, the quantum algebra Ap of a symplectic leaf F' with respect to
the polarization T contains all elements ¢}, f of the quantum algebra Ax
restricted to F.

5.3.3 Quantization

Since Az is the quantum algebra both of a symplectic foliation (F,Qx)
and the associated Poisson manifold (Z,wgq), let us follow the standard
metaplectic correction technique [38; 165].

Assuming that Z is oriented and that H?(Z;Zy) = 0, let us consider
the metalinear complex line bundle D; /5[Z] — Z characterized by an atlas

Uy ={(U;2*, 2" r)}

with the transition functions (5.1.13). Global sections p of this bundle are
half-densities on Z. Their Lie derivative (5.1.14) along a vector field v on
Z reads

A 1 ,
L.p = u0xp + u'0ip + 5(8,\1/\ + Oiu’)p. (5.3.17)
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Given an admissible connection A%, the prequantization formula (5.3.2)
is extended to sections ¢ = s ® p of the fibre bundle

C @Dyl (5.3.18)
as follows
F=—il(V], +ief)®1d +1d @ Ly,] (5.3.19)
= _i[vgf +icf + %81-19}], feAr.

This extension is the metaplectic correction of leafwise quantization. It is
readily observed that the operators (5.3.19) obey Dirac’s condition (5.3.1).
Let us denote by €z the complex space of sections ¢ of the fibre bundle
(5.3.18) of compact support such that

1 .
(V5 @Id +1d @ Ly)o = (V] + 500" e =0
for all T-subordinate leafwise Hamiltonian vector fields ¢.

Lemma 5.3.2. For any function f € Ar and an arbitrary section ¢ € €z,
the relation fo € €z holds.

Thus, we have a representation of the quantum algebra A in the space
&4. Therefore, by quantization of a function f € Ax is meant the restric-

tion of the operator f (5.3.19) to €.
The space €z is provided with the non-degenerate Hermitian form

(ole) = / v (5.3.20)

Z

which brings €7 into a pre-Hilbert space. Its completion carries a represen-
tation of the quantum algebra Az by (unbounded) Hermitian operators.

However, it may happen that the above quantization has no physical
meaning because the Hermitian form (5.3.20) on the carrier space €z and,
consequently, the mean values of operators (5.3.19) are defined by integra-
tion over the whole manifold Z. For instance, it implies integration over
time and classical parameters. Therefore, we suggest a different scheme of
quantization of symplectic foliations.

Let us consider the exterior bundle 2/n\1 TF*, 2m = dim F. Its structure
group GL(2m, R) is reducible to the group GL™(2m,R) since a symplectic
foliation is oriented. One can regard this fibre bundle as being associated
to a GL(2m,C)-principal bundle P — Z. As earlier, let us assume that
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H?(Z;Zs3) = 0. Then the principal bundle P admits a two-fold covering
principal bundle with the structure metalinear group M L(2m,C) [38]. As
a consequence, there exists a complex line bundle D — Z characterized
by an atlas

Vr= {(Uﬁ; ZA» Ziar)}

with the transition functions r’ = Jzr such that

— 9zt
JrJr = det <8zJ ) . (5.3.21)

One can think of its sections as being complex leafwise half-densities on
Z. The metalinear bundle Dy 5[F] — Z admits the canonical lift of any
T-subordinate vector field w on Z. The corresponding Lie derivative of its
sections reads

. 1 .
L7 =4'0; + §8iu’. (5.3.22)
We define the quantization bundle as the tensor product

Yr=C@DplF] = 7. (5.3.23)

Its sections are C-valued leafwise half-forms. Given an admissible leafwise
connection A% and the Lie derivative L7 (5.3.22), let us associate the first
order differential operator

f=—il(V], +ief)@1d +1d @ L] ] (5.3.24)
1 )
= —i[Vy, +ief + F005l e As,

on sections pr of Yr to each element of the quantum algebra Ax. A direct
computation with respect to the local Darboux coordinates on Z proves
the following.

Lemma 5.3.3. The operators (5.3.24) obey Dirac’s condition (5.3.1).
Lemma 5.3.4. If a section ox fulfils the condition

1 )
(VI @Id +1d @ L)) or = (V5 + 500" 0F =0 (5.3.25)

for all T-subordinate leafwise Hamiltonian vector field ¥, then fgf for any
f € Ar possesses the same property.
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Let us restrict the representation of the quantum algebra Az by the
operators (5.3.24) to the subspace €x of sections gx of the quantization
bundle (5.3.23) which obey the condition (5.3.25) and whose restriction to
any leaf of F is of compact support. The last condition is motivated by the
following.

Since i, TF* = T*F, the pull-back i}, Dy /5[F] of Dy /5[F] onto a leaf
F' is a metalinear bundle of half-densities on F'. By virtue of Propositions
5.3.2 and 5.3.4, the pull-back i}, Yr of the quantization bundle Yz — Z onto
F' is a quantization bundle for the symplectic manifold (F,:%.Qr). Given
the pull-back connection Ap (5.3.15) and the polarization T = i}T, this
symplectic manifold is subject to the standard geometric quantization by
the first order differential operators

N c/ ek . 1 i
f=—i(ipVy, +ief + 5005),  fEAp, (5.3.26)
on sections g of i;;Yr — F' of compact support which obey the condition
1 .
(ixV + 581-191)@ =0 (5.3.27)

for all Tpg-subordinate Hamiltonian vector fields ¢ on F. These sections
constitute a pre-Hilbert space € with respect to the Hermitian form

(prlpe) = / 0r 0.

F

The key point is the following.

Proposition 5.3.5. We have i},Ex C €, and the relation

—

iw(for) = (is.f)(ivor) (5.3.28)
holds for all elements f € Ar and oF € Cx.

Proof. One can use the fact that the expressions (5.3.26) and (5.3.27)
have the same coordinate form as the expressions (5.3.24) and (5.3.25)

where z* =counst. O

The relation (5.3.28) enables one to think of the operators I (5.3.24) as
being the leafwise quantization of the Sz(Z)-algebra Az in the pre-Hilbert
Sr(Z)-module €z of leafwise half-forms.
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5.4 Quantization of non-relativistic mechanics

Let us develop geometric quantization of Hamiltonian non-relativistic me-
chanics on a configuration space @ — R which is assumed to be simply
connected. In contrast with the existent geometric quantizations of non-
relativistic mechanics [148; 165], we do not fix a trivialization

Q=RxM, V*Q=RxT*M. (5.4.1)

The key point is that, in this case, the evolution equation is not reduced to
the Poisson bracket on a phase space V*@, but can be expressed in the Pois-
son bracket on the homogeneous phase space T*(Q. Therefore, geometric
quantization of Hamiltonian non-relativistic mechanics on a configuration
space (Q — R requires compatible geometric quantization both of the sym-
plectic cotangent bundle T*@Q and the Poisson vertical cotangent bundle
V*@Q of Q.
The relation (3.3.8) defines the monomorphism of Poisson algebras

¢ (CFVTQ) L bv) = (CF(T7Q) A, o) (5.4.2)
Therefore, a compatibility of geometric quantizations of T*Q and V*(@Q im-
plies that this monomorphism is prolonged to a monomorphism of quantum
algebras of V*@Q and T7Q.

Of course, it seems natural to quantize C*°(V*Q) as a subalgebra (5.4.2)
of the Poisson algebra C*°(T*Q). However, geometric quantization of the
Poisson algebra (C*°(T*Q), {, }r) need not imply that of its Poisson sub-
algebra ¢*C>*(V*Q).

We show that the standard prequantization of the cotangent bundle
T*Q (Section 5.2) yields the compatible prequantization of the Poisson
manifold V*@ such that the monomorphism ¢* (5.4.2) is prolonged to a
monomorphism of prequantum algebras. However, polarization of T*Q
need not induce any polarization of V*@, unless it contains the vertical
cotangent bundle V;7*Q of the fibre bundle ¢ (3.3.3) spanned by vectors §°.
A unique canonical real polarization of T*Q), satisfying the above condition

V.T*QC T, (5.4.3)

is the vertical tangent bundle VT*Q of T*@Q — Q. The associated quan-
tum algebra Ap consists of functions on T*@Q which are affine in momenta
(po, pi). We show that this vertical polarization of T*@Q) yields polarization
of a Poisson manifold V*@ such that the corresponding quantum algebra
Ay consists of functions on V*@Q which are affine in momenta p;. It fol-
lows that Ay is a subalgebra of Ap under the monomorphism (5.4.2). After
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metaplectic correction, the compatible Schrodinger representations (5.4.15)
of Ay and (5.4.17) of Ay by operators on complex half-densities on @Q is
obtained.

The physical relevance of the Schrodinger quantization of 7*Q however
is open to question. The scalar product of half-densities on ) implies in-
tegration over time, though the time plays a role of a classical evolution
parameter in quantum mechanics, based on Schrodinger and Heisenberg
equations. At the same time, the Schrodinger quantization of V*@Q provides
instantwise quantization of non-relativistic mechanics. Indeed, a glance at
the Poisson bracket (3.3.7) shows that the Poisson algebra C*°(V*Q) is a
Lie algebra over the ring C*°(R) of functions of time alone, where algebraic
operations in fact are instantwise operations depending on time as a param-
eter. We show that the Schrodinger quantization of the Poisson manifold
V*@ induces geometric quantization of its symplectic fibres V,*Q, t € R,
such that the quantum algebra A; of V,*@Q consists of elements f € Ay
restricted to V*@Q. This agrees with the instantwise quantization of sym-
plectic fibres {t} x T*M of the direct product (5.4.1) in [148]. Moreover,
the induced geometric quantization of fibres V;*@Q, by construction, is de-
termined by their injection to V*@, but not projection of V*@Q. Therefore,
it is independent of the trivialization (5.4.1).

Let us turn now to quantization of the evolution equation (3.8.1) in non-
relativistic mechanics. Since this equation is not reduced to the Poisson
bracket, quantization of the Poisson manifold V*@ fails to provide quan-
tization of this evolution equation. Therefore, we quantize the equivalent
homogeneous evolution equation (3.8.3) expressed in the Poisson bracket
on the symplectic manifold 7*Z. A problem however is that the homo-
geneous Hamiltonian H* (3.4.1) in the formula (3.8.3) does not belong to
the algebra A, unless it is affine in momenta. Let us assume that H* is a
polynomial of momenta. This is the case of all physical models. Then we
show below that H* can be represented by a finite sum of products of ele-
ments of Ar, though this representation by no means is unique. Thereby,
it can be quantized as an element of the enveloping algebra Ar of the Lie
algebra Arp.

Remark 5.4.1. An ambiguity of an operator representation of a classical
Hamiltonian is a well-known technical problem of Schrédinger quantization
as like as any geometric quantization scheme, where a Hamiltonian does
not preserve polarization (see [148] for a general, but rather sophisticated
analysis of such Hamiltonians). One can include the homogeneous Hamil-
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tonian H* (3.4.1) in a quantum algebra by choosing polarization of T*@Q
which contains the Hamiltonian vector field of H*. This polarization always
exists, but does not satisfy the condition (5.4.3) and, therefore, does not de-
fine any polarization of the Poisson manifold V*@Q. Let us note that, given
a trivialization (5.4.1), symplectic fibres V,*@, t € R, of the Poisson bundle
V*@Q — R can be provided with the instantwise polarization spanned by
vectors

(OVHO* — 0" HOy, -, O HO™ — O™ HOpm).

However, this polarization need not be regular. It is a standard polarization
in autonomous Hamiltonian mechanics of one-dimensional systems, but it
requires an exclusive analysis of each physical model.

Given a homogeneous Hamiltonian H* (3.4.1) and its representative H
in A7, the map

V3f_’{ﬁ*7f}T

is a derivation of the enveloping algebra Ay C Ar of the Lie algebra Ay .
Moreover, this derivation obeys the Leibniz rule

NV(rf)=0wrf+rVf, r € C*(R),

and, consequently, is a connection on the instantwise algebra Ay,. Since this
property is preserved under quantization, geometric quantization of non-
relativistic mechanics leads to its instantwise quantization (Section 4.6).

5.4.1 Prequantization of T*Q and V*Q

We start with the standard prequantization of the cotangent bundle T*@
coordinated by

(@*,px) = (" =t, 4", po, i)

(Section 5.2). Since the symplectic form Qr on T*Q is exact and, conse-
quently, belongs to the zero de Rham cohomology class, a prequantization
bundle is the trivial complex line bundle

C=T'QxC—T"Q (5.4.4)

of zero Chern class. Coordinated by (¢*, px, ¢), this bundle is provided with
the admissible linear connection (5.2.2):

A =dpy ® 0 +dg* @ (Ox — iprcde), (5.4.5)
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whose curvature form equals —iQ27 ® uc. The A-invariant Hermitian fibre
metric in C — @ is given by the expression (5.1.1). The covariant deriva-
tive of sections s of the prequantization bundle C' (5.4.4) relative to the
connection A (5.4.5) along the vector field v on T*Q reads

Vs = u(Ox + ipy)s + uprds. (5.4.6)
Given a function f € C*°(T*Q) and its Hamiltonian vector field
Ip =M fO\ — OrfOr
the covariant derivative (5.4.6) along ¥y is
Vo, s= O Nf(Ox +ipa)s — OnfO s.

By virtue of the Kostant—Souriau formula (5.1.11), one assigns to each
function f € C*°(T*Q) the first order differential operator (5.2.4):

F(s) = —i(Va, +if)s = [<i(D [Or — ONfON) + (DAD[) — fls,  (5.4.7)

on sections s of the prequantization bundle C (5.4.4). These operators
satisfy Dirac’s condition (0.0.4). The prequantum operators (5.4.7) for
elements f of the Poisson subalgebra

CFC=(V*Q) C C=(T*Q)
read
F(s) = [<i(0F fO), — Ox D) + (p0" f — [)]s. (5.4.8)

Let us turn now to prequantization of the Poisson manifold (V*@Q, {, }v).
The Poisson bivector w of the Poisson structure (3.3.7) on V*@Q is

w=0"A Ok = —[w, uv|sn, (5.4.9)

where [, ]sn is the Schouten—Nijenhuis bracket and uy = p;0" is the Liouville
vector field on the vertical cotangent bundle V*@Q — Q. The relation (5.4.9)
shows that the Poisson bivector w is w-exact (see the formula (3.1.17)) and,
consequently, possesses the zero LP cohomology class. Therefore, let us
consider the trivial complex line bundle

Cy =V*QxC —V*Q (5.4.10)

of zero Chern class. Since the line bundles C' (5.4.4) and Cy (5.4.10) are
trivial, C' can be seen as the pull-back (*C'y of Cy, while Cy is isomorphic
to the pull-back h*C' of C with respect to a section h (3.3.13) of the affine
bundle (3.3.3). Since Cy = h*C and since the covariant derivative of the
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connection A (5.4.5) along the fibres of ¢ (3.3.3) is trivial, let us consider
the pull-back

h*A = dpy, @ O* + d¢* @ (O), — iprcd.) + dt @ (0 — iHcd,)  (5.4.11)

of the connection A (5.4.5) onto Cy — V*Q. This connection defines the
contravariant derivative

V¢SV = ku(pSV (5.4.12)

of sections sy of Cy — V*@Q along one-forms ¢ on V*@Q. This contravariant
derivative corresponds to a contravariant connection Ay on the line bundle
Cy — V*Q [157]. Since the vector fields whp = ¢*0), — ¢ O* are vertical on
V*Q — R, this contravariant connection does not depend on the choice of
a section h. By virtue of the relation (5.4.12), the curvature bivector of Ay
is equal to —iw [158], i.e., Ay is an admissible connection for the Poisson
structure on V*@Q. Then the Kostant—Souriau formula

Flsv) = (=iV, — P)sv = [=i(0" foh — OO + (prd* f — sy (5.4.13)
defines prequantization of the Poisson manifold V*@Q. In particular, the
prequantum operators of functions f € C*°(R) of time alone are reduced
to the multiplication fsv = fsy. Consequently, the prequantum algebra
of V*@ inherits the structure of a C'*°(R)-algebra.

It is immediately observed that the prequantum operator f (5.4.13)
coincides with the prequantum operator Ek? (5.4.8) restricted to the pull-
back sections s = (*sy. Thus, the above mentioned prequantization of
the Poisson algebra C*°(V*Q) is equivalent to its prequantization as a
subalgebra of the Poisson algebra C*°(T*Q).

Let us note that, since the complex line bundles C' (5.4.4) and Cy
(5.4.10) are trivial, their sections are simply smooth complex functions on
T*Q and V*Q, respectively. Then the prequantum operators (5.4.7) and
(5.4.13) can be written in the form

J=—iLy, +(f — Lof), (5.4.14)

where v is the Liouville vector field v = pxd* on T*Q — Q or v = pO* on

V*Q — Q.

5.4.2 Quantization of T*Q and V*Q

Given compatible prequantizations of the cotangent bundle T*@ and the
vertical cotangent bundle V*@, let us now construct their compatible po-
larizations and quantizations. We assume that @) is an oriented manifold
and that the cohomology H?(Q;Zs) is trivial.
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Let T* be polarization of the Poisson manifold (T*Q, {, }r) (Remark
5.3.3). Its direct image in V*@Q with respect to the fibration ¢ (3.3.3) is
polarization of the Poisson manifold (V*@Q,{,}v) if the germs of T* are
constant along the fibres of ¢ [158], i.e., are germs of functions indepen-
dent of the momentum coordinate pg. It follows that the corresponding
symplectic polarization T of T*(Q is vertical with respect to the fibration
TQ — V*Q.

The vertical polarization T = VT*Q of T*(@Q obeys this condition. The
associated quantum algebra Ap C C°(T*Q) consists of functions which
are affine in momenta py. The algebra Ap acts by operators (5.4.14) on
the space of smooth complex functions s on 7% which fulfill the relation
Vus = 0 for any T-valued (i.e., vertical) vector field u = u,0* on the
cotangent bundle T*@Q — Q. Clearly, these functions are the pull-back of
complex functions on @ with respect to the fibration 7*Q — Q.

Following the general metaplectic technique, we come to complex half-
densities on @ which are sections of the metalinear bundle Dy 5[Q] — @
over (). Then the formula (5.4.14), where Ly, is the Lie derivative of half-
densities, defines the Schrédinger representation

Fp = (—iLgp, —b)p = <—iaA6A - %&a* - b) p,  (5.4.15)

f=a*(g")ps +b(g") € Ar,

of the quantum algebra Az by operators in the space D ,2(Q) of complex
half-densities p on Q.

From now on, we assume that a coordinate atlas of () and a bundle atlas
of Dy 5[Q] — Q are defined on the same covering of @, e.g., by contractible
open sets.

Let €g C Dy /2(Q) consist of half-densities of compact support, and let
& be its completion with respect to the non-degenerate Hermitian form

o) = [ oo (5.4.16)
Q

The (unbounded) Schrédinger operators (5.4.15) in the domain &g in the
Hilbert space EQ are Hermitian.

The vertical polarization of T*@Q defines the polarization Tj, of the
Poisson manifold V*@Q which contains the germs of functions, constant on
the fibres of V*Q) — Q. The associated quantum algebra Ay consists of
functions on V*@Q which are affine in momenta. It is a C°°(R)-algebra.
This algebra acts by operators (5.4.14) on the space of smooth complex
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functions sy on V*@Q which fulfill the relation V,sy = 0 for any vertical
vector field v = ;0% on V*Q — Q. These functions also are the pull-
back of complex functions on () with respect to the fibration V*@Q — Q.
Similarly to the case of Ap, we obtain the Schrédinger representation of
the quantum algebra Ay by the operators

Fp = (—iLgeg, +b)p= (—ia’“ﬁk - %Gka’“ - b) oy (5.4.17)

f=a"(¢")px + b(¢") € Av,
on half-densities on Q and in the above mentioned Hilbert space E. More-

over, a glance at the expressions (5.4.15) and (5.4.17) shows that (5.4.17)
is the representation of Ay as a subalgebra of the quantum algebra Arp.

5.4.3 Instantwise quantization of V*Q

As was mentioned above, the physical relevance of the space of half-densities
on @ with the scalar product (5.4.16) is open to question. At the same
time, the representation (5.4.17) preserves the structure of Ay as a C>°(R)-
algebra. Therefore, let us show that this representation defines the leafwise
quantization of the symplectic foliation V*@Q — R which takes the form of
instantwise quantization of Ay .

(i) The prequantization (5.4.13) of a Poisson manifold V*@Q yields pre-
quantization of its symplectic leaves V,*Q, t € R, as follows. The symplectic
structure on V;*@ is

Q= (hoiy)*Qr = dpy A dq", (5.4.18)
where h is an arbitrary section of the fibre bundle ¢ (3.3.3) and i; : V;*Q —
V*Q is the natural imbedding. Since w#¢ is a vertical vector field on V*@Q —
R for any one-form ¢ on V*@Q, the contravariant derivative (5.4.12) defines
a connection along each fibre V;*@, t € R, of the Poisson bundle V*@Q) — R.
It is the pull-back

Ay = i5h* A = dpy © 0 + dg* ® (B — ipucd.)
of the connection h*A (5.4.11) onto the trivial pull-back line bundle
iiCy =V Q xC - V" Q.

It is readily observed that this connection is admissible for the symplectic
structure (5.4.18) on V;*@, and provides prequantization of the symplectic
manifold (V;*@, ) by the formula

fo= Ly, + Ly, — f) = —i(3" fih — O fr0") + (00" fr — fo), (5.4.19)
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where
05, = 0" 10 — O 10"

is the Hamiltonian vector field of a function f; on V;*@ with respect to
the symplectic form €; (5.4.18). The operators (5.4.19) act on smooth
complex functions s; on V,*@Q. In particular, let f;, s; and (fs)t be the
restriction to V;*@Q of a real function f and complex functions s and f(s)
on V*Q, respectively. We obtain from the formulas (5.4.13) and (5.4.19)
that (]?s)t = ﬁst. This equality shows that the prequantization (5.4.13) of
the Poisson manifold V*@ is leafwise prequantization.

(ii) Let T3, be the above mentioned polarization of the Poisson manifold
V*Q. It yields the pull-back polarization T; = ;T of a fibre V;*@Q with
respect to the Poisson morphism

i V7Q — V*Q.

The corresponding distribution T coincides with the vertical tangent bun-
dle of the fibre bundle V;*Q) — Q. The associated quantum algebra A;
consists of functions on V,*@ which are affine in momenta. In particular,
the restriction to V;*@ of any element of the quantum algebra Ay of V*Q
obeys this condition and, consequently, belongs to A;. Conversely, any el-
ement of A; is of this type. For instance, using a trivialization (5.4.1) and
the corresponding surjection 7 : V*Q — V;*@, one can define the pull-back
7 fi of a function f; € A; which belongs to the quantum algebra Ay and
fir = i (mf ft). Thus, A; =i} Ay and, therefore, the polarization T3, of the
Poisson bundle V*@Q — R is fibrewise polarization.

(iii) The Jacobian S of transition function between coordinate charts
(U;t,q*) and (U’;t,q'%) possesses the property

S = det (1 Ot ) = det(9;¢'"). (5.4.20)
0 (0i¢"") !

It follows that the metalinear complex line bundle D /5[Q] — @ with tran-

sition functions J such that JJ = S on UNU’ also is the metalinear bundle

of fibrewise half-densities on a fibre bundle Q — R.

(iv) Any atlas {(U;t, ¢"*)} of bundle coordinates on a fibre bundle Q — R
induces a coordinate atlas {(Q; NU;q"*)} of its fibre Q;, t € R. Due to the
equality (5.4.20), the Jacobian S on @ coincides with the Jacobian S; of the
transition function between coordinate charts (Q;NU;¢*) and (Q;NU’; ¢'%)
on @, at points of Q;NUNU’. It follows that, for any fibre Q, of @Q, the pull-
back ;D — @ of the complex line bundle D — @ of complex densities on
Q@ with transition functions v = Sv is the complex line bundle of complex
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densities on ; with transition functions S; = S|g,. Accordingly, any
density L on @ yields the pull-back section L; = L o i; of the line bundle
"D — @y, i.e., Ly is a density on @¢. The pull-back L — L; takes the
coordinate form

L = ,C(t, qk)qu A dt — Lt == »C(t, qk)qu‘t:const = 'Ct(qk)amq’

where {dg*} are holonomic fibre bases for V*@. It is maintained under
transformations of bundle coordinates on Q.

Let Dy 5[Q] — Q be the metalinear complex line bundle over @ in item
(iii). Its pull-back ifD; /5[Q] is a complex line bundle over a fibre Q¢, t € R,
with transition functions J; = J|g,. These transition functions obey the
relation

tht = S|Qt = St7

ie., izD1/2[Q] — (@, is the metalinear complex line bundle over Q;. Then
the formula (5.4.19) defines the Schrodinger representation of the quantum
algebra A; of the symplectic fibre @ by (unbounded) Hermitian operators

7 . . i
ftpt = (—ZLakak — b)pt = (—zak[)k - §ak(1k - b) Pt (5421)

fr= ak(qi)pk + b(qi) € A,

in the Hilbert space €, which is the completion of the pre-Hilbert space
¢; of half-densities on @Q; of compact support with respect to the scalar
product

(i) = / pi,.
Q¢

If Q; is compact, the operators (5.4.21) in &, are self-adjoint. Pre-Hilbert
spaces &, constitute a trivial bundle over R.

As in the case of densities in item (iv), any half-density p on @ yields
the section poi; of the pull-back bundle i D, /5[Q] — Q4, i.e, a half-density
on Q. Given an element f € Ay and its pull-back f; = iff € A, we
obtain from the formulas (5.4.17) and (5.4.21) that

fpoir= fi(poir).
This equality shows that the Schréodinger quantization of the Poisson ma-
nifold V*@ can be seen as the instantwise quantization.

Following this interpretation and bearing in mind that p € Dy /5[Q)] are
fibrewise half-densities on ) — R, let us choose the carrier space €g of
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the Schrodinger representation (5.4.17) of Ay which consists of complex
half-densities p on @ such that, for any ¢t € R, the half-density poi; on Q4
is of compact support. It is a pre-Hilbert C'°°(R)-module with respect to
the fibrewise Hermitian form

{plp')e = /pﬁ’- (5.4.22)
Qt
The pre-Hilbert module €g also is the carrier space for the quantum algebra
A, but its action in g is not instantwise.

5.4.4 Quantization of the evolution equation

Let us turn now to quantization of the evolution equation (3.8.3). As was
mentioned above, the problem is that, in the framework of the Schrodinger
quantization, the homogeneous Hamiltonian H* (3.4.1) does not belong to
the quantum algebra Az, unless it is affine in momenta. Let us restrict our
consideration to the physically relevant case of H*, polynomial in momenta.
We aim to show that such H* is decomposed in a finite sum of products of
elements of the algebra Ar.

Let f be a smooth function on T which is a polynomial of momenta
pa. A glance at the transformation laws (2.2.4) shows that it is a sum of
homogeneous polynomials of fixed degree in momenta. Therefore, it suffices
to justify a desired decomposition of an arbitrary homogeneous polynomial
F of degree k > 1 on T*(Q. We use the fact that the cotangent bundle T*Q)
admits a finite bundle atlas (Theorem 11.2.7). Let {U¢}, £ = 1,...,r, be
the corresponding open cover of ) and {f¢} a smooth partition of unity
subordinate to this cover. Let us put

le = fe(ft 4+ f) 75

It is readily observed that {lf} also is a partition of unity subordinate to
{U;}. Let us consider the local polynomials

Fe=Fly.= > al" " (Q)pa, Pay, ¢ € Ue.
(a1...ak)
Then we obtain a desired decomposition
F=3lFe=3" 30 leag " palicra) + llepan),  (5.4.23)
3 & (ay...ak)

where all terms lgagl'““"pal and l¢p, are smooth functions on T*Q.
Clearly, the decomposition (5.4.23) by no means is unique.
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The decomposition (5.4.23) shows that one can associate to a polynomial
homogeneous Hamiltonian H* an element H" of the enveloping algebra A7
of the Lie algebra Ap. Let us recall that A consists of finite sums of tensor
products of elements of A7 modulo the relations

fof —fef—{ffir=0.
To be more precise, a representative H belongs to Ar + Ay, where Ay

is the enveloping algebra of the Lie algebra Ay C Ap. The enveloping
algebra Ay is provided with the anti-automorphism

*5f1®"'®fk—>(—1)kfk®"'®f17

and one can always make a representative H* Hermitian.

Since Dirac’s condition (0.0.4) holds, the Schrédinger representation of
the Lie algebras Ar and Ay in the pre-Hilbert module €g is naturally
extended to their enveloping algebras A7 and Ay, and provides the quan-
tization H* of a homogeneous Hamiltonian H*.

Moreover, since pp = —i0;, the operator iH* obeys the Leibniz rule

iH*(rp) = dyrp + r(iH*p), r € C(R), pE Cp. (5.4.24)

Therefore, it is a connection on the C°*°(R)-module €. Then the quantum
constraint

iH*p =0, pe€Cp, (5.4.25)
plays a role of the Schrédinger equation (4.6.7) in quantum non-relativistic
mechanics.

Given an operator H*, the bracket

VF=i[H* f] (5.4.26)

defines a derivation of the quantum algebra Ay. Since py = —id;, the
derivation (5.4.26) obeys the Leibniz rule

V(rf)=owf+rVy, r e C*(R).

Therefore, it is a connection on the instantwise algebra Ay . In particular,
f is parallel with respect to the connection (5.4.26) if

[H*, f] = 0. (5.4.27)

By analogy with the equation (4.6.2), one can think of this equality as being
the Heisenberg equation in quantum non-relativistic mechanics. It is readily
observed that an operator fis a solution of the Heisenberg equation (5.4.27)
if and only if it preserves the subspaces of solutions of the Schrédinger
equation (5.4.25). We call H* the Heisenberg operator.
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5.5 Quantization with respect to different reference frames
In accordance with the Schrédinger representation (5.2.10), the homoge-
neous Hamiltonian (3.4.1):
H* =po + H, (5.5.1)
is quantized as the operator
H* = po+H=—id +H. (5.5.2)

A problem is that the decomposition (5.5.1) and the corresponding splitting
(5.5.2) of the Heisenberg operator H* are ill defined.
At the same time, any reference frame I' yields the decomposition

H* = (po +Hr) + (H — Hr) = Hf + &r,

where Hr is the Hamiltonian (3.3.16) and &r (3.3.18) is the energy function
relative to a reference frame I' (Remark 3.4.1). Accordingly, we obtain the
splitting of the Heisenberg operator

ﬁ* = ﬁ; + gp,
where

HE = —id; — %), — %akrk (5.5.3)

and gp is the operator of energy relative to a reference frame I' [110].

Note that the homogeneous Hamiltonian H} (3.3.16) is affine in mo-
menta and, therefore, it belongs to the quantum algebra Ar of T*Q. Its
Schrédinger representation (5.5.3) is well defined. Written with respect to
I'-adapted coordinates, it takes the form ﬁiﬁ = —i0.

Remark 5.5.1. Any connection I' (1.1.18) on a configuration bundle ) —
R induces the connection (5.4.26):

Vrf = i[Hr, f] (5.5.4)

on the algebra Ay which also is a connection on the quantum algebra
Ay C Ay. The corresponding Schrédinger equation (5.4.25) reads

—i <6t + 150, + %akr’f) p=0.

Its solutions are half-densities p € € which, written relative to ['-adapted
coordinates (¢,¢”), are time-independent, i.e., p = p(@).
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Given a reference frame I', the energy function &p is quantized as &r =
H* — H;. As a consequence, the Schrédinger equation (5.4.25) reads

U 1 .
(Hr‘ + gp)p = —1 <8t + F’“@k + 58;@1“’“> p+Erp=0. (5.5.5)

For instance, let a classical Hamiltonian system be autonomous, and let
I" be a reference frame such that the energy function &r is time-independent
relative to I'-adapted coordinates. In this case, the Schrodinger equation
(5.5.5) takes the familiar form

(=i + Er)p = 0. (5.5.6)

It follows from the Heisenberg equation (5.4.27) that a a quantum Hamil-
tonian system is autonomous if and only if there exists a reference frame I"
such that

[H*,&r] = 0.
Given different reference frames I' and I, the operators of energy &r
and &/ obey the relation
Hi+ & = HE + & (5.5.7)
taking the form
& =& —i(TF —T%)8;, — %ak(rk — ). (5.5.8)

In particular, let fj‘p be a time-independent energy operator of an au-
tonomous Hamiltonian system, and let pg be its eigenstate of eigenvalue
L ie., EppE = Epg. Then the energy of this state relative to a reference
frame I at an instant ¢ is

R . 1
(pElér pE) = E + i{pE| <F/k5k + §3kF/k> PE)

_ 1 .
— 5+ [ 7 (T 000+ 3OO )
Q1

Example 5.5.1. Let us consider a Hamiltonian system on Q = R x U,
where U C R™ is an open domain equipped with coordinates (¢*). These
coordinates yield a reference frame on @ given by the connection I' such
that I'* = 0 with respect to these coordinates. Let it be an autonomous Ha-
miltonian system whose energy function r, written relative to coordinates
(t,q%), is time-independent. Let us consider a different reference frame on
@ given by the connection

I' = dt ® (0; + G'9;), G' = const, (5.5.9)
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on Q. The I'"-adapted coordinates (¢,q”) obey the equations (1.6.1) —
(1.6.2) which read

% 13 13 i 15 i
_ 9¢'(t,q”) 04°(t.4") o | 997t q")

¢ ot Oqk ot

= 0. (5.5.10)

We obtain ¢"* = ¢* — G't. For instance, this is the case of inertial frames.
Given by the relation (3.3.19), the energy function relative to the reference
frame I (5.5.9) reads

Er = & — GFpy.

Accordingly, the relation (5.5.8) between operators of energy EAF/ and gp
takes the form

Er = Ep +iG* oy (5.5.11)

Let pg be an eigenstate of the energy operator Er. Then its energy with
respect to the reference frame I (5.5.9) is E — G* Py, where

Py = (pe|PrrE):t

are momenta of this state. This energy is time-independent.

In particular, the following condition holds in many physical models.
Given an eigenstate pg of the energy operator &r and a reference frame I
(5.5.9), there is the equality

&/, ¢ )pe = Er(#,¢') — G* (@) )br)pe
= (&r(p’ + Aj,¢°) + B)pg, A, B = const.

Then exp(—iA;¢’)pg is an eigenstate of the energy operator Er possessing
the eigenvalue F + B.
For instance, any Hamiltonian
1 L A
H =ér = 5(m™")7piop; +V(d)

quadratic in momenta p; with a non-degenerate constant mass tensor m?®
obeys this condition. Namely, we have

. 1 .
Ai = —mijGj, B = —§miszG].

Let us consider a massive point particle in an Euclidean space R? in the
presence of a central potential V(7). Let R? be equipped with the spherical
coordinates (r,¢,0). These coordinates define an inertial reference frame
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I' such that I = I'Y = I'Y = 0. The Hamiltonian of the above mentioned
particle with respect to this reference frame reads

~ 1 1., I?
where 7 is the square of the angular momentum operator. Let us consider a
rotatory reference frame I''* = w =const, given by the adapted coordinates
(r,¢’ = ¢ —wt,d). The operator of energy relative to this reference frame

1S
(E/'\F/ = (E:\F + iw6¢. (5513)

Let pgn, be an eigenstate of the energy operator é\r‘ (5.5.12) possessing
its eigenvalue E, the eigenvalue n of the angular momentum operator IA3 =
72. Then PE,n, also is an
eigenstate of the energy operator £+ with the eigenvalue £/ = E — nw.

Dy, and the eigenvalue I(I + 1) of the operator



Chapter 6

Constraint Hamiltonian systems

In Section 3.6, we have observed that Hamiltonian systems associated
with non-regular Lagrangian systems are necessarily characterized by con-
straints. This Chapter is devoted to Hamiltonian systems with time-
dependent constraints and their geometric quantization. Let us note that,
in Chapter 10, Hamiltonian relativistic mechanics is treated as such a con-
straint system.

6.1 Autonomous Hamiltonian systems with constraints

We start with constraints in autonomous Hamiltonian mechanics.

Let (Z,9) be a 2m-dimensional symplectic manifold and H a Hamilto-
nian on Z. Let N be a (2m — n)-dimensional closed imbedded submanifold
of Z called a primary constraint space or, simply, a constraint space. We
consider the following two types of autonomous constraint systems:

e a constraint Hamiltonian system

SH|n = U{UETZN: v|Q+ dH(z) = 0}, (6.1.1)
z€EN

whose solutions are solutions of the Hamiltonian system (9, H) (3.2.6) on
a manifold N which live in the tangent bundle TN of V;
e a Dirac constraint system

Sivn = |J{v € TN : v]ij (Q + dH(2)) = 0}, (6.1.2)
zEN

which is the restriction of a Hamiltonian system (Q2,H) on Z to a con-
straint space N, i.e., it is the presymplectic Hamiltonian system (i}, 1% H)
(3.2.10) on N.

189
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Remark 6.1.1. If a non-zero presymplectic form i3;H of a Dirac constraint
system (6.1.2) is of constant rank, N is necessarily coisotropic.

This Section addresses constraint Hamiltonian systems (6.1.1).
Given a closed imbedded submanifold N of a symplectic manifold (Z, §2),
let us consider the set
Iy = Kerily € C®(2) (6.1.3)

of functions f on Z which vanish on N, i.e., i3 f = 0. It is an ideal of the
R-ring C*°(Z). Then, since N is a closed imbedded submanifold of Z, we
have the ring isomorphism
C>®(Z)/In = C*™(N). (6.1.4)
Let us consider a space of all vector fields u on Z restrictable to vector
fields on N, i.e., u|y CTN. It is
In={ueT(Z): uldf €In, f€In}. (6.1.5)

Then we obtain at once that the Hamiltonian vector field ¥, of a function
f on Z belongs to 7y if and only if

ﬁfjdg:{fag}ejl\h geIN

Hence, the functions whose Hamiltonian vector fields are restrictable to
vector fields on IV constitute the set

I(N)={feC®(2): {f.g} €N, g€ IN}, (6.1.6)

called the normalizer of Iy. Owing to the Jacobi identity, the normalizer
(6.1.6) is a Poisson subalgebra of C*°(Z). Let us put

I'(N) = I(N) N Iy. (6.1.7)

This is a Poisson subalgebra of I(N) which is non-zero since I? C I’(N) by
virtue of the Leibniz rule.
Let us assume that the sets w*(AnnT'N) and

C(N) =w*(AnnTN)NTN (6.1.8)

of the tangent bundle T'N of a constraint space N are distributions. All
sections of w*(Ann T N) — N are the restriction to N of Hamiltonian vector
fields of elements of Iy, while all sections of C(N) — N are the restriction
to N of Hamiltonian vector fields of elements of I’(N). In particular, if N
is coisotropic, then Iy C I(N), i.e., Iy = I'(N) is a Poisson subalgebra of
C>(Z).

Lemma 6.1.1. The distribution C(N) is involutive [157].
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Theorem 6.1.1. Let the foliation determined by C(N) be simple, i.e., a
fibred manifold N — P. Then there is the ring isomorphism

C=(P) = I(N)/I'(N). (6.1.9)

Since the quotient in the right-hand side of this isomorphism is a Poisson
algebra, a base P is provided with a Poisson structure [90].

Theorem 6.1.1 describes a particular case of Poisson reduction which,
in a general setting, is formulated in the following algebraic terms [65;
90].

Definition 6.1.1. Given a Poisson manifold Z, let J be an ideal of the
Poisson algebra C*°(Z) as an associative algebra, J” its normalizer (6.1.6),
and J' = J”NJ’. One says that the Poisson algebra J”/J’ is the reduction
of the Poisson algebra C*°(Z) via the ideal J.

In accordance with this definition, an ideal .J of a Poisson algebra C*°(Z)
is said to be coisotropic if J is a Poisson subalgebra of P.

Remark 6.1.2. The following local relations are useful in the sequel. Let
a constraint space N be locally given by the equations

fa(z) =0, a=1,...,n, (6.1.10)

where f,(z) are local functions on Z called the primary constraints. Let us
consider the ideal Iy C C*°(Z) (6.1.3) of functions vanishing on N. It is
locally generated by the constraints f,, and its elements are locally written
in the form

f=Y 9 (6.1.11)
a=1

where g® are functions on Z. We agree to call { f,} a local basis for the ideal
In. Let dIx be the submodule of the C°°(Z)-module O'(Z) of one-forms
on Z which is locally generated by the exterior differentials df of functions
f € In. Its elements are finite sums

o= Zgidfi, fiGIN, glGCOO(Z)

In view of the formula (6.1.11), they are given by local expressions

n

0= (9°dfa+ fas"), (6.1.12)

a=1

where g% are functions and ¢° are one-forms on Z.
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Turn now to the constraint Hamiltonian system (6.1.1). Its solution
obviously exists if a Hamiltonian vector field 94, restricted to a constraint
space IV, is tangent to N. Then integral curves of the Hamiltonian vector
field ¥4 do not leave N. This condition is fulfilled if and only if

{H,In} C In, (6.1.13)

i.e., if and only if the Hamiltonian H belongs to the normalizer I(N) (6.1.6)
of the ideal Iy. With respect to a local basis {f,} of the ideal Iy, the
relation (6.1.13) reads

Orcldfa = {H, fa} = > gife, (6.1.14)
c=1
where ¢S are functions on Z. If the relation (6.1.13) (and, consequently,
(6.1.14)) fails to hold, one introduces secondary constraints

[ =1{M, fa} =0.

If a collection of primary and secondary constraints is not closed (i.e.,
{H, fém} is not expressed in f, and f,§2)) let us add the tertiary constraints

B = {H {H, f.}} =0,

and so on. If a solution of the constraint Hamiltonian system exists any-
where on N, the procedure is stopped after a finite number of steps by
constructing a complete system of constraints. This complete system of
constraints defines the final constraint space, where the Hamiltonian vector
field ¥4 is not transversal to the primary constraint space N.

From the algebraic viewpoint, we have obtained the minimal extension
Igy, of the ideal Iy such that {H, Isn} C Ian.

In algebraic terms, a solution of a constraint Hamiltonian system can be
reformulated as follows. Let N be a closed imbedded submanifold of a sym-
plectic manifold (Z, Q) and Iy the ideal of functions vanishing everywhere
on N (though any ideal of the ring C*°(Z) can be utilized). All elements
of I are said to be constraints. One aims to find a Hamiltonian, called
admissible, on Z such that a symplectic Hamiltonian system (2, ) has
a solution everywhere on N, i.e., N is a final constraint space for (2, H).
In accordance with the condition (6.1.13), only an element of the normal-
izer I(N) (6.1.6) is an admissible Hamiltonian. However, the normalizer
I(N) also contains constraints I(N) N Iy. In order to separate Hamiltoni-
ans and constraints, let us consider the overlap I'(N) (6.1.7). Its elements
are called the first-class constraints, while the remaining elements of In
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are the second-class constraints. As was mentioned above, the set I’(N)
of first-class constraints is a Poisson subalgebra of the normalizer I(N)
and, consequently, of the Poisson algebra C*°(Z) on a symplectic manifold
(Z,9Q). Let us also recall that I3, C I'(N), i.e., products of second-class
constraints are the first-class ones. Admissible Hamiltonians which is not
reduced to first-class constraints are representatives of non-zero elements
of the quotient I(N)/I’'(N), which is the reduction of the Poisson algebra
C>(Z) via the ideal Iy in accordance with Definition 6.1.1.

If H is an admissible Hamiltonian, the constraint Hamiltonian sys-
tems (Z,Q,H,N) is equivalent to the presymplectic Hamiltonian system
(N,iyQ,iH), i.e., their solutions coincide.

Example 6.1.1. If N is a coisotropic submanifold of Z, then Iy C I(N)
and I'(N) = Iy. Therefore, all constraints are of first-class. The presym-
plectic form i3, Q2 on IV is of constant rank. Let its characteristic foliation
be simple, i.e., it defines a fibration 7 : N — P over a symplectic manifold
(P,Qp). In view of the isomorphism (6.1.9), one can think of elements of
the quotient I(N)/I'(N) as being the Hamiltonians on a base P. It fol-
lows that the restriction of an admissible Hamiltonian H to the constraint
space N coincides with the pull-back onto N of some Hamiltonian H on P,
ie., iyH = 7*H. Thus, (N,i5Q,iyH) is a gauge-invariant Hamiltonian
system which is equivalent to the reduced Hamiltonian system (P,Qp,H),
and the original constraint Hamiltonian system (Z,Q, H, N) is so if H is an
admissible Hamiltonian.

6.2 Dirac constraints

As was mentioned above, the Dirac constraint system Sy« (6.1.2) really
is the pull-back presymplectic Hamiltonian system

Qn =iy HNy =iyH)
on the primary constraint space N C Z. By virtue of Proposition 3.2.1, it
has a solution only at the points of the subset

Ny={z€ N : u|JdHn(z) =0, u € Ker ,Qn},

which is assumed to be a manifold. Such a solution however need not
be tangent to N;. Then the above mentioned constraint algorithm for
presymplectic Hamiltonian systems can be called into play. Nevertheless,
one can say something more since the presymplectic system Sy« (6.1.2)
on N is the pull-back of the symplectic one on Z.
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Let us assume that a (2m—n)-dimensional closed imbedded submanifold
N of Z is already a desired final constraint space of the Dirac constraint
system (6.1.2), i.e., the equation

v]Qn + dHN(2) =0, v€eT,N, (6.2.1)

has a solution at each point z € N. As was mentioned above, this is
equivalent to the injection

KerQn = TN N OrthgT N C KerdHy. (6.2.2)

Let us reformulate this condition in algebraic terms of the ideal of con-
straints Iy (6.1.3), its normalizer I(N) (6.1.6) and the Poisson algebra of
first-class constraints I'(N) (6.1.7). It is readily observed that, restricted
to N, Hamiltonian vector fields 95 of elements f of I'(N) with respect to
the symplectic form € on Z take their values into TN N OrthoTN [90].
Then the condition (6.2.2) can be written in the form

{H,I'(N)} C Iy. (6.2.3)

At the same time, {H,In} ¢ In in general. This relation shows that,
though the Dirac constraint system (Qn,Hy) on N has a solution, the
Hamiltonian vector field ¥ of a Hamiltonian H on Z is not necessarily
tangent to N, and its restriction to N need not be such a solution. The
goal is to find a constraint f € Iy such that the modified Hamiltonian
‘H + f would satisfy the condition

{H-l-f, IN} CIn (6.2.4)
and, consequently, the condition
{H+ f,I'(N)} C In. (6.2.5)

It is called a generalized Hamiltonian system.

The condition (6.2.5) is fulfilled for all f € Iy, while (6.2.4) is an
equation for a second-class constraint f. Therefore, its solution implies
separating first- and second-class constraints. A general difficulty lies in the
fact that the set of elements generating I3, C I’(N) is necessarily infinitely
reducible [90]. At the same time, the Hamiltonian vector fields of elements
of 1%, vanish on the constraint space N. Therefore, one can employ the
following procedure [120)].

Since N is a (2m — n)-dimensional closed imbedded submanifold of Z,
the ideal Iy is locally generated by a finite basis {f,}, a =1,...,n, whose
elements determine N by the local equations (6.1.10). Let the presymplec-
tic form Qpn be of constant rank 2m — n — k. It defines a k-dimensional
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characteristic foliation of N. Since N C Z is closed, there locally exist
k linearly independent vector fields up on Z which, restricted to N, are
tangent to the leaves of this foliation. They read

n
ub:Zg;}ﬁ‘f@, b=1,...,k,
a=1

where g;' are local functions on Z and ¢, are Hamiltonian vector fields of
the constraints f,. Then one can choose a new local basis {¢p}, b =1,...,n,
for Iy where the first k& functions take the form

&= gifar  b=1,... .k
a=1

Let ¥4, be their Hamiltonian vector fields. One can easily justify that
19¢b|N:ub|N, b=1,...,k.

It follows that the constraints ¢, b = 1,...,k, belong to I'(N) \ 1%, i.e.,
they are first-class constraints, while the remaining ones ¢x1,..., ¢, are
of second-class. We have the relations

{00} =D Ciutbay  b=1,...0k,  c=1,...,n,
a=1

where Cf., are local functions on Z. It should be emphasized that the first-
class constraints ¢1,-- -, ¢ do not constitute any local basis for I’ (N).
Now let us consider a local Hamiltonian on Z

n
H = H+ Z N, (6.2.6)
a=1
where A are functions on Z. Since H obeys the condition (6.2.5), we find

{H. ¢} =Y Bida, b=1....k

a=1

where B} are functions on Z. Then the equation (6.2.4) takes the form

n n
(Moo} + D AN{dadct =) Dby, c=k+1l...n,  (627)
a=k+1 b=1
where DY are functions on Z. It is a system of linear algebraic equations
for the coefficients A\*, a = k + 1,...n, of second-class constraints. These
coefficients are defined uniquely by the equations (6.2.7), while the coef-
ficients A%, a = 1,...,k, of first-class constraints in the Hamiltonian H’
(6.2.6) remain arbitrary.
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Then, restricted to a constraint space N, the Hamiltonian vector field
of the Hamiltonian H’ (6.2.6) on Z provides a local solution of the Dirac
constraint system on V.

We refer the reader to [120] for a global variant of the above procedure.

A generalized Hamiltonian system (Z,Q,H + f, N) is a constraint Ha-
miltonian system with an admissible Hamiltonian H + f. It is equivalent
to the original Dirac constraint system.

Example 6.2.1. Let a final constraint space N be a coisotropic subman-
ifold of the symplectic manifold (Z,9Q). Then Iy = I'(N), i.e., there are
only first-class constraints. In this case, the Hamiltonian vector fields both
of the Hamiltonian H and all the Hamiltonians H + f, f € Iy, provide so-
lutions of the Dirac constraint system on N. If the characteristic foliation
of the presymplectic form 3,1 on N is simple, we have the reduced Hamil-
tonian system equivalent to the original Dirac constraint one (see Example
6.1.1).

Example 6.2.2. If N is a symplectic submanifold of Z, then I'(N) = IZ,.
Therefore, all constraints are of second-class, and the Hamiltonian (6.2.6)
of a generalized Hamiltonian system is defined uniquely.

6.3 Time-dependent constraints

Given a non-relativistic mechanical system on a configuration bundle @ —
R, time-dependent constraints on a phase space V*(Q can be described
similarly to those in autonomous Hamiltonian mechanics.

Let N be a closed imbedded subbundle
iN N — V*Q

of a fibre bundle V*@Q — R, treated as a constraint space. It is neither La-
grangian nor symplectic submanifold with respect to the Poisson structure
on V*@ in general. Let us consider the ideal Iy of real functions f on V*Q
which vanish on N, i.e., i3, f = 0. Its elements are constraints. There is
the isomorphism

C®(V*Q)/In = C%(N) (6.3.1)

of associative commutative algebras. Let I(N) be the normalize (6.1.6) and
I'(N) the set (6.1.7) of first-class constraints, while the remaining elements
of I are the second-class constraints.
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Remark 6.3.1. Let N be a coisotropic submanifold of V*Q, i.e.,
w*(AnnTN) C TN. Then Iy = I'(N), i.e., all constraints are of first
class.

The relation (3.3.8) enables us to extend the constraint algorithms of
autonomous mechanics and time-dependent mechanics on a product R x M
(see [25; 103]) to mechanical systems subject to time-dependent transfor-
mations.

Let H be a Hamiltonian form on a phase space V*@Q. In accordance with
the relation (3.4.6), solutions of the Hamilton equation (3.3.22) — (3.3.23)
does not leave the constraint space N if

{H*. ¢"Intr C N (6.3.2)

If the relation (6.3.2) fails to hold, let us introduce secondary constraints
{H*,(*f}r, f € Iy, which belong to ¢*C>°(V*Q). If the collection of
primary and secondary constraints is not closed with respect to the relation
(6.3.2), let us add the tertiary constraints {H*, {H*,(* fo}r}r, and so on.

Let us assume that IV is a final constraint space for a Hamiltonian form
H. If a Hamiltonian form H satisfies the relation (6.3.2), so is a Hamiltonian
form

Hy=H— fdt (6.3.3)

where f € I'(N) is a first-class constraint. Though Hamiltonian forms H
and Hy coincide with each other on the constraint space N, the correspond-
ing Hamilton equations have different solutions on the constraint space N
because

dH|n # dHy|n.
At the same time, we have
d(iyH) = d(iyHy).
Therefore, let us introduce the constrained Hamiltonian form
Hy =iyHf (6.3.4)

which is the same for all f € I'(N). Let us note that Hy (6.3.4) is not
a true Hamiltonian form on NV — R in general. On sections r of the fibre
bundle N — R, we can write the equation

T*(UNJdHN) = 0, (635)

where uy is an arbitrary vertical vector field on N — R. It is called the
constrained Hamilton equation.
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Proposition 6.3.1. For any Hamiltonian form Hy (6.8.8), every solution
of the Hamilton equation which lives in the constraint space N is a solution
of the constrained Hamilton equation (6.3.5).

Proof. The constrained Hamilton equation can be written as
r*(un|dinyHy) = r*(un|dHy¢|n) = 0. (6.3.6)

It differs from the Hamilton equation (3.3.22) — (3.3.23) for Hy restricted
to N which reads

r*(u]dH¢|n) =0, (6.3.7)

where r is a section of N — R and w is an arbitrary vertical vector field
on V*@Q — R. A solution r of the equation (6.3.7) satisfies obviously the
weaker condition (6.3.6). O

Remark 6.3.2. One also can consider the problem of constructing a gen-
eralized Hamiltonian system, similar to that for Dirac constraint system in
autonomous mechanics [106]. Let H satisfy the condition {H*, (*I'(N)}r C
Iy, whereas {H*,(*In}r ¢ In. The goal is to find a constraint f € Iy
such that the modified Hamiltonian form H — fdt would satisfy the condi-
tion

{H"+ ¢ f, ¢ Inyr C N,
This is an equation for a second-class constraint f.

The construction above, except the isomorphism (6.3.1), can be applied
to any ideal J of C*°(V*@Q). Then one says that the Poisson algebra J”/J’
(see Definition 6.1.1) is the reduction of the Poisson algebra C*°(V*Q) via
the ideal J. In particular, if an ideal J is coisotropic (i.e., a Poisson algebra),
it is a Poisson subalgebra of the normalize J” (6.1.6), and it coincides with
J'.

Example 6.3.1. Let A be a Lie algebra of integrals of motion of a Hamil-
tonian system (V*Q, H) (see Proposition 3.8.2). Let I4 denote the ideal
of C*°(V*Q) generated by these integrals of motion. It is readily observed
that this ideal is coisotropic. Then one can think of I 4 as being an ideal of
first-class constraints which form a complete system.
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6.4 Lagrangian constraints

As was mentioned above, Hamiltonian systems associated with non-regular
Lagrangian systems are constraint systems in general.
Let L be an almost regular Lagrangian on a velocity space J'Q and

Ny =L(J'Q) c V*Q

the corresponding Lagrangian constraint space. In view of Theorem 3.6.4,
let us assume that the fibred manifold

L:J'Q— Ny (6.4.1)

admits a global section. Then there exist Hamiltonian forms weakly asso-
ciated with a Lagrangian L. Theorems 3.6.2 — 3.6.3 establish the relation
between the solutions of the Lagrange equation (2.1.25) for L and the so-
lutions of the Hamilton equation (3.3.22) — (3.3.23) for H which live in the
Lagrangian constraint space Ny,. Therefore, let us consider the constrained
Hamilton equation on Ny and compare its solutions with the solutions of
the Lagrange (2.1.25) for L.

Given a global section ¥ of the fibred manifold (6.4.1), let us consider
the pull-back constrained form

Hy =U*H =it H (6.4.2)

on Np. By virtue of Lemma 3.6.1, this form does not depend on the choice
of a section of the fibred manifold (3.6.14) and, consequently, Hy, = L*Hy.
For sections r of the fibre bundle N;, — R, one can write the constrained
Hamilton equation (6.3.5):

r*(un]dHy) =0, (6.4.3)

where uy is an arbitrary vertical vector field on Ny — R. This equation
possesses the following important property.

Theorem 6.4.1. For any Hamiltonian form H weakly associated with an
almost regular Lagrangian L, every solution v of the Hamilton equation
which lives in the Lagrangian constraint space Ny, is a solution of the
constrained Hamilton equation (6.4.3).

Proof. Such a Hamiltonian form H defines the global section ¥ = Hoiy
of the fibred manifold (6.4.1). Since Hy = i} H due to the relation (3.6.11),
the constrained Hamilton equation can be written as

r*(uy |diyH) =r*(uny|dH|Nn,) = 0. (6.4.4)
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Note that this equation differs from the Hamilton equation (3.3.25) re-
stricted to N. This reads

r*(u]dH|n,) =0, (6.4.5)
where 7 is a section of N — R and u is an arbitrary vertical vector field

on V*@Q — R. A solution r of the equations (6.4.5) obviously satisfies the
weaker condition (6.4.4). O

Theorem 6.4.2. The constrained Hamilton equation (6.4.3) is equivalent
to the Hamilton—De Donder equation (2.2.14).

Proof. Since L = (o Hp, (2.2.6), the fibration ¢ (2.2.5) yields a surjection
of Z1, (2.2.3) onto Ny. Given a section ¥ of the fibred manifold (6.4.1), we
have the morphism

H LoV :Np— Zr.
By virtue of Lemma (3.6.1), this is a surjection such that
CoHpoWU =1IdNy.
Hence, H 1, o ¥ is a bundle isomorphism over () which is independent of the
choice of a global section ¥. Combination of (2.2.13) and (6.4.2) results in
Hy = (Hp o U)*Zy,
that leads to a desired equivalence. O
This proof gives something more. Narr/l\ely, since Zy, and Ny, are iso-
morphic, the homogeneous Legendre map Hy, (2.2.2) fulfils the conditions

of Theorem 2.2.1. Then combining Theorem 2.2.1 and Theorem 6.4.2, we
obtain the following.

Theorem 6.4.3. Let L be an almost reqular Lagrangian such that the fibred
manifold (3.6.14) has a global section. A section’s of the jet bundle J'Q —
R is a solution of the Cartan equation (2.2.11) if and only if Lo isa
solution of the constrained Hamilton equation (6.4.3).

Theorem 6.4.3 also is a corollary of Lemma 6.4.1 below. The constrained
Hamiltonian form Hy (6.4.2) defines the constrained Lagrangian
Ly =ho(Hy) = (JYin)*Ly (6.4.6)
on the jet manifold J' Ny, of the fibre bundle N; — R.
Lemma 6.4.1. There are the relations
L=(J'Ly*Ly, Ly=(J"0)*L, (6.4.7)
where L is the Lagrangian (2.2.7).
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The Lagrange equation for the constrained Lagrangian Ly (6.4.6) is
equivalent to the constrained Hamilton equation (6.4.3) and, by virtue of
Lemma 6.4.1, is quasi-equivalent to the Cartan equation (2.2.9) — (2.2.10).

Example 6.4.1. Let us consider the almost regular quadratic Lagrangian
L (2.3.1). The corresponding Lagrangian constraint space Ny, is defined by
the equations (3.7.4). There is a complete set of Hamiltonian forms H (o, T")
(3.7.6) weakly associated with L. All of them define the same constrained
Hamiltonian form

, 1 ..
HN = Pidql - {ﬁaéj’Pﬂ?j - CI:| dt
and the constrained Lagrangian

1
Ly = {Piqz - 506]731'73]- + c’} dt.

6.5 Geometric quantization of constraint systems

We start with autonomous constraint systems. Let (Z,2) be a symplectic
manifold and iy : N — Z its closed imbedded submanifold such that the
presymplectic form 3,2 on N is non-zero. We assume that IV is a final
constraint space and H is an admissible Hamiltonian on Z. In this case,
the constraint Hamiltonian system (Z,, H, N) is equivalent to the Dirac
constraint system (N,i%Q, % H). Therefore, it seems natural to quantize
a symplectic manifold (Z,Q) and, afterwards, replace classical constraints
with the quantum ones.

In algebraic quantum theory, quantum constraints are described as fol-
lows [77; 78]. Let E be a Hilbert space and H € B(FE) a Hermitian operator
in F. By a quantum constraint is meant the condition

He =0, ec k. (6.5.1)
A Hermitian operator H defines the unitary operator exp(iH). Then the
quantum constraint (6.5.1) is equivalent to the condition
exp(iH)e = e.

In a general setting, let A be a unital C*-algebra and Z some subset of
its unitary elements called state conditions. Let Sz denote a set of states
f of A such that f(a) =1 for all @ € Z. They are called Dirac states. One
has proved that f € Sz if and only if

f(ba) = f(ab) = f(b)



202 Constraint Hamiltonian systems

for any a € Z and b € A [77]. In particular, if f € Sz, it follows at once
from the relation (4.1.12) that

[f(b(a—1))]* < f(0b") f((a - 1)(a" — 1)) = 0.

One can similarly show that, if a,a’ € Z and f € Sz, then

fll@=1)(a" = 1)) =0.

Thereby, elements a — 1, a € Z, generate an algebra which belongs to Ker f
for any f € Sz. The completion of this algebra in A is a C*-algebra Az such
that f(a) = 0 for all @ € Az and f € Z. The following theorem provides
the important criterion of the existence of Dirac states [77].

Theorem 6.5.1. The set of Dirac states St is not empty if and only if
1 Ar.

Let us return to quantization of constraint systems. In a general setting,
one studies geometric quantization of a presymplectic manifold via its sym-
plectic realization. There are the following two variants of this quantization
[5; 12; 71].

(i) Let (IV,w) be a presymplectic manifold. There exists its imbedding

in:N—Z (6.5.2)

into a symplectic manifold (Z, ) such that w = ¢3,Q. This imbedding is
not unique and different symplectic realizations (Z,2) of (INV,w) fail to be
isomorphic. They lead to non-equivalent quantizations of a presymplectic
manifold (N,w). For instance, if a presymplectic form w is of constant
rank, one can quantize a presymplectic manifold (N,w) via its canonical
coisotropic imbedding in Proposition 3.1.1 [71]. Geometric quantization of
(N,w) via its imbedding into 7*N has been studied in [12].

Given an imbedding i (6.5.2), we have a constraint system where clas-
sical constraints are smooth functions on Z vanishing on N. They consti-
tute an ideal Iy of the associative ring C'°°(Z). Then one usually attempts
to provide geometric quantization of a symplectic manifold (Z,Q) in the
presence of quantum constraints, but meets the problem how to associate
quantum constraints to the classical ones.

e Firstly, prequantization procedure f — fdoes not preserve the asso-
ciative multiplication of functions. Consequently, prequantization 1) ~ of the
ideal I of classical constraints fails to be an ideal in a prequantum algebra,
ie, if f € Iy then f'f € Iy for any f' € C°°(Z), but f’f% Iy in gen-
eral. Therefore, one has to choose some set of constraints ¢1,...¢, € Iy,



6.5. Geometric quantization of constraint systems 203

n = dim N, which (locally) defines N by the equations ¢; = 0 and associate
to them the quantum constraint conditions Eb\m = 0 on admissible states.
Though another set of constraints {¢;} characterizes the same constraint
space N as {¢;}, the quantum constraints {(252} and {g/b\;} define different
subspaces of a prequantum space in general. By the same reason, the di-
rect adaptation of the notion of first and second class constraints to the
quantum framework fails [77].

e Secondly, given a set {¢;} of classical constraints, one should choose
a compatible polarization of the symplectic manifold (Z,Q) such that pre-
quantum operators QASZ belong to the quantum algebra. Different sets of
constraints imply different compatible polarizations in general. Moreover,
a compatible polarization need not exist.

e If a presymplectic form w is of constant rank and its characteristic
foliation is simple, there is a different symplectic realization (P, ) of (IV,w)
via a fibration N — P (see Proposition 3.1.2 and Example 6.1.1). Then
the reduced symplectic manifold (P, Q) is quantized [5].

Let us apply the above mentioned quantization procedures to the Pois-
son manifold (V*@, {, }v) in Section 3.3. A glance at the equation (3.3.20)
shows that one can think of the vector field vy as being the Hamiltonian
vector field of a zero Hamiltonian with respect to the presymplectic form
dH on V*@Q. Therefore, one can examine quantization of the presymplectic
manifold (V*@Q,dH). Given a trivialization (5.4.1), this quantization has
been studied in [165].

(i) We use the fact that the range

Np =h(V*Q)
of any section h (3.3.13) is a one-codimensional imbedded submanifold and,
consequently, is coisotropic. It is given by the constraint

Then the geometric quantization of the presymplectic manifold (V*Q,dH)
consists in geometric quantization of the cotangent bundle T*@) and setting
the quantum constraint condition

H*p =0 (6.5.3)

on admissible states. It serves as the Shrodinger equation. The condition
(6.5.3) implies that, in contrast with geometric quantization in Section 5.4,
the Hamiltonian F* always belongs to the quantum algebra of T*@Q. This
takes place if one uses polarization of T*(Q) which contains the Hamiltonian
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vector field ¥y« (3.4.4). Such a polarization of T*@Q always exists. Indeed,
any section h (3.3.13) of the affine bundle ¢ (3.3.3) defines a splitting

a>\6>‘ = ak(ﬁk — 8kH60) + (ao + akakH)ao

of the vertical tangent bundle VT*Q of T*Q — (. Then elements
(0F — OFHO®) together with the Hamiltonian vector field ¥+ (3.4.4) span
a polarization of T*@Q. Clearly, this polarization does not satisfy the con-
dition (5.4.3), and does not define any polarization of the Poisson manifold
V*Q.

(ii) In application to (V*Q,dH), the reduction procedure leads to quan-
tization along classical solutions as follows. The kernel of dH is spanned
by the vector field vy and, consequently, the presymplectic form dH is of
constant rank. Its characteristic foliation is made up by integral curves of
this vector field, i.e., solutions of Hamilton equations. If the vector field
~vg is complete, this foliation is simple, i.e., is a fibration of V*@Q over a
symplectic manifold N of initial values. In this case, we come to the in-
stantwise quantization when functions on V*@Q at a given instant ¢ € R are
quantized as functions on V.



Chapter 7

Integrable Hamiltonian systems

Let us recall that the Liouville-Arnold (or Liouville-Mineur—Arnold) the-
orem for completely integrable systems [4; 101], the Poincaré — Lya-
pounov — Nekhoroshev theorem for partially integrable systems [51; 122]
and the Mishchenko-Fomenko theorem for the superintegrable ones [16;
41; 115] state the existence of action-angle coordinates around a com-
pact invariant submanifold of a Hamiltonian integrable system. However,
their global extension meets a well-known topological obstruction [7; 30;
35),

In this Chapter, completely integrable, partially integrable and super-
integrable Hamiltonian systems are described in a general setting of in-
variant submanifolds which need not be compact [44; 46; 47; 48; 62; 65;
143; 161]. In particular, this is the case of non-autonomous completely
integrable and superintegrable systems [45; 59; 65].

Geometric quantization of completely integrable and superintegrable
Hamiltonian systems with respect to action-angle variables is considered
[43; 60; 65; 66]. Using this quantization, the non-adiabatic holonomy oper-
ator is constructed in Section 9.6.

Let us note that throughout all functions and maps are smooth. We
are not concerned with the real-analytic case because a paracompact real-
analytic manifold admits the partition of unity by smooth functions. As a
consequence, sheaves of modules over real-analytic functions need not be
acyclic that is essential for our consideration.

205
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7.1 Partially integrable systems with non-compact
invariant submanifolds

We start with partially integrable systems because: (i) completely inte-
grable systems can be regarded both as particular partially integrable and
superintegrable systems, (ii) invariant submanifolds of any superintegrable
system are maximal integral manifolds of a certain partially integrable sys-
tem (Proposition 7.3.2).

7.1.1 Partially integrable systems on a Poisson manifold

Completely integrable and superintegrable systems are considered with re-
spect to a symplectic structure on a manifold which holds fixed from the
beginning. A partially integrable system admits different compatible Pois-
son structures (see Theorem 7.1.2 below). Treating partially integrable sys-
tems, we therefore are based on a wider notion of the dynamical algebra [62;
65].

Let we have m mutually commutative vector fields {¢,} on a connected
smooth real manifold Z which are independent almost everywhere on Z,
i.e., the set of points, where the multivector field A A vanishes, is nowhere
dense. We denote by S C C*°(Z) the R-subring of smooth real functions f
on Z whose derivations 9 |df vanish for all 9. Let A be an m-dimensional
Lie S-algebra generated by the vector fields {¢5}. One can think of one of
its elements as being an autonomous first order dynamic equation on Z and
of the other as being its integrals of motion in accordance with Definition
1.10.1. By virtue of this definition, elements of S also are regarded as
integrals of motion. Therefore, we agree to call A a dynamical algebra.

Given a commutative dynamical algebra A on a manifold Z, let G be
the group of local diffeomorphisms of Z generated by the flows of these
vector fields. The orbits of G are maximal invariant submanifolds of A (we
follow the terminology of [153]). Tangent spaces to these submanifolds form
a (non-regular) distribution V C T'Z whose maximal integral manifolds co-
incide with orbits of G. Let z € Z be a regular point of the distribution
V, ie., 7/7\11%\ (z) # 0. Since the group G preserves 7/7\119,\, a maximal integral
manifold M of V through z also is regular (i.e., its points are regular). Fur-
thermore, there exists an open neighborhood U of M such that, restricted
to U, the distribution V is an m-dimensional regular distribution on U.
Being involutive, it yields a foliation § of U. A regular open neighborhood
U of an invariant submanifold of M is called saturated if any invariant
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submanifold through a point of U belongs to U. For instance, any compact
invariant submanifold has such an open neighborhood.

Definition 7.1.1. Let A be an m-dimensional dynamical algebra on a
regular Poisson manifold (Z,w). It is said to be a partially integrable
system if:

(a) its generators ¥, are Hamiltonian vector fields of some functions
Sy € S which are independent almost everywhere on Z, i.e., the set of
points where the m-form AndS » vanishes is nowhere dense;

(b) all elements of S C C°°(Z) are mutually in involution, i.e., their
Poisson brackets equal zero.

It follows at once from this definition that the Poisson structure w is
at least of rank 2m, and that S is a commutative Poisson algebra. We
call the functions S in item (a) of Definition 7.1.1 the generating func-
tions of a partially integrable system, which is uniquely defined by a family
(S1,...,Sm) of these functions.

If 2m = dim Z in Definition 7.1.1, we have a completely integrable
system on a symplectic manifold Z (see Definition 7.3.2 below).

If 2m < dim Z, there exist different Poisson structures on Z which bring
a dynamical algebra 4 into a partially integrable system. Forthcoming
Theorems 7.1.1 and 7.1.2 describe all these Poisson structures around a
regular invariant submanifold M C Z of A [62].

Theorem 7.1.1. Let A be a dynamical algebra, M its regular invariant
submanifold, and U a saturated regular open neighborhood of M. Let us
suppose that:

(i) the vector fields ¥ on U are complete,

(i) the foliation § of U admits a transversal manifold ¥ and its holon-
omy pseudogroup on 3 is trivial,

(iii) the leaves of this foliation are mutually diffeomorphic.
Then the following hold.

(I) The leaves of F are diffeomorphic to a toroidal cylinder

R™™ 7" x T, 0<r<m. (7.1.1)

(I1) There exists an open saturated neighborhood of M, say U again,
which is the trivial principal bundle

U=NxR""xT") =5 N (7.1.2)

over a domain N C RY™Z=m with the structure group (7.1.1).
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(1) If 2m < dim Z, there exists a Poisson structure of rank 2m on U
such that A is a partially integrable system in accordance with Definition
7.1.1.

Proof. We follow the proof in [28; 101] generalized to the case of non-
compact invariant submanifolds [62; 65].

(I). Since m-dimensional leaves of the foliation F admit m complete
independent vector fields, they are locally affine manifolds diffeomorphic to
a toroidal cylinder (7.1.1).

(IT). By virtue of the condition (ii), the foliation § of U is a fibred
manifold [116]. Then one can always choose an open fibred neighborhood
of its fibre M, say U again, over a domain NV such that this fibred manifold

m:U—N (7.1.3)

admits a section o. In accordance with the well-known theorem [125;
127) complete Hamiltonian vector fields ¥y define an action of a simply
connected Lie group G on Z. Because vector fields 9, are mutually com-
mutative, it is the additive group R™ whose group space is coordinated by
parameters s* of the flows with respect to the basis {e) = 95} for its Lie
algebra. The orbits of the group R™ in U C Z coincide with the fibres of
the fibred manifold (7.1.3). Since vector fields ¥, are independent every-
where on U, the action of R™ on U is locally free, i.e., isotropy groups of
points of U are discrete subgroups of the group R™. Given a point x € N,
the action of R™ on the fibre M, = 7~ !(z) factorizes as

R™ x M, — G, x M, — M, (7.1.4)

through the free transitive action on M, of the factor group G, = R™/K,,
where K, is the isotropy group of an arbitrary point of M. It is the same
group for all points of M, because R™ is a commutative group. Clearly, M,
is diffeomorphic to the group space of G,. Since the fibres M, are mutually
diffeomorphic, all isotropy groups K, are isomorphic to the group Z, for
some fixed 0 < r < m. Accordingly, the groups G, are isomorphic to
the additive group (7.1.1). Let us bring the fibred manifold (7.1.3) into a
principal bundle with the structure group G, where we denote {0} = 7(M).
For this purpose, let us determine isomorphisms p,, : Gy — G of the group
Gy to the groups G, x € N. Then a desired fibrewise action of Gy on U
is defined by the law

Go X My — p.(Go) X My — M,. (7.1.5)

Generators of each isotropy subgroup K, of R™ are given by r linearly
independent vectors of the group space R™. Omne can show that there
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exist ordered collections of generators (vy(z),...,v.(z)) of the groups K,
such that = — v;(z) are smooth R™-valued fields on N. Indeed, given
a vector v;(0) and a section o of the fibred manifold (7.1.3), each field

vi(x) = (s¢(x)) is a unique smooth solution of the equation

g9(si)o(x) =o(x),  (s7(0)) = vi(0),
on an open neighborhood of {0}. Let us consider the decomposition
v;(0) = B&(0)eq + C7 (0)e;, a=1,...,m—r, j=1,...,m

where C7(0) is a non-degenerate matrix. Since the fields v;(z) are smooth,
there exists an open neighborhood of {0}, say N again, where the matrices
C! (x) are non-degenerate. Then

(1 (B() - BO)C0)
Aw‘(O ()1 (0) )

is a unique linear endomorphism
(€a,€i) — (€a, €5)A(x)

of the vector space R™ which transforms the frame {vx(0)} = {eq, v:(0)}
into the frame {vy(z)} = {eq, ¥:(x)}, i.e.,

vi(x) = B (z)eq + C’ij(x)ej = B} (0)eq + C’ij(O)[A?(x)eb + A?(x)ek].

Since A(z) (7.1.6) also is an automorphism of the group R sending Ky
onto K, we obtain a desired isomorphism p, of the group Gg to the group
G,.. Let an element g of the group Gy be the coset of an element g(s*) of
the group R™. Then it acts on M, by the rule (7.1.5) just as the element
g((A;l)gsﬁ) of the group R™ does. Since entries of the matrix A (7.1.6) are
smooth functions on N, this action of the group Gy on U is smooth. It is
free, and U/Gp = N. Then the fibred manifold (7.1.3) is a trivial principal
bundle with the structure group Gy. Given a section o of this principal
bundle, its trivialization U = N x G is defined by assigning the points
p~(gz) of the group space Gy to the points g,o(z), g. € G, of a fibre
M,. Let us endow Gg with the standard coordinate atlas (1) = (¢%, ¢%)
of the group (7.1.1). Then U admits the trivialization (7.1.2) with respect
to the bundle coordinates (z*,t%, ) where 24, A = 1,...,dimZ — m,
are coordinates on a base N. The vector fields ¢, on U relative to these
coordinates read

Vg =0, Ui =—(BC™H%(2)0, + (C™HE(x)dy. (7.1.7)

Accordingly, the subring S restricted to U is the pull-back 7*C*(N) onto
U of the ring of smooth functions on N.

(7.1.6)
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(IIT). Let us split the coordinates () on N into some m coordinates
(Jx) and the rest dim Z — 2m coordinates (2#). Then we can provide the
toroidal domain U (7.1.2) with the Poisson bivector field

w =0 A Oy (7.1.8)

of rank 2m. The independent complete vector fields d, and 0; are Hamil-
tonian vector fields of the functions S, = J, and S; = J; on U which are
in involution with respect to the Poisson bracket

{f, '} = P forf — onforf' (7.1.9)
defined by the bivector field w (7.1.8). By virtue of the expression (7.1.7),

the Hamiltonian vector fields {9»} generate the S-algebra A. Therefore,
(w, A) is a partially integrable system. O

Remark 7.1.1. Condition (ii) of Theorem 7.1.1 is equivalent to that U —
U/G is a fibred manifold [116]. It should be emphasized that a fibration
in invariant submanifolds is a standard property of integrable systems [4;
13; 20; 51; 59; 122]. If fibres of such a fibred manifold are assumed to
be compact then this fibred manifold is a fibre bundle (Theorem 11.2.4)
and vertical vector fields on it (e.g., in condition (i) of Theorem 7.1.1) are
complete (Theorem 11.2.12).

7.1.2 Bi-Hamiltonian partially integrable systems

A Poisson structure in Theorem 7.1.1 is by no means unique. Given the
toroidal domain U (7.1.2) provided with bundle coordinates (z4,7), it is
readily observed that, if a Poisson bivector field on U satisfies Definition
7.1.1, it takes the form

w = wy + wy = w™(zB)da A I\ 4w (2B, 10, A D, (7.1.10)

The converse also holds as follows.

Theorem 7.1.2. For any Poisson bivector field w (7.1.10) of rank 2m on
the toroidal domain U (7.1.2), there exists a toroidal domain U C U such
that a dynamical algebra A in Theorem 7.1.1 is a partially integrable system
on U'.

Remark 7.1.2. It is readily observed that any Poisson bivector field w
(7.1.10) fulfills condition (b) in Definition 7.1.1, but condition (a) imposes
a restriction on the toroidal domain U. The key point is that the charac-
teristic foliation F of U yielded by the Poisson bivector fields w (7.1.10)
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is the pull-back of an m-dimensional foliation Fy of the base N, which is
defined by the first summand w; (7.1.10) of w. With respect to the adapted
coordinates (Jy, z4), A = 1,...,m, on the foliated manifold (N, Fy), the
Poisson bivector field w reads

w = wh(Jx, 28" A8, + w (Jx, 24,1720, A O, (7.1.11)

Then condition (a) in Definition 7.1.1 is satisfied if N/ C N is a domain of
a coordinate chart (Jy, z4) of the foliation Fy. In this case, the dynam-
ical algebra A on the toroidal domain U’ = 7~(N’) is generated by the
Hamiltonian vector fields

19)\ = —U}LdJ)\ = wi\bau (7.1.12)
of the m independent functions Sy = Jj.

Proof. The characteristic distribution of the Poisson bivector field w
(7.1.10) is spanned by the Hamiltonian vector fields

v = —w|dz? = wt, (7.1.13)
and the vector fields
derA = w0, + 2w“>‘8“.

Since w is of rank 2m, the vector fields 0,, can be expressed in the vector
fields v (7.1.13). Hence, the characteristic distribution of w is spanned by
the Hamiltonian vector fields v# (7.1.13) and the vector fields

v = wr,. (7.1.14)

The vector fields (7.1.14) are projected onto N. Moreover, one can derive
from the relation [w,w] = 0 that they generate a Lie algebra and, conse-
quently, span an involutive distribution Vy of rank m on N. Let Fy denote
the corresponding foliation of N. We consider the pull-back F = n*Fy of
this foliation onto U by the trivial fibration 7 [116]. Its leaves are the inverse
images 7! (Fx) of leaves Fiy of the foliation Fy, and so is its characteristic
distribution

TF = (T7)" (V).

This distribution is spanned by the vector fields v* (7.1.14) on U and the
vertical vector fields on U — N, namely, the vector fields v (7.1.13) gen-
erating the algebra A. Hence, T'F is the characteristic distribution of the
Poisson bivector field w. Furthermore, since U — N is a trivial bundle,
each leaf m7=1(Fy) of the pull-back foliation F is the manifold product of
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a leaf Fiy of N and the toroidal cylinder R¥=™ x T™. It follows that the
foliated manifold (U, F) can be provided with an adapted coordinate atlas

{(U,, Jx, 24, 1)}, A=1,...,k, A=1,...,dimZ — 2m,

such that (Jy,2?) are adapted coordinates on the foliated manifold
(N, Fn). Relative to these coordinates, the Poisson bivector field (7.1.10)
takes the form (7.1.11). Let N’ be the domain of this coordinate chart.
Then the dynamical algebra .4 on the toroidal domain U’ = 7~1(N') is gen-
erated by the Hamiltonian vector fields ¥, (7.1.12) of functions Sy = J,O

Remark 7.1.3. Let us note that the coefficients w*” in the expressions
(7.1.10) and (7.1.11) are affine in coordinates r* because of the relation
[w,w] = 0 and, consequently, they are constant on tori.

Now, let w and w’ be two different Poisson structures (7.1.10) on the
toroidal domain (7.1.2) which make a commutative dynamical algebra A
into different partially integrable systems (w,.4) and (w’, A).

Definition 7.1.2. We agree to call the triple (w,w’,.A) a bi-Hamiltonian
partially integrable system if any Hamiltonian vector field 4 € A with
respect to w possesses the same Hamiltonian representation

Y = —w|df = —w'|df, fes, (7.1.15)
relative to w’, and vice versa.

Definition 7.1.2 establishes a sui generis equivalence between the par-
tially integrable systems (w,.A) and (w’,.A). Theorem 7.1.3 below states
that the triple (w,w’, .A) is a bi-Hamiltonian partially integrable system in
accordance with Definition 7.1.2 if and only if the Poisson bivector fields w
and w’ (7.1.10) differ only in the second terms wy and wj. Moreover, these
Poisson bivector fields admit a recursion operator as follows.

Theorem 7.1.3. (I) The triple (w,w’, A) is a bi-Hamiltonian partially in-
tegrable system in accordance with Definition 7.1.2 if and only if the Poisson
bivector fields w and w' (7.1.10) differ in the second terms we and wh. (1I)
These Poisson bivector fields admit a recursion operator.

Proof. (I). It is easily justified that, if Poisson bivector fields w (7.1.10)
fulfil Definition 7.1.2, they are distinguished only by the second summand
ws. Conversely, as follows from the proof of Theorem 7.1.2, the charac-
teristic distribution of a Poisson bivector field w (7.1.10) is spanned by
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the vector fields (7.1.13) and (7.1.14). Hence, all Poisson bivector fields w
(7.1.10) distinguished only by the second summand ws have the same char-
acteristic distribution, and they bring A into a partially integrable system
on the same toroidal domain U’. Then the condition in Definition 7.1.2 is
easily justified. (IT). The result follows from forthcoming Lemma 7.1.1. O

Given a smooth real manifold X, let w and w’ be Poisson bivector
fields of rank 2m on X, and let w# and w’® be the corresponding bundle
homomorphisms (3.1.8). A tangent-valued one-form R on X yields bundle
endomorphisms

R:TX - TX, R :T"X - T*X. (7.1.16)
It is called a recursion operator if
w* = Rowf = w o R*. (7.1.17)

Given a Poisson bivector field w and a tangent valued one-form R such that
R o w! = w! o R*, the well-known sufficient condition for R o w! to be a
Poisson bivector field is that the Nijenhuis torsion (11.2.60) of R, seen as
a tangent-valued one-form, and the Magri—-Morosi concomitant of R and w
vanish [27; 123]. However, as we will see later, recursion operators between
Poisson bivector fields in Theorem 7.1.3 need not satisfy these conditions.

Lemma 7.1.1. A recursion operator between Poisson structures of the
same rank exists if and only if their characteristic distributions coincide.

Proof. It follows from the equalities (7.1.17) that a recursion operator
R sends the characteristic distribution of w to that of w’, and these distri-
butions coincide if w and w’ are of the same rank. Conversely, let regular
Poisson structures w and w’ possess the same characteristic distribution
TF — TX tangent to a foliation F of X. We have the exact sequences
(11.2.66) — (11.2.67). The bundle homomorphisms w* and w’* (3.1.8) fac-
torize in a unique fashion (3.1.29) through the bundle isomorphisms wﬁ}-

and w}?- (3.1.29). Let us consider the inverse isomorphisms
wy: TF — TF*,  wp:TF — TF* (7.1.18)
and the compositions
R]::w'ﬁ-owg_-:T]:HT}", R;—:wg_—ow/ﬁ-:T}"*HT}"*. (7.1.19)
There is the obvious relation

w’ﬁ-:R}-owﬁ}-Zwﬁ}-OR}.
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In order to obtain a recursion operator (7.1.17), it suffices to extend the
morphisms Ry and R’ (7.1.19) onto TX and T*X, respectively. For this
purpose, let us consider a splitting
(:TX - TF,
TX=TF®(Id —igo)TX =TFDE,
of the exact sequence (11.2.66) and the dual splitting
CFTF - TX,
T"X =C(TF)® (Id — " oilx)T*X = (TF") o ',
of the exact sequence (11.2.67). Then the desired extensions are
R=Rr xIdE, R*=(C"oRy) xIdE'.
This recursion operator is invertible, i.e., the morphisms (7.1.16) are bundle
isomorphisms. O
For instance, the Poisson bivector field w (7.1.10) and the Poisson bivec-
tor field
wo = wAAaA A Oy
admit a recursion operator wg = Row* whose entries are given by the
equalities
RA=04, R;F=6",  R{=0  w"=RpwPr.  (7.1.20)
Its Nijenhuis torsion (11.2.60) fails to vanish, unless coefficients w** are

independent of coordinates .

7.1.3 Partial action-angle coordinates

Given a partially integrable system (w,.4) in Theorem 7.1.2, the bivector
field w (7.1.11) can be brought into the canonical form (7.1.8) with respect
to partial action-angle coordinates in forthcoming Theorem 7.1.4. This
theorem extends the Liouville-Arnold theorem to the case of a Poisson
structure and a non-compact invariant submanifold [62; 65].

Theorem 7.1.4. Given a partially integrable system (w,A) on a Poisson
manifold (U,w), there exists a toroidal domain U’ C U equipped with par-
tial action-angle coordinates (Io,I;, 24, 7%, ¢") such that, restricted to U’,
a Poisson bivector field takes the canonical form

w=0"N0, + 0" N0, (7.1.21)

while the dynamical algebra A is generated by Hamiltonian vector fields of
the action coordinate functions S, = I,, S; = I;.
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Proof. First, let us employ Theorem 7.1.2 and restrict U to the toroidal
domain, say U again, equipped with coordinates (.Jy, z,7*) such that the
Poisson bivector field w takes the form (7.1.11) and the algebra A is gen-
erated by the Hamiltonian vector fields ¥ (7.1.12) of m independent func-
tions S) = J) in involution. Let us choose these vector fields as new
generators of the group G and return to Theorem 7.1.1. In accordance
with this theorem, there exists a toroidal domain U’ C U provided with
another trivialization U’ — N’ C N in toroidal cylinders R™~" x T" and
endowed with bundle coordinates (Jy, z4,r*) such that the vector fields
(7.1.12) take the form (7.1.7). For the sake of simplicity, let U’, N’ and
y* be denoted U, N and r* = (t, ¢') again. Herewith, the Poisson bivec-
tor field w is given by the expression (7.1.11) with new coefficients. Let
wt : T*U — TU be the corresponding bundle homomorphism. It factorizes
in a unique fashion (3.1.29):

- ! ;
w: TU I TF 5L TF 2 TU
through the bundle isomorphism
wg_-:T}'*—>T}', wg::aﬁ—w(x)ta.

Then the inverse isomorphisms w?_— : TF — TF* provides the foliated
manifold (U, F) with the leafwise symplectic form

QF = QM (Jx, 24t d T, AN dT, + Q4 (I, 22 d T, Adrt,  (7.1.22)

Quuwl =065, Q% = —QeQJw. (7.1.23)
Let us show that it is d-exact. Let F be a leaf of the foliation JF of U. There
is a homomorphism of the de Rham cohomology Hf\;(U) of U to the de
Rham cohomology Hpy;(F) of F, and it factorizes through the leafwise
cohomology H%(U) due to (3.1.33). Since N is a domain of an adapted

coordinate chart of the foliation Fp, the foliation Fy of N is a trivial fibre
bundle

N=VxxW—-W.

Since F is the pull-back onto U of the foliation Fx of N, it also is a trivial
fibre bundle

U=V xWx R xT™) - W (7.1.24)
over a domain W C R4mZ—2m_ Ty follows that

Hpr(U) = Hpr(T") = Hz(U).
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Then the closed leafwise two-form Qx (7.1.22) is exact due to the absence
of the term §,,, dr* A dr”. Moreover, Qr = d= where = reads

2 =E%Jy, 24, r)‘)EZVJa + Ei(Jx, zA)dvcpi

up to a d-exact leafwise form. The Hamiltonian vector fields 9, = NP
(7.1.7) obey the relation

Q= —dJy, Q305 =55, (7.1.25)

which falls into the following conditions
Q) = 07, — 9,27, (7.1.26)
Q) = -9,=* =5 (7.1.27)

The first of the relations (7.1.23) shows that 2§ is a non-degenerate matrix
independent of coordinates r*. Then the condition (7.1.26) implies that

0;,Z* are independent of ¢, and so are Z* since ¢° are cyclic coordinates.
Hence,
0 = 0E, (7.1.28)
9 |QF = —d=,. (7.1.29)

Let us introduce new coordinates I, = J,, I; = Z;(Jy). By virtue of the
equalities (7.1.27) and (7.1.28), the Jacobian of this coordinate transforma-
tion is regular. The relation (7.1.29) shows that 9; are Hamiltonian vector
fields of the functions S; = I;. Consequently, we can choose vector fields
0y as generators of the algebra A. One obtains from the equality (7.1.27)
that

B = % + B Jy, 2Y)
and Z* are independent of . Then the leafwise Liouville form = reads
Z = (=t + E%(I, 2"))dI, + E'(I\, 2)dI; + Lidy'.
The coordinate shifts
7= 19 4 E(Iy, 24, ¢ =i — Ei(Iy, M)
bring the leafwise form Q. (7.1.22) into the canonical form
QF = dl, Adr® +dI; A d'

which ensures the canonical form (7.1.21) of a Poisson bivector field w. O
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7.1.4 Partially integrable system on a symplectic manifold

Let A be a commutative dynamical algebra on a 2n-dimensional connected
symplectic manifold (Z,Q). Let it obey condition (a) in Definition 7.1.1.
However, condition (b) is not necessarily satisfied, unless m = n, i.e., a sys-
tem is completely integrable. Therefore, we modify a definition of partially
integrable systems on a symplectic manifold.

Definition 7.1.3. A collection {S1, ..., Sy} of m < n independent smooth
real functions in involution on a symplectic manifold (Z,) is called a
partially integrable system.

Remark 7.1.4. By analogy with Definition 7.1.1, one can require that
functions S in Definition 7.1.3 are independent almost everywhere on Z.
However, all theorems that we have proved above are concerned with par-
tially integrable systems restricted to some open submanifold Z’ C Z of
regular points of Z. Therefore, let us restrict functions Sy to an open sub-
manifold Z’ C Z where they are independent, and we obtain a partially
integrable system on a symplectic manifold (Z’, ) which obeys Definition
7.1.3. However, it may happen that Z’ is not connected. In this case, we
have different partially integrable systems on different components of Z’.

Given a partially integrable system (S) in Definition 7.1.3, let us con-
sider the map

S:Z—-WcCR™ (7.1.30)

Since functions Sy are everywhere independent, this map is a submersion
onto a domain W C R™ i.e., S (7.1.30) is a fibred manifold of fibre di-
mension 2n —m. Hamiltonian vector fields ¢ of functions Sy are mutually
commutative and independent. Consequently, they span an m-dimensional
involutive distribution on Z whose maximal integral manifolds constitute
an isotropic foliation F of Z. Because functions S are constant on leaves
of this foliation, each fibre of a fibred manifold Z — W (7.1.30) is foliated
by the leaves of the foliation F.

If m = n, we are in the case of a completely integrable system, and leaves
of F are connected components of fibres of the fibred manifold (7.1.30).

The Poincaré — Lyapounov — Nekhoroshev theorem [51; 122] generalizes
the Liouville — Arnold one to a partially integrable system if leaves of the
foliation F are compact. It imposes a sufficient condition which Hamilto-
nian vector fields vy must satisfy in order that the foliation F is a fibred
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manifold [51; 52]. Extending the Poincaré — Lyapounov — Nekhoroshev the-
orem to the case of non-compact invariant submanifolds, we in fact assume
from the beginning that these submanifolds form a fibred manifold [62;
65].

Theorem 7.1.5. Let a partially integrable system {Si,...,Sn} on a sym-
plectic manifold (Z,Q) satisfy the following conditions.

(i) The Hamiltonian vector fields 95 of Sx are complete.

(i) The foliation F is a fibred manifold

w:Z — N (7.1.31)

whose fibres are mutually diffeomorphic.
Then the following hold.
(1) The fibres of F are diffeomorphic to the toroidal cylinder (7.1.1).
(II) Given a fibre M of F, there exists its open saturated neighborhood
U whose fibration (7.1.81) is a trivial principal bundle with the structure
group (7.1.1).
(II1) The neighborhood U is provided with the bundle (partial action-
angle) coordinates

(I>\7p5’q5’y>\)_)(I>\’p5’qs)’ A::l?""m’ 3217"'n_m7

such that: (i) the action coordinates (I) (7.1.42) are expressed in the values
of the functions (Sy), (i) the angle coordinates (y) (7.1.45) are coordinates
on a toroidal cylinder, and (iii) the symplectic form Q on U reads

Q = dI\ Ady™ + dps A dg®. (7.1.32)

Proof. (I) The proof of parts (I) and (II) repeats exactly that of parts
(I) and (II) of Theorem 7.1.1. As a result, let

m:U—-nU)CN (7.1.33)

be a trivial principal bundle with the structure group R™~" x T, endowed
with the standard coordinate atlas (7*) = (%, ¢*). Then U (7.1.33) admits
a trivialization

U=nU)x R™" xT") — =(U) (7.1.34)

with respect to the fibre coordinates (%, ¢%). The Hamiltonian vector fields
¥y on U relative to these coordinates read (7.1.7):

Vo =00, i = —(BC™H4(2)0, 4+ (C~1)F(x)0. (7.1.35)
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In order to specify coordinates on the base 7(U) of the trivial bundle
(7.1.34), let us consider the fibred manifold S (7.1.30). It factorizes as

’

S:U Zsr(U) = S(U)

through the fibre bundle 7. The map 7" also is a fibred manifold. One can
always restrict the domain 7(U) to a chart of the fibred manifold 7', say
m(U) again. Then 7(U) — S(U) is a trivial bundle n(U) = S(U) x V, and
so is U — S(U). Thus, we have the composite bundle

U=SU)xVxR" " xT")—-SU)xV —SU). (7.1.36)
Let us provide its base S(U) with the coordinates (Jy) such that
JyoS=25,. (7.1.37)

Then 7(U) can be equipped with the bundle coordinates (Jy,z4), A =
1,...,2(n —m), and (Jy,z4,t% ¢') are coordinates on U (7.1.2). Since
fibres of U — 7(U) are isotropic, a symplectic form 2 on U relative to the
coordinates (Jy, 24, ") reads

Q=Q%dJ, AdJg + Q5d o A dr? (7.1.38)
+ Qupdz® A da® + QﬁdJA Adzt + QAgdxA AdrP.

The Hamiltonian vector fields ¥, = 940, (7.1.35) obey the relations
92 ]Q = —dJy which result in the coordinate conditions

Qg0 = 6%, Qagvy =0. (7.1.39)

The first of them shows that QF is a non-degenerate matrix independent
of coordinates 7. Then the second one implies that 4 = 0. By virtue
of the well-known Kinneth formula for the de Rham cohomology of mani-
fold products, the closed form Q (7.1.38) is exact, i.e., = d= where the
Liouville form = is

E=E2%(Jx, 2B, 1N dJo + Zi(Jn, 2P)de’ + E4(n, 2P, rY)da?.
Since Z, = 0 and Z; are independent of o, it follows from the relations
QA/B = 8,455 — 855,4 =0

that Z4 are independent of coordinates t® and are at most affine in ¢°.
Since ' are cyclic coordinates, 2,4 are independent of ¢'. Hence, Z; are
independent of coordinates x*, and the Liouville form reads

(1]

= 29Iy, 28, 1N d T + Zi(J2)de' + Ea(Jy, 2B)da?. (7.1.40)
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Because entries (13 of d= = (1 are independent of r*, we obtain the
following.
(i) Q) = 0*=; —9;=*. Consequently, 9;=* are independent of ¢?, and so

X since ¢* are cyclic coordinates. Hence, Q) = 0*=; and 0; |Q = —d=;.

are &=
A glance at the last equality shows that 9; are Hamiltonian vector fields. It
follows that, from the beginning, one can separate m generating functions
on U, say S; again, whose Hamiltonian vector fields are tangent to invariant
tori. In this case, the matrix B in the expressions (7.1.6) and (7.1.35)

vanishes, and the Hamiltonian vector fields 9, (7.1.35) read
Vo =00y i = (C71F0. (7.1.41)

Moreover, the coordinates t* are exactly the flow parameters s®. Substi-
tuting the expressions (7.1.41) into the first condition (7.1.39), we obtain
Q= QdJ, AdJg + dJ, Ads® + CidJ; A dp"
+ Qapde? AdxP + QhdJy A da?t.

It follows that =Z; are independent of J,, and so are Cf = 9kzE,.

(ii) Q) = —9,=* = 6. Hence, 2% = —s*+ E%(Jy) and = = E¥(Jy, 25)
are independent of s°.

In view of items (i) — (ii), the Liouville form = (7.1.40) reads

2= (=5 + E*(Jr,2P))dJ, + E(Jy, 2P)dJ;
+ Z(J))de" + Za(Jx, 2P)dx?.

Since the matrix OFZ; is non-degenerate, we can perform the coordinate
transformations

Iy, = Ja, I, = 5,(J;), (7.1.42)
o7,
oI

P = —57 4+ BY(Jy,2B), =" — FI(Jy, 2P)
These transformations bring €2 into the form
Q=dI\ Adr'™ + Qap(I,, 2%)dz? A dx® + Q) (1, 2C)dIx Adx?. (7.1.43)

Since functions I are in involution and their Hamiltonian vector fields 0y
mutually commute, a point z € M has an open neighborhood

U, =n(U,)x 0., O, CR™ x T,

endowed with local Darboux coordinates (Ix,ps,q%, y*), s = 1,...,n —m,
such that the symplectic form  (7.1.43) is given by the expression

Q = dIy Ady™ + dps A dg®. (7.1.44)
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Here, y* (I, 2", r'®) are local functions
P = 4 Pl (7.1.45)

on U,. With the above-mentioned group G of flows of Hamiltonian vector
fields 9y, one can extend these functions to an open neighborhood

m(U,) x RF=™ x 7™
of M, say U again, by the law
v NI 2, G(2)%) = G + [, 2).

Substituting the functions (7.1.45) on U into the expression (7.1.43), one
brings the symplectic form 2 into the canonical form (7.1.32) on U. O

Remark 7.1.5. If one supposes from the beginning that leaves of the foli-
ation F are compact, the conditions of Theorem 7.1.5 can be replaced with
that F is a fibred manifold (see Theorems 11.2.4 and 11.2.12).

7.1.5 Global partially integrable systems

As was mentioned above, there is a topological obstruction to the existence
of global action-angle coordinates. Forthcoming Theorem 7.1.6 is a global
generalization of Theorem 7.1.5 [110; 143].

Theorem 7.1.6. Let a partially integrable system {S1,...,Sm} on a sym-
plectic manifold (Z,QY) satisfy the following conditions.

(i) The Hamiltonian vector fields 95 of Sx are complete.

(ii) The foliation F is a fibre bundle

w:Z — N. (7.1.46)

(iii) Its base N is simply connected and the cohomology H*(N;Z) of N
with coefficients in the constant sheaf 7 is trivial.
Then the following hold.

(I) The fibre bundle (7.1.46) is a trivial principal bundle with the struc-
ture group (7.1.1), and we have a composite fibred manifold

S=(on:Z — N —W, (7.1.47)

where N — W however need not be a fibre bundle.
(II) The fibred manifold (7.1.47) is provided with the global fibred
action-angle coordinates

(In, 2%, y) — (In, ) — (In), A=1,....m, A=1,...2(n—m),
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such that: (i) the action coordinates (Iy) (7.1.56) are expressed in the values
of the functions (S)) and they possess identity transition functions, (ii) the
angle coordinates (y) (7.1.56) are coordinates on a toroidal cylinder, (iii)
the symplectic form € on U reads

Q = dI\ Ady* + QAdI\ A dz? + Qapde™ A daB. (7.1.48)

Proof. Following part (I) of the proof of Theorems 7.1.1 and 7.1.5, one
can show that a typical fibre of the fibre bundle (7.1.46) is the toroidal
cylinder (7.1.1). Let us bring this fibre bundle into a principal bundle with
the structure group (7.1.1). Generators of each isotropy subgroup K, of
R™ are given by r linearly independent vectors u;(z) of a group space R™.
These vectors are assembled into an r-fold covering K — N. This is a
subbundle of the trivial bundle

N xR™ — N (7.1.49)

whose local sections are local smooth sections of the fibre bundle (7.1.49).
Such a section over an open neighborhood of a point x € N is given by a
unique local solution s*(x)ey, ex = ¥, of the equation

g(sMo(@') = exp(ster)o(a’) = o(2'),  sMa)ex = ui(x),
where ¢ is an arbitrary local section of the fibre bundle Z — N over an
open neighborhood of . Since N is simply connected, the covering K — N
admits r everywhere different global sections u; which are global smooth

sections u;(x) = u}(z)ey of the fibre bundle (7.1.49). Let us fix a point
of N further denoted by {0}. One can determine linear combinations of

the functions Sy, say again Sy, such that u;(0) = e;, i = m —r,...,m,
and the group Gy is identified to the group R™~" x T". Let E, denote an
r-dimensional subspace of R passing through the points ui(x), ..., u,(x).

The spaces E,, x € N, constitute an r-dimensional subbundle £ — N of
the trivial bundle (7.1.49). Moreover, the latter is split into the Whitney
sum of vector bundles E & E’, where E!, = R™/E, [85]. Then there is a
global smooth section «y of the trivial principal bundle N x GL(m,R) — N
such that y(z) is a morphism of Ey onto E,, where

ui(x) = y(z)(er) = 1i'en.
This morphism also is an automorphism of the group R™ sending Ky onto
K. Therefore, it provides a group isomorphism p, : Gg — G,. With these
isomorphisms, one can define the fibrewise action of the group Gy on Z
given by the law



7.1. Partially integrable systems with non-compact invariant submanifolds 223

Namely, let an element of the group Gy be the coset g(s*)/ K of an element
g(s) of the group R™. Then it acts on M, by the rule (7.1.50) just as the
coset g((w(x)_l)gsﬂ)/Km of an element g((’y(x)_l)gsﬂ) of R™ does. Since
entries of the matrix v are smooth functions on N, the action (7.1.50) of
the group Gy on Z is smooth. It is free, and Z/Gy = N. Thus, Z — N
(7.1.46) is a principal bundle with the structure group Go = R™~" x T".

Furthermore, this principal bundle over a paracompact smooth manifold
N is trivial as follows. In accordance with the well-known theorem [85], its
structure group G (7.1.1) is reducible to the maximal compact subgroup
T7", which also is the maximal compact subgroup of the group product
>T<GL(1,(C). Therefore, the equivalence classes of T"-principal bundles &
are defined as

c§)=cli® a&)=~10+c(&)) - (1+ca(&))

by the Chern classes c1 (&) € H?(N;Z) of U(1)-principal bundles &; over
N [85]. Since the cohomology group H?(N;Z) of N is trivial, all Chern
classes c; are trivial, and the principal bundle Z — N over a contractible
base also is trivial. This principal bundle can be provided with the following
coordinate atlas.

Let us consider the fibred manifold S : Z — W (7.1.30). Because
functions S are constant on fibres of the fibre bundle Z — N (7.1.46), the
fibred manifold (7.1.30) factorizes through the fibre bundle (7.1.46), and we
have the composite fibred manifold (7.1.47). Let us provide the principal
bundle Z — N with a trivialization

Z=NxR™" xT" — N, (7.1.51)

whose fibres are endowed with the standard coordinates (r*) = (£, ") on
the toroidal cylinder (7.1.1). Then the composite fibred manifold (7.1.47)
is provided with the fibred coordinates

(Ja,z, 1%, 0%, (7.1.52)

A=1,....m, A=1,....2(n—m), a=1,....m—r, i=1,...,r

where Jy (7.1.37) are coordinates on the base W induced by Cartesian co-
ordinates on R™, and (Jy,z*) are fibred coordinates on the fibred manifold
¢ : N — W. The coordinates Jy on W C R™ and the coordinates (t¢, ¢*)
on the trivial bundle (7.1.51) possess the identity transition functions, while
the transition function of coordinates (z*) depends on the coordinates (.J))
in general.
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The Hamiltonian vector fields ¥, on Z relative to the coordinates
(7.1.52) take the form
Iy = V95 (x)0, + 04 (2)0;. (7.1.53)
Since these vector fields commute (i.e., fibres of Z — N are isotropic), the
symplectic form Q on Z reads
Q= Q%dJo Adr® + Qaadr® Adz® +Q*PdJ, A dJg (7.1.54)
+ Q%d Ty A dz? + Qapdz? A dzB.
This form is exact (see Lemma 7.1.2 below). Thus, we can write
Q = d=, 2 = EMNJa, 28,7 d I\ + Ex(J o, 28)dr? (7.1.55)
+ Ea(Ja, 28, r)da?.
Up to an exact summand, the Liouville form E (7.1.55) is brought into the
form
2 =ZMNJa, 28, 7)dI\ + Zi(Ja, 28)dep’ + Ea(Ju, 2B, r®)da?,

i.e., it does not contain the term =,dt®.

The Hamiltonian vector fields ¥y (7.1.53) obey the relations 9, |2 =
—dJy, which result in the coordinate conditions (7.1.39). Then following
the proof of Theorem 7.1.5, we can show that a symplectic form Q on Z is
given by the expression (7.1.48) with respect to the coordinates

Iy = Ja, I = 2i(J;), (7.1.56)
o7,
oI a

y' =Bt =1 = E(Jy2"), ¥ =o' - F ()27

Lemma 7.1.2. The symplectic form Q (7.1.54) is exact.

Proof. In accordance with the well-known Kiinneth formula, the de
Rham cohomology group of the product (7.1.51) reads
Hpp(Z) = Hpr(N) ® Hpr(N) @ Hpp(T") ® Hig (T7).

By the de Rham theorem [85], the de Rham cohomology Hg (V) is iso-
morphic to the cohomology H2(N;R) of N with coefficients in the constant
sheaf R. Tt is trivial since

H?*(N;R) = H*(N;Z) ® R
where H?(N;Z) is trivial. The first cohomology group Hpp(N) of N is
trivial because N is simply connected. Consequently, H3(Z) = H3z (T").

Then the closed form € (7.1.54) is exact since it does not contain the term
Qijdgoi A\ d(pj. O
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7.2 KAM theorem for partially integrable systems

Introducing an appropriate Poisson structure for a partially integrable sys-
tem and using the methods in [20], one can extend the well-known KAM
theorem to partially integrable systems [62].

Let {S\}, A = 1,...,m, be a partially integrable system on a 2n-
dimensional symplectic manifold (Z,). Let M be its connected compact
invariant submanifold which admits an open neighborhood satisfying The-
orem 7.1.5. In this case, Theorem 7.1.5 comes to the above mentioned
Nekhoroshev theorem. By virtue of this theorem, there exists an open
neighborhood of M which is a trivial composite bundle

T U=VxWxT" >V xW >V (7.2.1)
(cf. (7.1.36)) over domains W C R2™=™) and V < R™. It is provided
with the partial action-angle coordinates (I,z4,¢*), X = 1,...,m, A =

1,...,2(n —m), such that the symplectic form Q on U reads
Q =dI Adp* + Qap(L,,29)dz? A dxB + Q) (1, 29)dI A dx? (7.2.2)

(cf. (7.1.43)), while the generating functions Sy depend only on the action
coordinates I,,.

Note that, in accordance with part (III) of Theorem 7.1.5, one can
always restrict U to a Darboux coordinate chart provided with coordinates
(I;,ps, q°; ©') such that the symplectic form Q (7.2.2) takes the canonical
form

Q = dI Ade* + dpg A dg®.

Then the partially integrable system {5} on this chart can be extended to a
completely integrable system, e.g., {Sx, ps}, but its invariant submanifolds
fail to be compact. Therefore, this is not the case of the KAM theorem.

Let H be a Hamiltonian of a partially integrable system on U (7.2.1)
such that the generating functions S are integrals of motion of H. There-
fore, H is independent of the angle variables. Let us assume that it depends
on only the action ones. Then its Hamiltonian vector field

&= 0"H(I))0, (7.2.3)
with respect to the symplectic form Q (7.2.2) yields the Hamilton equation
ILy=0, &4=0, ¢ =0"H(I)) (7.2.4)

on U. Let us consider perturbations

H =H+Hi(I,, 22, ") (7.2.5)
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We assume the following. (i) The Hamiltonian H and its perturbations
(7.2.5) are real analytic, although generalizations to the case of infinite and
finite order of differentiability are possible [20]. (ii) The Hamiltonian H is
non-degenerate, i.e., the frequency map

w:VxW 3 (I, z%) — (€MI,)) € R™

is of rank m.
Note that w(V x W) C R™ is open and bounded. As usual, given v > 0,
let

m —m—1
Q,=weR™: |w"au|>'y<Z|a>\|> , a€Zm™\{0}
A=1
denote the Cantor set of non-resonant frequencies. The complement of
Qy Nw(V x W) in w(V x W) is dense and open, but its relative Lebesgue
measure tends to zero with «. Let us denote I', = w™1(2,), which also is
called the Cantor set.

A problem is that the Hamiltonian vector field of the perturbed Hamil-
tonian (7.2.5) with respect to the symplectic form €2 (7.2.2) leads to the
Hamilton equation 2 # 0 and, therefore, no torus (7.2.4) persists.

To overcome this difficulty, let us provide the toroidal domain U (7.2.1)
with the degenerate Poisson structure given by the Poisson bivector field

w =0 A Dy (7.2.6)

of rank 2m. It is readily observed that, relative to w, all integrals of motion
of the original partially integrable system (£2,{S)}) remain in involution
and, moreover, they possess the same Hamiltonian vector fields ¢#,. In
particular, a Hamiltonian H with respect to the Poisson structure (7.2.6)
leads to the same Hamilton equation (7.2.4). Thus, we can think of the pair
(w,{Sx}) as being a partially integrable system on the Poisson manifold
(U,w). The key point is that, with respect to the Poisson bivector field
w (7.2.6), the Hamiltonian vector field of the perturbed Hamiltonian H’
(7.2.5) is

¢ =0 'Oy — OH' D™, (7.2.7)
and the corresponding autonomous first order dynamic equation on U reads
Iy = —\H' (I, 28, ¢"), i4=0, & = H (1,55 ¢'p). (7.2.8)

This is a Hamilton equation with respect to the Poisson structure w (7.2.6),
but it is not so relative to the original symplectic form . Since 4 = 0
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and the toroidal domain U (7.2.1) is a trivial bundle over W, one can think
of the dynamic equation (7.2.8) as being a perturbation of the dynamic
equation (7.2.4) depending on parameters . Furthermore, the Poisson
manifold (U, w) is the product of a symplectic manifold (V' x T™, Q') with
the symplectic form

Q' = dI, Ado? (7.2.9)
and a Poisson manifold (W, w = 0) with the zero Poisson structure. There-
fore, the equation (7.2.8) can be seen as a Hamilton equation on the sym-
plectic manifold (V' x T™ Q') depending on parameters. Then one can
apply the conditions of quasi-periodic stability of symplectic Hamiltonian
systems depending on parameters [20] with respect to the perturbation
(7.2.8).

In a more general setting, these conditions can be formulated as fol-
lows. Let (w,{Sx}), A = 1,...,m, be a partially integrable system on a
regular Poisson manifold (Z, w) of rank 2m. Let M be its regular connected
compact invariant submanifold, and let U be its toroidal neighborhood U
(7.2.1) in Theorem 7.1.4 provided with the partial action-angle coordinates
(I, 24, ¢*) such that the Poisson bivector w on U takes the canonical form
(7.2.6). The following result is a reformulation of that in ([20], Section 5c),
where P = W is a parameter space and o is the symplectic form (7.2.9) on
VxTm.

Theorem 7.2.1. Given a torus {0} x T™, let
€ =M1, x™)0n (7.2.10)

(cf. (7.2.3)) be a real analytic Hamiltonian vector field whose frequency
map

w: VX W3 I,,z%) — NI, z") e R™
is of mazimal rank at {0}. Then there exists a neighborhood No CV x W
of {0} such that, for any real analytic Hamiltonian vector field

€ = eI, a™, ¢")0 + ENT,, 1™, ¢)0n
(cf (7.2.7)) sufficiently near § (7.2.10) in the real analytic topology, the
following holds. Given the Cantor set Iy, C Ny, there exists the g—invariant
Cantor set T C No x T™ which is a C* -near-identity diffeomorphic image
of [y x T,

Theorem 7.2.1 is an extension of the KAM theorem [101] to partially
integrable systems on Poisson manifolds (Z, w). Given a partially integrable
system (2,{Sx}) on a symplectic manifold (Z, ), Theorem 7.2.1 enables
one to obtain its perturbations (7.2.7) possessing a large number of invariant
tori, though these perturbations are not Hamiltonian.
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7.3 Superintegrable systems with non-compact invariant
submanifolds

In comparison with partially integrable and completely integrable systems
integrals of motion of a superintegrable system need not be in involution.
We consider superintegrable systems on a symplectic manifold. Completely
integrable systems are particular superintegrable systems.

Definition 7.3.1. Let (Z,Q) be a 2n-dimensional connected symplectic
manifold, and let (C*°(Z), {, }) be the Poisson algebra of smooth real func-
tions on Z. A subset

F=(F,..., Fy), n <k < 2n, (7.3.1)

of the Poisson algebra C*°(Z) is called a superintegrable system if the
following conditions hold.
(i) All the functions F; (called the generating functions of a superinte-

k
grable system) are independent, i.e., the k-form A dF; nowhere vanishes on
Z. Tt follows that the map F : Z — R* is a submersion, i.e.,

F:Z— N=F(Z) (7.3.2)
is a fibred manifold over a domain (i.e., contractible open subset) N C R*

endowed with the coordinates (z;) such that z; o F' = F;.
(ii) There exist smooth real functions s;; on N such that

{Fi,Fj}:SijOF, i,jzl,...,k. (733)

(iii) The matrix function s with the entries s;; (7.3.3) is of constant
corank m = 2n — k at all points of N.

Remark 7.3.1. We restrict our consideration to the case of generating
functions which are independent everywhere on a symplectic manifold Z
(see Remarks 7.1.4 and 7.3.2).

If £ = n, then s = 0, and we are in the case of completely integrable
systems as follows.

Definition 7.3.2. The subset F', k = n, (7.3.1) of the Poisson algebra
C>(Z) on a symplectic manifold (Z,) is called a completely integrable
system if F; are independent functions in involution.

If k > n, the matrix s is necessarily non-zero. Therefore, superintegrable
systems also are called non-commutative completely integrable systems. If
k = 2n — 1, a superintegrable system is called maximally superintegrable.
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The following two assertions clarify the structure of superintegrable sys-
tems [41; 46].

Proposition 7.3.1. Given a symplectic manifold (Z,Q0), let F: Z — N be
a fibred manifold such that, for any two functions f, f' constant on fibres
of F, their Poisson bracket {f, f'} is so. By virtue of Theorem 3.1.3, N is
provided with an unique coinduced Poisson structure {, } v such that F is a
Poisson morphism.

Since any function constant on fibres of F is a pull-back of some function
on N, the superintegrable system (7.3.1) satisfies the condition of Propo-
sition 7.3.1 due to item (ii) of Definition 7.3.1. Thus, the base N of the
fibration (7.3.2) is endowed with a coinduced Poisson structure of corank
m. With respect to coordinates x; in item (i) of Definition 7.3.1 its bivector
field reads

w = s;j(vr)0" N . (7.3.4)

Proposition 7.3.2. Given a fibred manifold F : Z — N in Proposition
7.3.1, the following conditions are equivalent [41; 104]:

(i) the rank of the coinduced Poisson structure {,}n on N equals
2dim N — dim Z,

(ii) the fibres of F' are isotropic,

(iii) the fibres of F' are mazimal integral manifolds of the involutive
distribution spanned by the Hamiltonian vector fields of the pull-back F*C
of Casimir functions C' of the coinduced Poisson structure (7.3.4) on N.

It is readily observed that the fibred manifold F' (7.3.2) obeys condi-
tion (i) of Proposition 7.3.2 due to item (iii) of Definition 7.3.1, namely,
k—m=2(k—n).

Fibres of the fibred manifold F (7.3.2) are called the invariant
submanifolds.

Remark 7.3.2. In many physical models, condition (i) of Definition 7.3.1
fails to hold. Just as in the case of partially integrable systems, it can be

replaced with that a subset Zg C Z of regular points (where }c\dFi #0)
is open and dense. Let M be an invariant submanifold through a regular
point z € Zr C Z. Then it is regular, i.e., M C Zgr. Let M admit a regular
open saturated neighborhood Uy, (i.e., a fibre of F' through a point of Uy,
belongs to Uys). For instance, any compact invariant submanifold M has
such a neighborhood Ujy;. The restriction of functions F; to Upy; defines a
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superintegrable system on Up; which obeys Definition 7.3.1. In this case,
one says that a superintegrable system is considered around its invariant
submanifold M.

Let (Z,9Q) be a 2n-dimensional connected symplectic manifold. Given
the superintegrable system (F;) (7.3.1) on (Z,Q), the well known
Mishchenko — Fomenko theorem (Theorem 7.3.2) states the existence of
(semi-local) generalized action-angle coordinates around its connected com-
pact invariant submanifold [16; 41; 115]. The Mishchenko — Fomenko the-
orem is extended to superintegrable systems with non-compact invariant
submanifolds (Theorem 7.3.1) [46; 48; 143]. These submanifolds are diffeo-
morphic to a toroidal cylinder

R™™" x T", m=2n—k, 0<r<m. (7.3.5)

Note that the Mishchenko — Fomenko theorem is mainly applied to
superintegrable systems whose integrals of motion form a compact Lie al-
gebra. The group generated by flows of their Hamiltonian vector fields is
compact. Since a fibration of a compact manifold possesses compact fibres,
invariant submanifolds of such a superintegrable system are compact. With
Theorem 7.3.1, one can describe superintegrable Hamiltonian system with
an arbitrary Lie algebra of integrals of motion (see Section 7.6).

Given a superintegrable system in accordance with Definition 7.3.1, the
above mentioned generalization of the Mishchenko — Fomenko theorem to
non-compact invariant submanifolds states the following.

Theorem 7.3.1. Let the Hamiltonian vector fields ©¥; of the functions F;
be complete, and let the fibres of the fibred manifold F' (7.3.2) be connected
and mutually diffeomorphic. Then the following hold.

(I) The fibres of F (7.3.2) are diffeomorphic to the toroidal cylinder
(7.3.5).

(II) Given a fibre M of F' (7.3.2), there exists its open saturated neigh-
borhood Uy; which is a trivial principal bundle

Uy = Ny xR xT" 25 Ny, (7.3.6)

with the structure group (7.3.5).

(III) The neighborhood Uns is provided with the bundle (generalized
action-angle) coordinates (Ix,ps,q°,y>), A =1,...,m, s = 1,...,n —m,
such that: (i) the generalized angle coordinates (y) are coordinates on
a toroidal cylinder, i.e., fibre coordinates on the fibre bundle (7.5.6), (ii)
(I, ps, q°) are coordinates on its base Nyy where the action coordinates (1)
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are values of Casimir functions of the coinduced Poisson structure {, } n on
Ny, and (143) the symplectic form Q on Upr reads
Q=dI\ Ady* + dps A dg®. (7.3.7)

Proof. 1t follows from item (iii) of Proposition 7.3.2 that every fibre M of
the fibred manifold (7.3.2) is a maximal integral manifolds of the involutive
distribution spanned by the Hamiltonian vector fields vy of the pull-back
F*C) of m independent Casimir functions {C1,...,Cy,} of the Poisson
structure {, } 5 (7.3.4) on an open neighborhood Ny of a point F'(M) € N.
Let us put Uy = F~1(Nys). It is an open saturated neighborhood of M.
Consequently, invariant submanifolds of a superintegrable system (7.3.1)
on Uy, are maximal integral manifolds of the partially integrable system

C* = (F*Cy,...,F*Cy), 0<m<mn, (7.3.8)
on a symplectic manifold (Ups,€2). Therefore, statements (I) — (III) of
Theorem 7.3.1 are the corollaries of Theorem 7.1.5. Its condition (i) is
satisfied as follows. Let M’ be an arbitrary fibre of the fibred manifold
F :Upm — N (7.3.2). Since

F*Cx\(2) = (Cy o F)(2) = C\(F;(2)), ze M,

the Hamiltonian vector fields vy on M’ are R-linear combinations of Hamil-
tonian vector fields ¥; of the functions F; It follows that vy are elements of
a finite-dimensional real Lie algebra of vector fields on M’ generated by the
vector fields 9;. Since vector fields ¥; are complete, the vector fields vy on
M’ also are complete (see forthcoming Remark 7.3.3). Consequently, these
vector fields are complete on Ujys because they are vertical vector fields on
Uyt — N. The proof of Theorem 7.1.5 shows that the action coordinates
(I)) are values of Casimir functions expressed in the original ones C. O

Remark 7.3.3. If complete vector fields on a smooth manifold constitute
a basis for a finite-dimensional real Lie algebra, any element of this Lie
algebra is complete [127].

Remark 7.3.4. Since an open neighborhood Uyps (7.3.6) in item (II) of
Theorem 7.3.1 is not contractible, unless r = 0, the generalized action-
angle coordinates on U sometimes are called semi-local.

Remark 7.3.5. The condition of the completeness of Hamiltonian vector
fields of the generating functions F; in Theorem 7.3.1 is rather restrictive
(see the Kepler system in Section 7.6). One can replace this condition
with that the Hamiltonian vector fields of the pull-back onto Z of Casimir
functions on N are complete.
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If the conditions of Theorem 7.3.1 are replaced with that the fibres of the
fibred manifold F' (7.3.2) are compact and connected, this theorem restarts
the Mishchenko — Fomenko one as follows.

Theorem 7.3.2. Let the fibres of the fibred manifold F (7.8.2) be connected
and compact. Then they are diffeomorphic to a torus T™, and statements
(II) - (III) of Theorem 7.3.1 hold.

Remark 7.3.6. In Theorem 7.3.2, the Hamiltonian vector fields v, are
complete because fibres of the fibred manifold F' (7.3.2) are compact. As
well known, any vector field on a compact manifold is complete.

If F (7.3.1) is a completely integrable system, the coinduced Poisson
structure on N equals zero, and the generating functions F; are the pull-
back of n independent functions on N. Then Theorems 7.3.2 and 7.3.1
come to the Liouville — Arnold theorem [4; 101] and its generalization
(Theorem 7.3.3) to the case of non-compact invariant submanifolds [44;
65], respectively. In this case, the partially integrable system C* (7.3.8) is
exactly the original completely integrable system F.

Theorem 7.3.3. Given a completely integrable system, I in accordance
with Definition 7.3.2, let the Hamiltonian vector fields 9; of the functions F;
be complete, and let the fibres of the fibred manifold F (7.3.2) be connected
and mutually diffeomorphic. Then items (I) and (II) of Theorem 7.3.1 hold,
and its item (III) is replaced with the following one.

(IIT’) The neighborhood Uy (7.8.6) where m = n is provided with the
bundle (generalized action-angle) coordinates (Ix,y), X = 1,...,n, such
that the angle coordinates (y*) are coordinates on a toroidal cylinder, and
the symplectic form Q0 on Ups reads

Q= dI Ady. (7.3.9)

7.4 Globally superintegrable systems

To study a superintegrable system, one conventionally considers it with re-
spect to generalized action-angle coordinates. A problem is that, restricted
to an action-angle coordinate chart on an open subbundle U of the fibred
manifold Z — N (7.3.2), a superintegrable system becomes different from
the original one since there is no morphism of the Poisson algebra C'*°(U)
on (U, ) to that C*°(Z) on (Z,9). Moreover, a superintegrable system
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on U need not satisfy the conditions of Theorem 7.3.1 because it may hap-
pen that the Hamiltonian vector fields of the generating functions on U
are not complete. To describe superintegrable systems in terms of general-
ized action-angle coordinates, we therefore follow the notion of a globally
superintegrable system [143].

Definition 7.4.1. A superintegrable system F' (7.3.1) on a symplectic ma-
nifold (Z,€) in Definition 7.3.1 is called globally superintegrable if there
exist global generalized action-angle coordinates

(In, 2, 4), A=1,...,m, A=1,...,2(n—m), (7.4.1)

such that: (i) the action coordinates (I)) are expressed in the values of
some Casimir functions Cy on the Poisson manifold (N, {, }n), (ii) the
angle coordinates (y*) are coordinates on the toroidal cylinder (7.1.1), and
(iil) the symplectic form © on Z reads

Q = dI\ Ady* + Qap(I,, 2%)dz? A dzB. (7.4.2)

It is readily observed that the semi-local generalized action-angle coordi-
nates on U in Theorem 7.3.1 are global on U in accordance with Definition
74.1.

Forthcoming Theorem 7.4.1 provides the sufficient conditions of the
existence of global generalized action-angle coordinates of a superinte-
grable system on a symplectic manifold (Z,Q) [110; 143]. It generalizes
the well-known result for the case of compact invariant submanifolds [30;
41].

Theorem 7.4.1. A superintegrable system F on a symplectic manifold
(Z,9Q) is globally superintegrable if the following conditions hold.

(i) Hamiltonian wvector fields ¥; of the generating functions F; are
complete.

(it) The fibred manifold F' (7.3.2) is a fibre bundle with connected fibres.

(iii) Its base N is simply connected and the cohomology H*(V;Z) is
trivial

(iv) The coinduced Poisson structure {,}n on a base N admits m in-
dependent Casimir functions C'y.

Proof. Theorem 7.4.1 is a corollary of Theorem 7.1.6. In accordance
with Theorem 7.1.6, we have a composite fibred manifold

7z LN Sow, (7.4.3)
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where C' : N — W is a fibred manifold of level surfaces of the Casimir
functions C) (which coincides with the symplectic foliation of a Poisson
manifold N). The composite fibred manifold (7.4.3) is provided with the
adapted fibred coordinates (Jx,z?,7) (7.1.52), where Jy are values of
independent Casimir functions and () = (t%,¢") are coordinates on a
toroidal cylinder. Since C'y = Jy are Casimir functions on N, the symplectic
form Q (7.1.54) on Z reads

Q= Q5dJo A7+ Qaady® Adz® + Qupda® A da®. (7.4.4)

In particular, it follows that transition functions of coordinates z on N
are independent of coordinates Jy, i.e., C: V — W is a trivial bundle. By
virtue of Lemma 7.1.2, the symplectic form (7.4.4) is exact, i.e., Q = dE,
where the Liouville form = (7.1.55) is

2 = ZMNJa, y")d Iy + Ei(Jo)dpt + Ex(28)dz?.
Then the coordinate transformations (7.1.56):
I, = Ja, I = Zi(J;), (7.4.5)
0J;
oI’
bring © (7.4.4) into the form (7.4.2). In comparison with the general case
(7.1.56), the coordinate transformations (7.4.5) are independent of coordi-

nates x4, Therefore, the angle coordinates y* possess identity transition
functions on N. O

yr=—Et =t BN,y =9 —E(N)

Theorem 7.4.1 restarts Theorem 7.3.1 if one considers an open subset
V of N admitting the Darboux coordinates z# on the symplectic leaves
of U.

Note that, if invariant submanifolds of a superintegrable system are
assumed to be connected and compact, condition (i) of Theorem 7.4.1 is
unnecessary since vector fields ¢, on compact fibres of F' are complete.
Condition (ii) also holds by virtue of Theorem 11.2.4. In this case, Theorem
7.4.1 reproduces the well known result in [30].

If Fin Theorem 7.4.1 is a completely integrable system, the coinduced
Poisson structure on N equals zero, the generating functions F; are the
pull-back of n independent functions on N, and Theorem 7.4.1 takes the
following form [110].

Theorem 7.4.2. Let a completely integrable system {F1, ..., F,} on a sym-
plectic manifold (Z,Q)) satisfy the following conditions.
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(i) The Hamiltonian vector fields 9; of F; are complete.

(ii) The fibred manifold F (7.3.2) is a fibre bundle with connected fibres
over a simply connected base N whose cohomology H?(N,Z) is trivial.
Then the following hold.

(I) The fibre bundle F (7.8.2) is a trivial principal bundle with the
structure group R?"~" x T

(II) The symplectic manifold Z is provided with the global Darbouz co-
ordinates (Iy,y*) such that Q = dIy A dy*.

It follows from the proof of Theorem 7.1.6 that its condition (iii) and,
accordingly, condition (iii) of Theorem 7.4.1 guarantee that fibre bundles
F' in conditions (ii) of these theorems are trivial. Therefore, Theorem 7.4.1
can be reformulated as follows.

Theorem 7.4.3. A superintegrable system F on a symplectic manifold
(Z,Q) is globally superintegrable if and only if the following conditions hold.
(i) The fibred manifold F (7.5.2) is a trivial fibre bundle.
(it) The coinduced Poisson structure {, }n on a base N admits m inde-
pendent Casimir functions Cy such that Hamiltonian vector fields of their
pull-back F*C'y are complete.

Remark 7.4.1. Tt follows from Remark 7.3.3 and condition (ii) of Theo-
rem 7.4.3 that a Hamiltonian vector field of the the pull-back F*C of any
Casimir function C' on a Poisson manifold NV is complete.

7.5 Superintegrable Hamiltonian systems

In autonomous Hamiltonian mechanics, one considers superintegrable sys-
tems whose generating functions are integrals of motion, i.e., they are in
involution with a Hamiltonian H, and the functions (H, Fi,...,Fy) are
nowhere independent, i.e.,

{H,F} =0, (7.5.1)
dH A (NdF;) = 0. (7.5.2)

In order that an evolution of a Hamiltonian system can be defined
at any instant ¢ € R, one supposes that the Hamiltonian vector field of
its Hamiltonian is complete. By virtue of Remark 7.4.1 and forthcoming
Proposition 7.5.1, a Hamiltonian of a superintegrable system always satisfies
this condition.
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Proposition 7.5.1. It follows from the equality (7.5.2) that a Hamiltonian
‘H is constant on the invariant submanifolds. Therefore, it is the pull-back

of a function on N which is a Casimir function of the Poisson structure
(7.3.4) because of the conditions (7.5.1).

Proposition 7.5.1 leads to the following.

Proposition 7.5.2. Let H be a Hamiltonian of a globally superintegrable
system provided with the generalized action-angle coordinates (Iy,x,y™)
(2.8.15). Then a Hamiltonian H depends only on the action coordinates Iy.
Consequently, the Hamilton equation of a globally superintegrable system
take the form

L OH

g = 87’ I = const., x? = const.
A

Following the original Mishchenko—Fomenko theorem, let us mention
superintegrable systems whose generating functions {Fy, ..., Fy} form a k-
dimensional real Lie algebra g of corank m with the commutation relations

{F,F;} = C?ij, c?j = const. (7.5.3)

Then F (7.3.2) is a momentum mapping of Z to the Lie coalgebra g*
provided with the coordinates x; in item (i) of Definition 7.3.1 [65; 79]. In
this case, the coinduced Poisson structure {, } 5 coincides with the canonical
Lie—Poisson structure on g* given by the Poisson bivector field
1 . .

w = §c?jwh8‘ N,
Let V' be an open subset of g* such that conditions (i) and (ii) of Theorem
7.4.3 are satisfied. Then an open subset F'~!(V) C Z is provided with the
generalized action-angle coordinates.

Remark 7.5.1. Let Hamiltonian vector fields 1J; of the generating func-
tions F; which form a Lie algebra g be complete. Then they define a locally
free Hamiltonian action on Z of some simply connected Lie group G whose
Lie algebra is isomorphic to g [125; 127]. Orbits of G coincide with k-
dimensional maximal integral manifolds of the regular distribution V on Z
spanned by Hamiltonian vector fields 9; [153]. Furthermore, Casimir func-
tions of the Lie—Poisson structure on g* are exactly the coadjoint invariant
functions on g*. They are constant on orbits of the coadjoint action of G
on g* which coincide with leaves of the symplectic foliation of g*.
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Theorem 7.5.1. Let a globally superintegrable Hamiltonian system on a
symplectic manifold Z obey the following conditions.

(i) 1t is mazimally superintegrable.

(i) Its Hamiltonian H is regular, i.e, dH nowhere vanishes.

(i1) Its generating functions F; constitute a finite dimensional real Lie
algebra and their Hamiltonian vector fields are complete.
Then any integral of motion of this Hamiltonian system is the pull-back of
a function on a base N of the fibration F (7.3.2). In other words, it is
expressed in the integrals of motion F;.

Proof. The proof is based on the following. A Hamiltonian vector field of
a function f on Z lives in the one-codimensional regular distribution V on
Z spanned by Hamiltonian vector fields 1; if and only if f is the pull-back of
a function on a base N of the fibration F' (7.3.2). A Hamiltonian H brings
Z into a fibred manifold of its level surfaces whose vertical tangent bundle
coincide with V. Therefore, a Hamiltonian vector field of any integral of
motion of H lives in V. (]

It may happen that, given a Hamiltonian H of a Hamiltonian system
on a symplectic manifold Z, we have different superintegrable Hamiltonian
systems on different open subsets of Z. For instance, this is the case of the
Kepler system.

7.6 Example. Global Kepler system

We consider the Kepler system on a plane R? (see Example 3.8.1). Its
phase space is T*R? = R?* provided with the Cartesian coordinates (g;, p;),
1 = 1,2, and the canonical symplectic form

Qr = dez A dg;. (761)

Let us denote

1/2 1/2
p= (Z(pif) . r= (Z(qi)z> ;o (9= pigi

% %

An autonomous Hamiltonian of the Kepler system reads
1 1
H=-p*— - 7.6.2
i (7.6.2)
(cf. (3.8.14)). The Kepler system is a Hamiltonian system on a symplectic

manifold
Z =R*\ {0} (7.6.3)
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endowed with the symplectic form Qp (7.6.1).
Let us consider the functions

Mys = —Ms1 = q1p2 — q2p1, (7.6.4)

4 4qi .
A; = ZMiij - ap® — pi(p, q) — - =12 (7.6.5)

J
on the symplectic manifold Z (7.6.3). As was mentioned in Example 3.8.1,
they are integrals of motion of the Hamiltonian H (7.6.2) where M5 is an
angular momentum and (4;) is a Rung-Lenz vector. Let us denote

M? = (M2)?, A% = (A1) + (A,)? =2M*H + 1. (7.6.6)

Let Zy C Z be a closed subset of points where Mys = 0. A direct compu-
tation shows that the functions (Mia, A;) (7.6.4) — (7.6.5) are independent
of an open submanifold

U=27\2Z (7.6.7)

of Z. At the same time, the functions (H, M2, 4;) are independent nowhere
on U because it follows from the expression (7.6.6) that

A? —1
on U (7.6.7). The well known dynamics of the Kepler system shows that
the Hamiltonian vector field of its Hamiltonian is complete on U (but not
on 7).
The Poisson bracket of integrals of motion Miy (7.6.4) and A; (7.6.5)
obeys the relations

{ M2, Ai} = n2i Ar — m1iAs, (7.6.9)
A% —1
My’

where 7;; is an Euclidean metric on R2. It is readily observed that these

{Al,AQ} = 2HM12 =

(7.6.10)

relations take the form (7.3.3). However, the matrix function s of the rela-
tions (7.6.9) — (7.6.10) fails to be of constant rank at points where H = 0.
Therefore, let us consider the open submanifolds U_ C U where H < 0 and
Uy where H > 0. Then we observe that the Kepler system with the Hamil-
tonian H (7.6.2) and the integrals of motion (M;;, A;) (7.6.4) — (7.6.5) on
U_ and the Kepler system with the Hamiltonian H (7.6.2) and the integrals
of motion (Mj;;, A;) (7.6.4) — (7.6.5) on U, are superintegrable Hamiltonian
systems. Moreover, these superintegrable systems can be brought into the
form (7.5.3) as follows.
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Let us replace the integrals of motions A; with the integrals of motion

A;
L; = 7.6.11
—7 ( )

on U_, and with the integrals of motion

Ai
K= ——— 7.6.12
oo, (7.6.12)

on Us.
The superintegrable system (M2, L;) on U_ obeys the relations

{Mz, Li} = naiL1 — Lo, (7.6.13)
{L1, L2} = =M. (7.6.14)

Let us denote M;3 = —L; and put the indexes u,v,a, 3 = 1,2,3. Then the
relations (7.6.13) — (7.6.14) are brought into the form

{M/wv M@ﬁ} = NusMva + NvaMup — NuaMvp — Mg Mya (7~6-15)

where 7,,,, is an Euclidean metric on R3. A glance at the expression (7.6.15)
shows that the integrals of motion M2 (7.6.4) and L; (7.6.11) constitute the
Lie algebra g = so(3). Its corank equals 1. Therefore the superintegrable
system (M2, L;) on U_ is maximally superintegrable. The equality (7.6.8)
takes the form
2 2 1
M*+L" = o (7.6.16)
The superintegrable system (Mis, K;) on Uy obeys the relations

{M12, Ki} = n2: K1 — mi Ko, (7.6.17)
{K1, Ko} = M. (7.6.18)

Let us denote M;3 = —K; and put the indexes u, v, a, 3 = 1,2,3. Then the
relations (7.6.17) — (7.6.18) are brought into the form

{Myw, Mag} = pugMva + praMpus — ppaMup — pupMpua (7.6.19)

where p,,, is a pseudo-Euclidean metric of signature (+,+,—) on R3. A
glance at the expression (7.6.19) shows that the integrals of motion Mg
(7.6.4) and K; (7.6.12) constitute the Lie algebra so(2,1). Its corank equals
1. Therefore the superintegrable system (Miz, K;) on Uy is maximally
superintegrable. The equality (7.6.8) takes the form

1

2 2 -
K? = M = (7.6.20)
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Thus, the Kepler system on a phase space R* falls into two different
maximally superintegrable systems on open submanifolds U_ and Uy of
R*. We agree to call them the Kepler superintegrable systems on U_ and
Uy, respectively.

Let us study the first one and put

= -1, Fo = —1Lo, F5 = —DMio, (7.6.21)
{(F, P}y =F, {F,RB=F, {fKFA[=h5
We have a fibred manifold
F:U_— N Cyg", (7.6.22)

which is the momentum mapping to the Lie coalgebra g* = so(3)*, endowed
with the coordinates (z;) such that integrals of motion F; on g* read F; =
x;. A base N of the fibred manifold (7.6.22) is an open submanifold of g*
given by the coordinate condition z3 # 0. It is a union of two contractible
components defined by the conditions 3 > 0 and x3 < 0. The coinduced
Lie—Poisson structure on N takes the form

w = x20° A" + 230" A B + 210% A B3, (7.6.23)
The coadjoint action of so(3) on N reads
g1 = 230° — £20%, £9 = 110° — 130", e3 = 120" — 110 (7.6.24)
The orbits of this coadjoint action are given by the equation
x? + 22 + 22 = const. (7.6.25)
They are the level surfaces of the Casimir function
C=a?+a5+23
and, consequently, the Casimir function
h= —%(xf+x§+x§)*1. (7.6.26)

A glance at the expression (7.6.16) shows that the pull-back F*h of this
Casimir function (7.6.26) onto U_ is the Hamiltonian H (7.6.2) of the Kepler
system on U_.

As was mentioned above, the Hamiltonian vector field of F*h is com-
plete. Furthermore, it is known that invariant submanifolds of the superin-
tegrable Kepler system on U_ are compact. Therefore, the fibred manifold
F (7.6.22) is a fibre bundle in accordance with Theorem 11.2.4. Moreover,
this fibre bundle is trivial because N is a disjoint union of two contractible
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manifolds. Consequently, it follows from Theorem 7.4.3 that the Kepler

superintegrable system on U_ is globally superintegrable, i.e., it admits
global generalized action-angle coordinates as follows.

The Poisson manifold N (7.6.22) can be endowed with the coordinates
w37

(Iam157)7 I<Oa 7# 577a (7627>
defined by the equalities
1
I'=—5(af +a3+a3)™, (7.6.28)

2

1/2 1/2
— 7i _ 2 sin Ta = —i — {E2 COS
T2 = 21 xl 75 3 27 1 -

It is readily observed that the coordinates (7.6.27) are Darboux coordinates
of the Lie-Poisson structure (7.6.23) on U_, namely,
0 0
“on "oy

Let ¥ be the Hamiltonian vector field of the Casimir function I (7.6.28).
By virtue of Proposition 7.3.2, its flows are invariant submanifolds of the
Kepler superintegrable system on U_. Let a be a parameter along the flow
of this vector field, i.e.,

w (7.6.29)

0
= 5 (7.6.30)

Then U_ is provided with the generalized action-angle coordinates
(I,x1,7,a) such that the Poisson bivector associated to the symplectic
form Q7 on U_ reads

Ir

0 0 0 0
W=—AN—4+—A—. 7.6.31
0l  Oa + Oxr1 Oy ( )
Accordingly, Hamiltonian vector fields of integrals of motion F; (7.6.21)

take the form

9 - L fifozg 71/2sin i793 ,i,f 71/28111 9
2Tap T Toa "M\ T T ™ "oy

—1/2 —-1/2
1 1 2 1 2
Us=aE\Tar M) e T\ T ) Mg,
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A glance at these expressions shows that the vector fields ¥; and 5 fail to
be complete on U_ (see Remark 7.3.5).

One can say something more about the angle coordinate a. The vector
field ¥ (7.6.30) reads

0 _ g~ (omo omo
da Opi 0q;  0q; Opi )

i

This equality leads to the relations
0gqi OH Ip; OH

da  Op;’ da g’
which take the form of the Hamilton equation. Therefore, the coordinate
a is a cyclic time o« = t mod2w given by the well-known expression

o= ¢ —a*esin(a3?¢), r=a(l —ecos(a™%/?¢)),
e=(1+2IM?)'2,

Now let us turn to the Kepler superintegrable system on Uy. It is a
globally superintegrable system with non-compact invariant submanifolds

as follows.
Let us put

S1 = —Ki, Sy = =Ko, S3 = —Mja, (7.6.32)
{51, 82} = =83, {52, 83} = S1, {93,581} = Sa.
We have a fibred manifold
S:Uy — N Cyg, (7.6.33)

which is the momentum mapping to the Lie coalgebra g* = so(2,1)*, en-
dowed with the coordinates (z;) such that integrals of motion S; on g* read
Si; = ;. A base N of the fibred manifold (7.6.33) is an open submanifold
of g* given by the coordinate condition x3 # 0. It is a union of two con-
tractible components defined by the conditions z3 > 0 and z3 < 0. The
coinduced Lie—Poisson structure on N takes the form

w=190° AN O' — 230" A O? + 2,0% A . (7.6.34)
The coadjoint action of so(2,1) on N reads
g1 = —x30% — 220°, g9 = 110° + 230", €3 = 220" — x,0°.
The orbits of this coadjoint action are given by the equation

x% + x% - acg = const.
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They are the level surfaces of the Casimir function
C=ux?+a5— 23
and, consequently, the Casimir function
1
h:§u%+£gm@4. (7.6.35)

A glance at the expression (7.6.20) shows that the pull-back S*h of this
Casimir function (7.6.35) onto Uy is the Hamiltonian H (7.6.2) of the Kepler
system on U,.

As was mentioned above, the Hamiltonian vector field of S*h is com-
plete. Furthermore, it is known that invariant submanifolds of the superin-
tegrable Kepler system on U, are diffeomorphic to R. Therefore, the fibred
manifold S (7.6.33) is a fibre bundle in accordance with Theorem 11.2.4.
Moreover, this fibre bundle is trivial because N is a disjoint union of two
contractible manifolds. Consequently, it follows from Theorem 7.4.3 that
the Kepler superintegrable system on U, is globally superintegrable, i.e.,
it admits global generalized action-angle coordinates as follows.

The Poisson manifold N (7.6.33) can be endowed with the coordinates

([amlaA)7 I>O7 )‘7&07
defined by the equalities

1
I=5(at+a5—a3)",

1 , 1/2 1 , vz

Ty = (ﬁ — x1> cosh A, T3 = <§ — xl) sinh A.

These coordinates are Darboux coordinates of the Lie—Poisson structure

(7.6.34) on N, namely,

_9,9
8>\ 81'1 '
Let 97 be the Hamiltonian vector field of the Casimir function I (7.6.28).

By virtue of Proposition 7.3.2, its flows are invariant submanifolds of the

w (7.6.36)

Kepler superintegrable system on Uy. Let 7 be a parameter along the flows
of this vector field, i.e.,

0
=5
Then U} (7.6.33) is provided with the generalized action-angle coordinates
(I,x1, A, 7) such that the Poisson bivector associated to the symplectic form
Qr on U reads

9, (7.6.37)

o o o8 0
W= o T ox o (7.6.38)
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Accordingly, Hamiltonian vector fields of integrals of motion S; (7.6.32)
take the form

0
,19_
1 8)\7
AT 0 1 L\ )
§2E<5x1> comApy el T ) ot AGy

1/2
1 . 0
+ <ﬂ —x%) sinh )\8—931’

—1/2 —-1/2
1 1 . 0 1 . 0
J3 = i (ﬁ — x%) smh)\a + 1 (ﬁ — x%) smh/\a
1 5\ 0
— — shA—.
+ (2[ xl) cos /\6331
Similarly to the angle coordinate « (7.6.30), the generalized angle coor-
dinate 7 (7.6.37) obeys the Hamilton equation
8qi _ 87‘[ 8])7; _ _8H
or  Op;’ or qi
Therefore, it is the time 7 = ¢ given by the well-known expression

T =s—a*%esinh(a=%/%s), r = a(ecosh(a™3/2s) — 1),

== = (14 2IM>)'/2.
a=%,  e=(1+ )

7.7 Non-autonomous integrable systems

The generalization of Liouville — Arnold and Mishchenko — Fomenko the-
orems to the case of non-compact invariant submanifolds (Theorems 7.3.1
and 7.3.3) enables one to analyze completely integrable and superintegrable
non-autonomous Hamiltonian systems whose invariant submanifolds are
necessarily non-compact [59; 65].

Let us consider a non-autonomous mechanical system on a configuration
space (Q — R in Section 3.3. Its phase space is the vertical cotangent bundle
V*Q — Q of @ — R endowed with the Poisson structure {, }v (3.3.7).A
Hamiltonian of a non-autonomous mechanical system is a section h (3.3.13)
of the one-dimensional fibre bundle (3.3.3) — (3.3.6):

(:T°Q — V™ @, (7.7.1)

where T*Q is the cotangent bundle of Q endowed with the canonical sym-
plectic form Qp (3.3.1). The Hamiltonian h (3.3.13) yields the pull-back
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Hamiltonian form H (3.3.14) on V*@Q and defines the Hamilton vector field
vu (3.3.21) on V*@. A smooth real function F' on V*@Q is an integral of
motion of a Hamiltonian system (V*@Q, H) if its Lie derivative L., F' (3.8.1)
vanishes.

Definition 7.7.1. A non-autonomous Hamiltonian system (V*Q,H) of
n = dim @ — 1 degrees of freedom is called superintegrable if it admits n <
k < 2n integrals of motion @1, ..., Py, obeying the following conditions.

(i) All the functions ®, are independent, i.e., the k-form d®; A-- - AdPy,
nowhere vanishes on V*@Q. It follows that the map

D:V*Q— N=(2,(V*Q),...,0,(V*Q)) C R (7.7.2)
is a fibred manifold over a connected open subset N C R¥.
(ii) There exist smooth real functions seg on N such that
{@a, Pptv = sap 0 @, a,f=1,... k. (7.7.3)
(iii) The matrix function with the entries sog (7.7.3) is of constant
corank m = 2n — k at all points of V.

In order to describe this non-autonomous superintegrable Hamiltonian
system, we use the fact that there exists an equivalent autonomous Ha-
miltonian system (T*Q,H*) of n + 1 degrees of freedom on a symplectic
manifold (T*@Q, Q) whose Hamiltonian is the function H* (3.4.1) (Theo-
rem 3.4.1), and that this Hamiltonian system is superintegrable (Theorem
7.7.4). Our goal is the following.

Theorem 7.7.1. Let Hamiltonian vector fields of the functions ®, be com-
plete, and let fibres of the fibred manifold ® (7.7.2) be connected and mu-
tually diffeomorphic. Then there exists an open neighborhood Uyr of a fibre
M of ® (7.7.2) which is a trivial principal bundle with the structure group
RIFm=" 5 T7 (7.7.4)
whose bundle coordinates are the generalized action-angle coordinates
(pa, g™, In, t, ), A=1,...,k—n, A=1,...,m, (7.7.5)
such that:

(i) (t,y*) are coordinates on the toroidal cylinder (7.7.4),
(i) the Poisson bracket {,}v on Up reads

{f.9}v = 0" foag — 0*gOaf + 0" fOrg — D gOur
(#i) a Hamiltonian H depends only on the action coordinates I,
(iv) the integrals of motion ®1,... Py are independent of coordinates

(t,y).
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Let us start with the case & = n of a completely integrable non-
autonomous Hamiltonian system (Theorem 7.7.3).

Definition 7.7.2. A non-autonomous Hamiltonian system (V*Q,H) of
n degrees of freedom is said to be completely integrable if it admits n
independent integrals of motion Fi,...,F, which are in involution with
respect to the Poisson bracket {, }v (3.3.7).

By virtue of the relations (3.3.10) and (3.8.2), the vector fields
(e, OF,,- .., OF,), Op, = 0'F,0; — 0;F,0", (7.7.6)

mutually commute and, therefore, they span an (n + 1)-dimensional invo-
lutive distribution V on V*@Q. Let G be the group of local diffeomorphisms
of V*@Q generated by the flows of vector fields (7.7.6). Maximal integral
manifolds of V are the orbits of G and invariant submanifolds of vector
fields (7.7.6). They yield a foliation F of V*Q.

Let (V*@Q, H) be a non-autonomous Hamiltonian system and (7T*Q, H*)
an equivalent autonomous Hamiltonian system on 7*@. An immediate
consequence of the relations (3.3.8) and (3.4.6) is the following.

Theorem 7.7.2. Given a non-autonomous completely integrable Hamilto-
nian system

(’yHaFlw-an) (777)

of n degrees of freedom on V*Q, the associated autonomous Hamiltonian
system

(M, Fy, . T F) (7.7.8)
of n+ 1 degrees of freedom on T*Q is completely integrable.
The Hamiltonian vector fields
(Up=, UeFyy o UCH Ry, ) U, = 0'Fp0; — 0;F,0", (7.7.9)

of the autonomous integrals of motion (7.7.8) span an (n + 1)-dimensional
involutive distribution Vpr on T*@Q such that

T¢(Vr) =V, Th(V) = Vr|hv+@)=1o=0 (7.7.10)
where
Th:TV*Q > (t,¢',ps, t, ¢, ps)
- (tvqiapia IO - 0775, q.i,piy j() = 0) € TT*Q
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It follows that, if M is an invariant submanifold of the non-autonomous
completely integrable Hamiltonian system (7.7.7), then h(M) is an invariant
submanifold of the autonomous completely integrable Hamiltonian system
(7.7.8).

In order do introduce generalized action-angle coordinates around an
invariant submanifold M of the non-autonomous completely integrable Ha-
miltonian system (7.7.7), let us suppose that the vector fields (7.7.6) on M
are complete. It follows that M is a locally affine manifold diffeomorphic
to a toroidal cylinder

RIF=T 5 T, (7.7.11)

Moreover, let assume that there exists an open neighborhood Uj,; of M
such that the foliation F of Uy, is a fibred manifold ¢ : Uy; — N over a
domain N C R"™ whose fibres are mutually diffeomorphic.

Because the morphism Th (7.7.10) is a bundle isomorphism, the Ha-
miltonian vector fields (7.7.9) on the invariant submanifold h(M) of the
autonomous completely integrable Hamiltonian system are complete. Since
the affine bundle ¢ (7.7.1) is trivial, the open neighborhood ¢ ~1(Uyy) of the
invariant submanifold h(M) is a fibred manifold

6: L UM) =R x Uy “EYR x N = N
over a domain N’ C R"*! whose fibres are diffeomorphic to the toroidal
cylinder (7.7.11). In accordance with Theorem 7.3.3, the open neighbor-
hood (=1 (Uxs) of h(M) is a trivial principal bundle
CHUym) =N x (R xT7) — N’ (7.7.12)
with the structure group (7.7.11) whose bundle coordinates are the gener-
alized action-angle coordinates
(I, I1,..., In,t, 2%, ..., 2") (7.7.13)

such that:
(i) (t,2*) are coordinates on the toroidal cylinder (7.7.11),
(i) the symplectic form Q7 on (~}(U) reads
Qpr =dly Ndt +dI, A dz“,
(iii) H* = I,
(iv) the integrals of motion (*Fy,...,(*F, depend only on the action

coordinates Iy, ..., I,.
Provided with the coordinates (7.7.13),

CHUM)=Un xR
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is a trivial bundle possessing the fibre coordinate Iy (3.3.4). Consequently,
the non-autonomous open neighborhood Uj; of an invariant submanifold
M of the completely integrable Hamiltonian system (7.7.6) is diffeomorphic
to the Poisson annulus

Uy = N x (R x T7) (7.7.14)
endowed with the generalized action-angle coordinates
(I,..., I, t, 2%, ..., 2") (7.7.15)

such that:
(1) the Poisson structure (3.3.7) on Ujs takes the form

{f,9}v =0"f0ag — 9°g0af,
(ii) the Hamiltonian (3.3.13) reads H = 0,
(iii) the integrals of motion Fi,..., F, depend only on the action coor-
dinates I1,...,1I,.
The Hamilton equation (3.3.22) — (3.3.23) relative to the generalized
action-angle coordinates (7.7.15) takes the form

Z? = 0, Ita =0.

It follows that the generalized action-angle coordinates (7.7.15) are the
initial date coordinates.

Note that the generalized action-angle coordinates (7.7.15) by no means
are unique. Given a smooth function H’ on R™, one can provide ¢~ (Uys)
with the generalized action-angle coordinates

t, A =20—t0"H,  I,=I+HI,), I =I,. (7.7.16)

With respect to these coordinates, a Hamiltonian of the autonomous Ha-
miltonian system on (~!(Uys) reads H* = I} —H'. A Hamiltonian of the
non-autonomous Hamiltonian system on U endowed with the generalized
action-angle coordinates (I,,t, 2’*) is H'.

Thus, the following has been proved.

Theorem 7.7.3. Let (yy, F1,. .., F,) be a non-autonomous completely in-
tegrable Hamiltonian system. Let M be its invariant submanifold such that
the vector fields (7.7.6) on M are complete and that there exists an open
neighborhood Uyp; of M which is a fibred manifold in mutually diffeomor-
phic invariant submanifolds. Then Uy is diffeomorphic to the Poisson
annulus (7.7.14), and it can be provided with the generalized action-angle
coordinates (7.7.15) such that the integrals of motion (Fy,..., F,) and the
Hamiltonian ‘H depend only on the action coordinates Iy, ..., 1I,.
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Let now (vg, ®1,...,P) be a non-autonomous superintegrable Hamil-
tonian system in accordance with Definition 7.7.1. The associated au-
tonomous Hamiltonian system on T*(Q possesses k + 1 integrals of motion

(H*, C*®y,...,C*®y) (7.7.17)
with the following properties.

(i) The functions (7.7.17) are mutually independent, and the map

©:TQ — (H(T7Q), "0y (T7Q), ..., 0k(T7Q))  (7.7.18)
= (Io,®1(V*Q),..., 2 (V'Q)) =R x N= N’
is a fibred manifold.
(ii) The functions (7.7.17) obey the relations

{C*(I)Q,C*(I),B} = Saﬁog*q)y {H*,C*(I)a} = S0« =0
so that the matrix function with the entries (spq, Sa3) on N’ is of constant
corank 2n + 1 — k.

Referring to Definition 7.3.1 of an autonomous superintegrable system,
we come to the following.

Theorem 7.7.4. Given a non-autonomous superintegrable Hamiltonian
system (vi,®n) on V*Q, the associated autonomous Hamiltonian system
(7.7.17) on T*Q is superintegrable.

There is the commutative diagram

T°Q - V*Q
o e
N SN

where ¢ (7.7.1) and
E:N =RxN-—=N

are trivial bundles. It follows that the fibred manifold (7.7.18) is the pull-
back ® = £*® of the fibred manifold ® (7.7.2) onto N’.
Let the conditions of Theorem 7.3.1 hold. If the Hamiltonian vector
fields
('YHﬂgfb“-- -779<I>k)a 79@@ = 8iq>aai _8iq>aai7
of integrals of motion ®, on V*@Q are complete, the Hamiltonian vector

fields
(UH*,Uc*¢1,...,uC*q>k), qupa = 8i<I>a8i —8i<I>a8i,
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on T*@Q are complete. If fibres of the fibred manifold ® (7.7.2) are connected
and mutually diffeomorphic, the fibres of the fibred manifold ® (7.7.18) also
are well.

Let M be a fibre of ® (7.7.2) and h(M) the corresponding fibre of
® (7.7.18). In accordance Theorem 7.3.1, there exists an open neighbor-
hood U’ of h(M) which is a trivial principal bundle with the structure
group (7.7.4) whose bundle coordinates are the generalized action-angle
coordinates
)

(Io, In, t, >, pa, q), A=1,....,n—m, A=1,...,k, (7.7.19)

such that:
(i) (t,3™) are coordinates on the toroidal cylinder (7.7.4),
(ii) the symplectic form Qg on U’ reads

Qp =dly ANdt+dIy Ady® +dpa A dg?,

(iii) the action coordinates (Io,I,) are expressed in the values of the
Casimir functions Cy = Iy, C, of the coinduced Poisson structure

w=0%N0da

on N/,

(iv) a homogeneous Hamiltonian H* depends on the action coordinates,
namely, H* = I,

(iv) the integrals of motion (*®,...(*®; are independent of the coor-
dinates (¢,3).

Provided with the generalized action-angle coordinates (7.7.19), the
above mentioned neighborhood U’ is a trivial bundle U’ = R x Uj; where
Uy = ¢(U’) is an open neighborhood of the fibre M of the fibre bundle ®
(7.7.2). As a result, we come to Theorem 7.7.1.

7.8 Quantization of superintegrable systems

In accordance with Theorem 7.3.1, any superintegrable Hamiltonian sys-
tem (7.3.3) on a symplectic manifold (Z, ) restricted to some open neigh-
borhood Ujs (7.3.6) of its invariant submanifold M is characterized by
generalized action-angle coordinates (Iy,pa,q?,y™), A = 1,...,m, A =
1,...,n—m. They are canonical for the symplectic form  (7.3.7) on Uy,.
Then one can treat the coordinates (Ix,p4) as n independent functions in
involution on a symplectic annulus (Uyy, 2) which constitute a completely
integrable system in accordance with Definition 7.3.2. Strictly speaking,
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its quantization fails to be a quantization of the original superintegrable
system (7.3.3) because F;(Iy,q*,pa) are not linear functions and, conse-
quently, the algebra (7.3.3) and the algebra

{Dopa} ={Dna"} =0, {pa, "} =3% (7.8.1)
are not isomorphic in general. However, one can obtain the Hamilton oper-
ator H and the Casimir operators C '\ of an original superintegrable system
and their spectra.

There are different approaches to quantization of completely integrable
systems [69; 80]. It should be emphasized that action-angle coordinates
need not be globally defined on a phase space of a completely integrable
system, but form an algebra of the Poisson canonical commutation rela-
tions (7.8.1) on an open neighborhood Ujs of an invariant submanifold
M. Therefore, quantization of a completely integrable system with re-
spect to the action-angle variables is a quantization of the Poisson algebra
C>(Ups) of real smooth functions on Ups. Since there is no morphism
C*®(Up) — C*(Z), this quantization is not equivalent to quantization of
an original completely integrable system on Z and, from on a physical level,
is interpreted as quantization around an invariant submanifold M. A key
point is that, since Uy is not a contractible manifold, the geometric quanti-
zation technique should be called into play in order to quantize a completely
integrable system around its invariant submanifold. A peculiarity of the ge-
ometric quantization procedure is that it remains equivalent under symplec-
tic isomorphisms, but essentially depends on the choice of a polarization [11;
131].

Geometric quantization of completely integrable systems has been stud-
ied at first with respect to the polarization spanned by Hamiltonian vector
fields of integrals of motion [121]. For example, the well-known Simms
quantization of a harmonic oscillator is of this type [38]. However, one
meets a problem that the associated quantum algebra contains affine func-
tions of angle coordinates on a torus which are ill defined. As a con-
sequence, elements of the carrier space of this quantization fail to be
smooth, but are tempered distributions. We have developed a different
variant of geometric quantization of completely integrable systems [43; 60;
65]. Since a Hamiltonian of a completely integrable system depends only on
action variables, it seems natural to provide the Schrédinger representation
of action variables by first order differential operators on functions of angle
coordinates. For this purpose, one should choose the angle polarization of a
symplectic manifold spanned by almost-Hamiltonian vector fields of angle
variables.
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Given an open neighborhood Uy (7.3.6) in Theorem 7.3.1, us consider

its fibration
Uy =Ny xR " xT"N VxR " xT" =M, (7.8.2)
(Dnpas g™ y™) = (¢ y). (7.8.3)

Then one can think of a symplectic annulus (Uyy,2) as being an open
subbundle of the cotangent bundle T* M endowed with the canonical sym-
plectic form Q7 = Q (7.3.7). This fact enables us to provide quantization of
any superintegrable system on a neighborhood of its invariant submanifold
as geometric quantization of the cotangent bundle T* M over the toroidal
cylinder M (7.8.2) [66]. Note that this quantization however differs from
that in Section 5.2 because M (7.8.2) is not simply connected in general.

Let (¢*, 7%, a*) be coordinates on the toroidal cylinder M (7.8.2), where
(al,...,a") are angle coordinates on a torus T, and let (pa, I, I;) be the
corresponding action coordinates (i.e., the holonomic fibre coordinates on
T*M). Since the symplectic form Q (7.3.7) is exact, the quantum bundle is
defined as a trivial complex line bundle C' over T*M. Let its trivialization
hold fixed. Any other trivialization leads to an equivalent quantization of
T*M. Given the associated fibre coordinate ¢ € C on C — T*M, one can
treat its sections as smooth complex functions on T* M.

The Kostant—Souriau prequantization formula (5.1.11) associates to ev-
ery smooth real function f on T*M the first order differential operator

f=—ivf| DA = feo.
on sections of C — T*M, where ¥ is the Hamiltonian vector field of f
and D is the covariant differential (5.1.3) with respect to an admissible
U(1)-principal connection A on C. This connection preserves the Hermitian
fibre metric g(c,¢’) = ¢¢ in C, and its curvature obeys the prequantization
condition (5.1.9). Such a connection reads
A=Ay —ic(padg® + I,dr® + I;da') @ 0., (7.8.4)

where Ay is a flat U(1)-principal connection on C' — T* M.
The classes of gauge non-conjugate flat principal connections on C' are
indexed by the set R"/Z" of homomorphisms of the de Rham cohomology

group
HI1)R<T*M) = H11)R<M) = Hll)R(TT) =R"
of T*M to U(1). We choose their representatives of the form
Ap[(\)] = dpa @ 04 +dI, ® 0° +dI; ® &7 + dg® @ Da + dr® @ 0,
Fdal © (9 — iNed), A€ [0,1).
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Accordingly, the relevant connection (7.8.4) on C' reads
A[(N)] = dpa @ 0 +dI, @ 0° + dI; @ & (7.8.5)
+d¢* ® (04 —ipacd.) + dr® @ (0, — il,c0.)
+dod ® (8j — i(Ij + )\j)Cac).
For the sake of simplicity, we further assume that the numbers A; in the
expression (7.8.5) belong to R, but bear in mind that connections A[(A;)]
and A[(N))] with A; — A} € Z are gauge conjugate.
Let us choose the above mentioned angle polarization coinciding with

the vertical polarization VI™* M. Then the corresponding quantum algebra
A of T* M consists of affine functions

f=a(d®,r" a)pa+a"(@®,r" a?) I+ a'(¢P, 7%, o)) I; + b(g®,r, o)

in action coordinates (pa,l,, ;). Given a connection (7.8.5), the corre-
sponding Schrodinger operators (5.2.10) read

J?Z (—iaAaA - %aAaA) + (—iflbai - %31;@17) (7.8.6)
+ (Zazaz — %&al + ai)\i) —b.

They are Hermitian operators in the pre-Hilbert space € of complex half-
densities 1 of compact support on M endowed with the Hermitian form

(Why') / GT I gdm T rd o

Note that, being a complex function on a toroidal cylinder R™~" x T", any
half-density ¥ € €, is expanded into the series

=Y (q%, ), explinge’],  (n;) = (n1,...,n,) €Z7, (7.8.7)
(nu)

where ¢(q? ,ra)(w) are half-densities of compact support on R"™". In
particular, the action operators (7.8.6) read

Pa=—i0s,  I,=—ids, I = —id; + \j. (7.8.8)
It should be emphasized that
@pa#apa,  aly#al,  dalj#al;,  a€CP(M).  (7.89)

The operators (7.8.6) provide a desired quantization of a superintegrable
Hamiltonian system written with respect to the action-angle coordinates.
They satisfy Dirac’s condition (0.0.4). However, both a Hamiltonian H and
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original integrals of motion F; do not belong to the quantum algebra A, un-
less they are affine functions in the action coordinates (pa, I, I;). In some
particular cases, integrals of motion F; can be represented by differential
operators, but this representation fails to be unique because of inequalities
(7.8.9), and Dirac’s condition need not be satisfied. At the same time, both
the Casimir functions Cy and a Hamiltonian H (Proposition 7.5.2) depend
only on action variables I,, I;. If they are polynomial in I,, one can asso-
ciate to them the operators Cy = CA(Z;, fj), H = 'H(Zl, fj), acting in the
space € by the law

Hy = ZH(fa’nj + )‘j)d)(qA,Ta)(nj) explin;jal],
(n;)

@1/1 = ZCA(-ZM’HJ‘ + )\j)qﬁ(qA,r“)(nj) exp[injaj}.
(n;)

Example 7.8.1. Let us consider a superintegrable system with the Lie
algebra g = so(3) of integrals of motion {F, F», F3} on a four-dimensional
symplectic manifold (Z, ), namely,

{F\,F>} = F3, {F,F3} = I, {F3,F1} =F>

(see Section 7.6). Since it is compact, an invariant submanifold of a super-
integrable system in question is a circle M = S'. We have a fibred manifold
F:Z — N (7.6.22) onto an open subset N C g* of the Lie coalgebra g*.
This fibred manifold is a fibre bundle since its fibres are compact (Theorem
11.2.4). Tts base N is endowed with the coordinates (x1, 22, x3) such that
integrals of motion {Fy, F», F3} on Z read

Fy =z, Fy = o, Fy = 3.

The coinduced Poisson structure on N is the Lie-Poisson structure (7.6.23).
The coadjoint action of so(3) is given by the expression (7.6.24). An orbit of
the coadjoint action of dimension 2 is given by the equality (7.6.25). Let M
be an invariant submanifold such that the point F(M) € g* belongs to the
orbit (7.6.25). Let us consider an open fibred neighborhood Uy = Ny x S*
of M which is a trivial bundle over an open contractible neighborhood N
of F(M) endowed with the coordinates (I, x1,7) defined by the equalities
(7.6.27). Here, I is the Casimir function (7.6.28) on g*. These coordinates
are the Darboux coordinates of the Lie-Poisson structure (7.6.29) on Njy.
Let 95 be the Hamiltonian vector field of the Casimir function I (7.6.28).
Its flows are invariant submanifolds. Let a be a parameter (7.6.30) along
the flows of this vector field. Then Uy, is provided with the action-angle
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coordinates (I,x1,7,«) such that the Poisson bivector on Uys takes the
form (7.6.31). The action-angle variables {I, Hy = 1,7} constitute a su-
perintegrable system

{(I,LF}=0, {I,y}=0, {F,7}=1, (7.8.10)

on Uyy. It is related to the original one by the transformations

1
[=—o(FP+Ff+F)'2,
1 1/2 1 1/2
Fy = <ﬂ — Ff) sin -y, s = (_ﬂ — Hf) cosy.

Its Hamiltonian is expressed only in the action variable I. Let us quantize
the superintegrable system (7.8.10). We obtain the algebra of operators

~ e L0 i (Oa Ob
P=a(cig ) oz -5 (g a) o

where a, b, ¢ are smooth functions of angle coordinates (y, &) on the cylinder
R x S'. In particular, the action operators read

0 ~ 0
= —7— — F :—'—.
Z@a A ! 287

These operators act in the space of smooth complex functions

U(y,a) = Y ¢(y)x explikal
k

~)

on T2, A Hamiltonian H(I) of a classical superintegrable system also can
be represented by the operator

H(Iyp = > HI — Né(y)x explikal
k

on this space.
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Chapter 8

Jacobi fields

Given a mechanical system on a configuration space Q — R, its extension
onto the vertical tangent bundle VQ — R of @ — R describes the Jacobi
fields of the Lagrange and Hamilton equations [54; 65; 106].

In particular, we show that Jacobi fields of a completely integrable Ha-
miltonian system of m degrees of freedom make up an extended completely
integrable system of 2m degrees of freedom, where m additional integrals
of motion characterize a relative motion [61].

In this Chapter, we follow the compact notation (11.2.30).

8.1 The vertical extension of Lagrangian mechanics

Given Lagrangian mechanics on a configuration bundle  — R, let us
consider its extension on a configuration bundle VT — R equipped with
the holonomic coordinates (t,q’, ). [65; 106].

Remark 8.1.1. Let Y — X be a fibre bundle and VY and V*Y its ver-
tical tangent and cotangent bundles coordinated by (z*,y,v* = ¢') and
(z*,y*, p; = ¥:), respectively. There is the canonical isomorphism (11.2.23):

VV*YV? V*VY, pi— v, Pi— Y. (8.1.1)
Accordingly, any exterior form ¢ on Y gives rise to the exterior form

pv =0vo =7'0;0, (8.1.2)
Ay da* =0, ovdy' = dy',

called the vertical extension of ¢ onto V'Y so that

(pNo)v =y Ao+ d Aoy, doy = (do)v

257
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[106; 109]. There also is the canonical isomorphism (11.3.9):
1 1 i i
= = . .1.
JVY levJ Y, Uy = (') (8.1.3)

As a consequence, given a connection I' : Y — J'Y on a fibre bundle
Y — X, the vertical tangent map

VI :VY - JWVY =VJY
to I' defines the connection
VT = da* @ (0x + T30 + 0;T5570;) (8.1.4)

on the vertical tangent bundle VY — X. It is called the vertical connection
to I'. Accordingly, we have the connection

V*T = dz* @ (0y + T49; — 9,1%5,0") (8.1.5)

on the vertical cotangent bundle V*Y — X. It is called the covertical
connection to T'.

Given an extended configuration space V@, the corresponding veloc-
ity space is the jet manifold J'VQ of VQ — R. Due to the canonical
isomorphism (8.1.3), this velocity space

JVQ o VJtQ (8.1.6)

is provided with the coordinates (t,q¢’, ¢, ¢, ¢!). First order Lagrangian
formalism on the velocity space (8.1.6) can be developed as the vertical
extension of Lagrangian formalism on .J'Q as follows.

Let L be a Lagrangian (2.1.22) on J!Q. Its vertical extension (8.1.2)
onto VJ'Q is

Ly = 0y L = 0y Ldt = (¢'0; + ¢i0}) Ldt = Ly dt. (8.1.7)

The corresponding Lagrange equation read
6Ly = (0 — )L = 6,L =0, (8.1.8)
0; Ly = 0yd; L =0, (8.1.9)

Oy = 4'0; + 0] + 41, 0;".
The equation (8.1.8) is exactly the Lagrange equation for an original La-
grangian L, while the equation (8.1.9) is the well-known variation equation
of the equation (8.1.8) [32; 106]. Substituting a solution s’ of the Lagrange

equation (8.1.8) into (8.1.9), one obtains a linear differential equation whose
solutions s are Jacobi fields of a solution s. Indeed, if Q — R is a vector
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bundle, there is the canonical splitting VQ = Q & @ over R, and s + 5
is a solution of the Lagrange equation (8.1.8) modulo the terms of order
exceeding 1 in 5.

Let us consider the regular quadratic Lagrangian (2.3.17) in Example
2.3.1. The corresponding Lagrange equation takes the form (2.3.18). By
virtue of Corollary 1.5.1, the second order dynamic equation (2.3.18) is
equivalent to the non-relativistic geodesic equation (1.5.9) on the tangent
bundle T'Q with respect to the symmetric linear connection K (1.5.10) on
T@Q — @ possessing the components

K\ =0,  K\'y=—m """} (8.1.10)

Then one can write the well-known equation for Jacobi fields u* along the
geodesics of this connection [93]. Since the curvature R (11.4.22) of the
connection K (8.1.10) has the temporal component

Ry =0, (8.1.11)
this equation reads
?¢"(V(V,u®) — Ry, % pu?) = 0, Vsi® =0, (8.1.12)

where V,, denote the covariant derivatives relative to the connection K.
Due to the equality (8.1.11), the equation (8.1.12) for the temporal com-
ponent u° of a Jacobi field takes the form

" (9,05u° + K, 30,u”) = 0.

We chose its solution u% = 0 because all non-relativistic geodesics obey
the constraint ¢ = 0. Then the equation (8.1.12) coincides with the La-
grange equation (8.1.9) for the vertical extension Ly (8.1.7) of the original
quadratic Lagrangian L (2.3.17) [106; 107].

8.2 The vertical extension of Hamiltonian mechanics

A phase space of a mechanical system on the extended configuration bun-
dle V@ is the vertical cotangent bundle V*VQ@Q of VQ — R. Due to the
canonical isomorphism (8.1.1), this phase space

VIVQ =VVQ (8.2.1)

is coordinated by (¢, ¢*, ps, ¢* = v, p;). Hamiltonian formalism on the phase
space (8.2.1) can be developed as the vertical extension of Hamiltonian
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formalism on V*@Q, where the canonical conjugate pairs are (¢%,p;) and
(4", pi)-

Note that the vertical extension Ly (8.1.7) of any Lagrangian L on J'Q
yields the vertical tangent map

Ly =VL:VJ'Q o Vve (8.2.2)

pi=0lLy =0IL, pi = Ov (9} L),
to the Legendre map L (2.1.30). It is called the vertical Legendre map. Ac-
cordingly, the phase space (8.2.1) is the vertical Legendre bundle. The cor-
responding vertical homogeneous Legendre bundle is the cotangent bundle
T*VQ of VQ which is coordinated by (¢, ¢%, p, pi, ¢* = v*,p;). It is provided
with the canonical Liouville form (2.2.12):
= = pdt + 9;dy’ + v;dv® = pdt + p;dq’ + pidv’. (8.2.3)
Let VT*Q be the vertical tangent bundle of the fibre bundle T*Q —
R. Tt is equipped with the coordinates (¢,¢", p, p;,q’, p,p;). We have the
composite bundle

VCIVITQ JoTVQ % VVQ =VVHQ, (8.2.4)

(t7 qi7p7pi7 q17p7p1) - (ta qi7 vi = q7’7p = pa Qi = pi7 vt = pz)
= (t,q",v" = 4", ¢i = pi, v = pi),

where V¢ (8.2.4) is the vertical tangent map of the fibration ¢ (2.2.5). With
the canonical Liouville form = (8.2.3) on T*V Q, the fibre bundle V7T*Q is
provided with the pull-back form

X*E = pdt + pidq® + pidg' = By = Oy E, (8.2.5)

Oy = poy + ¢'0; + pid’,
which coincides with the vertical extension dy= (8.1.2) of the canonical
Liouville form = (2.2.12) on the cotangent bundle T*X.

Hamiltonian formalism on the vertical Legendre bundle V*V Q) is for-
mulated similarly to that on an original phase space V*@ in Section 3.3.
Given the canonical symplectic form d= on T*V Q, the vertical Legendre
bundle V*V @ is endowed with the coinduced Poisson structure

{f,9}vv =" fOig— 0:if0'g + 0" fOig — 0 'g.
Due to the isomorphism (8.1.1), the canonical three-form (3.3.11) on V*VQ
can be obtained as the vertical extension
Qy = Q= (dp; Adq' + dp; Adg') A dt (8.2.6)
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of the canonical three-form €2 (3.3.11) on V*@Q.
Given a section h of the affine bundle ¢y (8.2.4), the pull-back

H = (—h)*E = pidq’ + pidg’ — Hdt (8.2.7)

of the canonical Liouville form = (8.2.3) is a Hamiltonian form on V*V Q.
The associated Hamilton vector field (3.3.21) is

Yo = O + OTHO; — O HO' + OTHO; — O HO' . (8.2.8)

It is a connection on the fibre bundle VV*@Q — R which defines the corre-
sponding Hamilton equation on V*V Q.

Our goal is forthcoming Theorem 8.2.1 which states that any Hamilto-

nian system on a phase space V*@ gives rise to a Hamiltonian system on
the vertical Legendre bundle V*VQ = VV*Q.

Theorem 8.2.1. Let vy be a Hamilton vector field (3.3.21) on the original
phase space V*Q — R for a Hamiltonian form (3.3.14). Then the vertical
connection (8.1.4):

Voym = 0 + 0"HO; — OiHO' + By 9"HO; — dyv O;HY, (8.2.9)

to yg on the vertical phase space VV*Q — R is the Hamilton vector field
for the Hamiltonian form

Hy =0y H = pidq" + pidq’ — Oy Hdt, (8.2.10)
OvH = (§'0; + pi0')H,

which is the vertical extension of H onto VV*Q.

Proof. The proof follows from a direct computation. O

The Hamilton vector field Vyg (8.2.9) defines the Hamilton equation

g = O'My = M, (8.2.11)
pii = —OHy = —9;/H, (8.2.12)
g, = 0"Hy = OvO'H, (8.2.13)
pri = —0iHv = —0vO/H. (8.2.14)

The equations (8.2.11) — (8.2.12) coincide with the Hamilton equation
(3.3.22) — (3.3.23) for an original Hamiltonian form H, while the equations
(8.2.13) — (8.2.14) are their variation equation. Substituting a solution r
of the Hamilton equation (8.2.11) — (8.2.12) into (8.2.13) — (8.2.14), one
obtains a linear dynamic equations whose solutions 7 are Jacobi fields of
the solution 7.
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The Hamiltonian form Hy (8.2.10) defines the Lagrangian Ly, (3.5.1)
on JYH(V*V Q) which reads

Ly, = ho(Hv) = [pi(g; — 0'H) + pi(d; — OiH))dt. (8.2.15)

Owing to the isomorphism (8.1.3), this Lagrangian is exactly the vertical
extension (Lp)y (8.1.7) of the Lagrangian Ly (3.5.1) on J'V*Q. Accord-
ingly, the Hamilton equation (8.2.11) — (8.2.14) is the Lagrange equation
of the Lagrangian (8.2.15), and Jacobi fields of the Hamilton equation for
H are Jacobi fields of the Lagrange equation for L.

In conclusion, lets us describe the relationship between the vertical ex-
tensions of Lagrangian and Hamiltonian formalisms [106; 109]. The Hamil-
tonian form Hy (8.2.10) yields the vertical Hamiltonian map

ﬁvzvﬁwvvmgagva:aﬂV@
qz = 6l(6vH) = 6iH, q,f = 8\/817'(

Proposition 8.2.1. Let H be a Hamiltonian form on V*Q associated with
a Lagrangian L on J'Q. Then its vertical extension Hy (8.2.10) is weakly
associated with the Lagrangian Ly (8.1.7).

Proof. 1If the morphisms Hand L satisfy the relation (3.6.3), then the
corresponding vertical tangent morphisms obey the relation

VLoVHoVL =VL.
The condition (3.6.4) reduces to the equality (3.6.7) which is fulfilled if H
is associated with L. O

8.3 Jacobi fields of completely integrable systems

Given a completely integrable autonomous Hamiltonian system, derivatives
of its integrals of motion need not be constant on trajectories of a motion.
We show that Jacobi fields of a completely integrable system provide linear
combinations of derivatives of integrals of motion which are integrals of
motion of an extended Hamiltonian system and can characterize a relative
motion.

Let us consider an autonomous Hamiltonian system on a 2m-
dimensional symplectic manifold M, coordinated by (z*) and endowed with
a symplectic form

1
Q= iﬂwdx“ Adx”. (8.3.1)
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The corresponding Poisson bracket reads

{f [y =wP0ufdsf',  [.[ €Cx(M), (8.3.2)

where
1
w = iwaﬁﬁa A 03, Quuwt? =65, (8.3.3)

is the Poisson bivector associated to Q. Let a function H € C*°(M) on M
be a Hamiltonian of a system in question. Its Hamiltonian vector field

Uy = —w|dH = w*” 9, HO, (8.3.4)
defines the autonomous first order Hamilton equation
&’ =97 =w" o, H (8.3.5)

on M. With respect to the local Darboux coordinates (¢°, p;), the expres-
sions (8.3.1) — (8.3.4) read

Q:dpi/\dqi, w:(f?i/\ai,
(£, 1"y =0 f0if —0:ifo'f,
V3 = 0"HO; — O;HO".
The Hamilton equation (8.3.5) takes the form
§' = O, p; = —0;H. (8.3.6)
Let a Hamiltonian system (M, 2, H) be completely integrable, i.e., there
exist m independent integrals of motion F, in involution with respect to
the Poisson bracket (8.3.2). Of course, a Hamiltonian H itself is a first

integral, but it is not independent of F,,. Moreover, one often put F; = H.
Let us consider Jacobi fields of the completely integrable system

(M, Q,H, Fy). (8.3.7)

They obey the variation equation of the equation (8.3.6) and make up an
autonomous Hamiltonian system as follows [61].

Let TM be the tangent bundle of a manifold M provided with the
holonomic bundle coordinates (z*,4*). The symplectic form  (8.3.1) on
M gives rise to the two-form (11.2.46):

~ 1

Q= E(J'sAaAQde# Ada” + Qudit Adz” + Qp,dz* A di”),  (8.3.8)
on TM. Due to the condition (11.2.47), it is a closed form. Written with
respect to the local Darboux coordinates (g%, p;) on M and the holonomic
bundle coordinates (¢*, p;, ¢, p;) on T M, the two-form (8.3.8) reads

Q = dp; A dg' + dp; Adqg'. (8.3.9)
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A glance at this expression shows that Qisa non-degenerate two-form, i.e.,
it is a symplectic form. Note that the conjugate pairs of coordinates and
momenta with respect to this symplectic form are (¢%,p;) and (¢*, p;). The
associated Poisson bracket on T M is

{9.9'Yrna = 0'g0ig’ — 0ig0'g’ + 0'g0ig’' — 0190'y’. (8.3.10)
With the tangent lift
H = OrH, or = (qjaj +pj8j), (8.3.11)

of a Hamiltonian H, we obtain the autonomous Hamiltonian system
(TM,Q,’H) on the tangent bundle TM of M. Computing the Hamilto-
nian vector field

of the Hamiltonian (8.3.11) with respect to the Poisson bracket (8.3.10),
we obtain the corresponding Hamilton equation

¢ = 0'H = O'H, pi = —0iH = —O;H, (8.3.12)
§'=OH =0rd'H, ;= —0H=—0rdH,  (8.3.13)

where (¢*, ps, ¢*, pi, &, Di, G, P;) are coordinates on the double tangent bun-
dle TTM. The equation (8.3.12) coincides with the Hamilton equation
(8.3.6) of the original Hamiltonian system on M, while the equation (8.3.13)
is the variation equation of the equation (8.3.12). Substituting a solution
r of the Hamilton equation (8.3.12) into (8.3.13), one obtains a linear dy-
namic equation whose solutions 7 are the Jacobi fields of the solution 7.

Turn now to integrals of motion of the Hamiltonian system ((NZ, ’)'Nf) on
TM. We will denote the pull-back onto TM of a function f on M by
the same symbol f. The Poisson bracket {.,.}7nr (8.3.10) possesses the
following property. Given arbitrary functions f and f’ on M and their
tangent lifts Or f and O f' on T M, we have the relations

{fs Y =0, {0rf, f'yrm ={f,0rf Yo = {f, f'},  (83.14)
{0rf,0rf Yo = Or{f, '}

Let us consider the tangent lifts dr F,, of integrals of motion F, of the orig-
inal completely integrable system (8.3.7) on M. By virtue of the relations
(8.3.14), the functions (F,, drFy) make up a collection of 2m integrals of
motion in involution of the Hamiltonian system ((Nl,ﬁ) on T'M, i.e., they
are constant on solutions of the Hamilton equation (8.3.12) — (8.3.13). It
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is readily observed that these integrals of motion are independent on T M.
Consequently, we have a completely integrable system

(TM,Q,H, F,,0rF,) (8.3.15)
on the tangent bundle TM. We agree to call it the tangent completely
integrable system.

Since integrals of motion OrF, of the completely integrable system
(8.3.15) depend on Jacobi fields, one may hope that they characterize a
relative motion. Given a solution r(¢) of the Hamilton equation (8.3.6),
other solutions 7/(t) with initial data 7/(0) close to r(0) could be approx-
imated " &~ r + T by solutions (r,7) of the Hamilton equation (8.3.12) —
(8.3.13). However, such an approximation need not be well. Namely, if M
is a vector space and r/(0) = r(0) +3(0) are the above mentioned solutions,
the difference r/(t) — (r(t) + 7(t)), t € R, fails to be zero and, moreover,
need not be bounded on M. Of course, if F, is an integral of motion, then

Fo(r'(t)) — Fu(r(t)) = const.,
whenever r and ' are solutions of the Hamilton equation (8.3.6). We aim

to show that, under a certain condition, there exists a Jacobi field 7 of a
solution r such that

F.(r") = F,(r) + OrFu(r,T) (8.3.16)
for all integrals of motion F,, of the completely integrable system (8.3.7).
It follows that, given a trajectory r of the original completely integrable
system (8.3.7) and the values of its integrals of motion Fy on r, one can
restore the values of F, on other trajectories v’ from F,(r) and the values
of integrals of motion OrF, for different Jacobi fields of the solution r.
Therefore, one may say that the integrals of motion 07 F, of the tangent
completely integrable system (8.3.15) characterize a relative motion.

In accordance with Theorem 7.3.3, let

U=V xR"*xTk (8.3.17)
be an open submanifold of M endowed with generalized action-angle coordi-
nates (I;,4%),i=1,...,m, where (y*) are coordinates on a toroidal cylinder

R™~% x Tk, Written with respect to these coordinates, the symplectic form
on U reads

QO =dI; Ady,
while a Hamiltonian H and the integrals of motion F, depend only on
action coordinates I;. The Hamilton equation (8.3.6) on U (8.3.17) takes
the form

g =0"H(I;), I =0. (8.3.18)
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Let us consider the tangent completely integrable system on the tangent
bundle TU of U. It is the restriction to

TU =V x R¥™F x Tk

of the tangent completely integrable system (8.3.15) on T'M. Given action-
angle coordinates (I;, y*) on U, the tangent bundle TU is provided with the
holonomic coordinates

Relative to these coordinates, the tangent symplectic form € (8.3.8) on TU
reads

Q=dI Ady' + dI; A dy'.
The Hamiltonian (8.3.11):
H=0rH = 1,0"H,

and integrals of motion (Fy, Or Fy,) of the tangent completely integrable sys-
tem on T'U depend only on the coordinates (I, Ij) Thus, the coordinates
(8.3.19) are the action-angle coordinates on TU.

The Hamilton equation (8.3.12) — (8.3.13) on TU read

L=0, L,=0, (8.3.20)
q = O"H(I,), ¢ = I,O*O H(I;), (8.3.21)

where (Ii,yi,I.i,yi,ii,yi,fi,yi) are holonomic coordinates on the double
tangent bundle TTU.

Let r and 7’ be solutions of the Hamilton equation (8.3.6) which live in
U. Consequently, they are solutions of the Hamilton equation (8.3.18) on
U. Hence, their action components r; and 7} are constant. Let us consider
the system of algebraic equations

Fa(T;)_Fa(Tj):CiaiFa(Tj), a=1,...,m,

for real numbers ¢;, i = 1,...m. Since the integrals of motion F, have no
critical points on U, this system always has a unique solution. Then let us
choose a solution (r,7) of the Hamilton equation (8.3.20) — (8.3.21), where
the Jacobi field 7 of the solution r possess the action components 7; = ¢;.
It fulfils the relations (8.3.16) for all first integrals Fj,. In other words, first
integrals (F,,0rF,) on TU can be replaced by the action variables (I;, L)
Given a solution I of the Hamilton equation (8.3.18), its another solution
I’ is approximated well by the solution (I, = I’ — I) of the Hamilton
equation (8.3.20).
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Example 8.3.1. Let us consider a one-dimensional harmonic oscillator
1
M =R?, Q =dpAdg, H = §(p2—|—q2). (8.3.22)
It is a completely integrable system whose integral of motion is H(q, p).

The action-angle coordinates (I,y) are defined on U = R?\ {0} by the
relations

q=(21)"%siny, p=(21)*?cosy. (8.3.23)
Since ‘H = I, the corresponding Hamilton equation reads
I=0, g=1. (8.3.24)

The tangent extension of the Hamiltonian system (8.3.22) is the Hamilto-
nian system
Q=dpAdi+dpndg,  H=rpp+dq.

It is a completely integrable system whose integrals of motion are ‘H and H.
The action-angle coordinates ([, I, y,y) are defined on T'U by the relations
G = (20)"Y % siny + (21)'/?y cosy,
p=(20)"Y 2 cosy — (2I)*/%siny,
together with the relations (8.3.23). Since H =1, the corresponding Hamil-

ton equation (8.3.20) — (8.3.21) read
I=o, I=o, y=1, i =0. (8.3.25)
Let

r = (y =tmod 2w, I = const # 0)
be a solution of the Hamilton equation (8.3.24). Then, for any different
solution

r’ = (y = tmod 2r, I’ = const # 0)
of this equation, there exists a solution
(r,7), T=(F=0I=I-1I)
of the Hamilton equation (8.3.25) such that the equality (8.3.16):

H(I') =T =I+1=mH({I)+H(), (8.3.26)
holds. Relative to the original coordinates (g, p, ¢, p), the above mentioned
solutions r, ' and T read

qt) = 2D 2sint,  p(t) = (21)Y2 cost,
q'(t) = 2 ?sint,  p'(t) = (2I')"/? cost,
G@t) = (I = D)2~ ?sint,  p(t) = (I’ = I)(2I)"'/? cost.
Then the equality (8.3.26) takes the form
SO0 + (1) = S0 +a(t)) + HOp(D) + (D))
It should be emphasized that
JO) # )+, pt) £ pt) + B
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Chapter 9

Mechanics with time-dependent
parameters

At present, quantum systems with classical parameters attract special at-
tention in connection with holonomic quantum computation.

This Chapter addresses mechanical systems with time-dependent pa-
rameters. These parameters can be seen as sections of some smooth fibre
bundle ¥ — R called the parameter bundle. Then a configuration space of
a mechanical system with time-dependent parameters is a composite fibre
bundle

QS

Q™ =y —R (9.0.27)

[65; 106; 140]. Indeed, given a section ¢(¢) of a parameters bundle ¥ — R,
the pull-back bundle

Q:=¢"Q—R (9.0.28)

is a subbundle i. : Q. — @ of a fibre bundle Q — R which is a configuration
space of a mechanical system with a fixed parameter function <(t).

Sections 9.1 and 9.2 are devoted to Lagrangian and Hamiltonian classical
mechanics with parameters. In order to obtain the Lagrange and Hamilton
equations, we treat parameters on the same level as dynamic variables.
The corresponding total velocity and phase spaces are the first order jet
manifold J'Q and the vertical cotangent bundle V*@Q of the configuration
bundle Q — R, respectively.

Section 9.3 addresses quantization of mechanical systems with time-
dependent parameters. Since parameters remain classical, a phase space,
that we quantize, is the vertical cotangent bundle Vi@ of a fibre bundle
Q — X. We apply to Vi) — ¥ the technique of leafwise geometric quan-
tization [58; 65].

Berry’s phase factor is a phenomenon peculiar to quantum systems de-
pending on classical time-dependent parameters [3; 15; 91; 117; 166]. It is

269
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described by driving a carrier Hilbert space of a Hamilton operator over a
parameter manifold. Berry’s phase factor depending only on the geometry
of a path in a parameter manifold is called geometric (Section 9.4). It is
characterized by a holonomy operator. A problem lies in separation of a
geometric phase factor from the total evolution operator without using an
adiabatic assumption.

In Section 9.5, we address the Berry phase phenomena in completely
integrable systems. The reason is that, being constant under an internal
dynamic evolution, action variables of a completely integrable system are
driven only by a perturbation holonomy operator without any adiabatic
approximation [63; 65].

9.1 Lagrangian mechanics with parameters

Let the composite bundle (9.0.27), treated as a configuration space of a
mechanical system with parameters, be equipped with bundle coordinates
(t,0™, q") where (t,0c™) are coordinates on a fibre bundle ¥ — R.

Remark 9.1.1. Though @Q — R is a trivial bundle, a fibre bundle Q — X
need not be trivial.

For a time, it is convenient to regard parameters as dynamic variables.
Then a total velocity space of a mechanical system with parameters is the
first order jet manifold J'@ of the fibre bundle Q — R. It is equipped with
the adapted coordinates (t,0™, q%, 01", q!) (see Section 11.4.4).

Let a fibre bundle Q — X be provided with a connection

As =dt ® (8t+A§BZ) +do™ ® (8m+A§nBZ) (911)
Then the corresponding vertical covariant differential (11.4.36):
D:J'Q—VsQ, D=/(q—A —A /)0 (9.1.2)

is defined on a configuration bundle @ — R.

Given a section ¢ of a parameter bundle > — R, the restriction of D to
JYi(J1Q.) C J'Q is the familiar covariant differential on a fibre bundle
Q< (9.0.28) corresponding to the pull-back (11.4.37):

Ao =0+ [(A 06)0is™ + (A 0¢)10;, (9.1.3)

of the connection Ay, (9.1.1) onto Q)¢ — R. Therefore, one can use the
vertical covariant differential D (9.1.2) in order to construct a Lagrangian
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for a mechanical system with parameters on the configuration space @
(9.0.27).

We suppose that such a Lagrangian L depends on derivatives of param-
eters 0" only via the vertical covariant differential D (9.1.2), i.e.,

L=CL(to" ¢, D =q —A — Al o/)dt. (9.1.4)

Obviously, this Lagrangian is non-regular because of the Lagrangian con-
straint

oL L+ AL OIL =0.
As a consequence, the corresponding Lagrange equation
(0; — d 0L =0, (9.1.5)
(O — d10;, )L =0 (9.1.6)
is overdefined, and it admits a solution only if a rather particular relation
(Om + AL O)L + 0L Ld AL =0

is satisfied.
However, if a parameter function ¢ holds fixed, the equation (9.1.6) is
replaced with the condition

o™ = <M (1), (9.1.7)

and the Lagrange equation (9.1.5) only should be considered One can think
of this equation under the condition (9.1.7) as being the Lagrange equation
for the Lagrangian

L= J'<* L = L(t,s™,¢', D" = g} — Al — A’ 9,c™)dt (9.1.8)
on a velocity space J'Q..
Example 9.1.1. Let us consider a one-dimensional motion of a point mass

in the presence of a potential field whose center moves. A configuration
space of this system is a composite fibre bundle

Q=R3—-R? SR, (9.1.9)

coordinated by (¢,0,q) where o, treated as a parameter, is a coordinate
of the field center with respect to an inertial reference frame and ¢ is a
coordinate of a point mass relative to a field center. There is the natural
inclusion

QxTY > (t,0,q,t,6) — (t,0,t,6,9=—6) € TQ
>
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which defines the connection
Ay =dt ® Oy + do ® (0, — 0y) (9.1.10)

on a fibre bundle Q — Y. The corresponding vertical covariant differential
(9.1.2) reads

ﬁ = (Qt + O'f,)aq.

This is a relative velocity of a point mass with respect to an inertial reference
frame. Then a Lagrangian of this point mass takes the form

1
L=15(a+ o1)? —V(q)| dt. (9.1.11)
Given a parameter function o = ¢(t), the corresponding Lagrange equation
(9.1.5) reads
di(qe + <) + 05V = 0. (9.1.12)

9.2 Hamiltonian mechanics with parameters

A total phase space of a mechanical system with time-dependent parameters
on the composite bundle (9.0.27) is the vertical cotangent bundle V*Q of
Q — R. Tt is coordinated by (t,0™, q%, pm, pi)-

Let us consider Hamiltonian forms on a phase space V*@ which are
associated with the Lagrangian L (9.1.4). The Lagrangian constraint space
Ny C V*Q defined by this Lagrangian is given by the equalities

pi=0L,  pm+Aupi =0, (9:2.1)
where Ay is the connection (9.1.1) on a fibre bundle Q — X.
Let
P=0,4+T1"(toc")0m (9.2.2)
be some connection on a parameter bundle > — R, and let
v =0 + 10 + (4] + AL T™)0; (9.2.3)
be the composite connection (11.4.29) on a fibre bundle @ — R which
is defined by the connection Ay (9.1.1) on @ — ¥ and the connection I’
(9.2.2) on ¥ — R. Then a desired L-associated Hamiltonian form reads
H = (pmdo™ + pidq") (9.2.4)
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where a Hamiltonian function &, satisfies the relations
OLL(t, 0™, ¢, D' = OE,(t, 0™, ¢, 0LL) = DLL, (9.2.5)
pidE, —E, = L(t,o™, ¢, D' = JE,). (9.2.6)
They are obtained by substitution of the expression (9.2.4) in the conditions
(3.6.3) — (3.6.4). A key point is that the Hamiltonian form (9.2.4) is affine
in momenta p,, and that the relations (9.2.5) — (9.2.6) are independent of
the connection I' (9.2.2).

The Hamilton equation (3.3.22) — (3.3.23) for the Hamiltonian form H
(9.2.4) reads

g = Al + AL T™ 4 OE,, (9.2.7)

pri = —p;(0iA] + ;A3 T™) — D&, (9.2.8)

ot =1, (9.2.9)

Ptm = —Di(Om Al + T"0n AL) — Oy, (9.2.10)
whereas the Lagrangian constraint (9.2.1) takes the form

pi = OLL(t,q", 0™, 0°E,(t,0™, q", pi)), (9.2.11)

Pm + Aj,pi = 0. (9.2.12)

If a parameter function ¢(¢) holds fixed, we ignore the equation (9.2.10) and
treat the rest ones as follows.
Given ¢(t), the equations (9.1.7) and (9.2.12) define a subbundle

P.—-Q.—R (9.2.13)

over R of a total phase space V*Q — R. With the connection (9.1.1), we
have the splitting (11.4.35) of V*@ which reads

V*Q = An(V2Q) %(Q B V),
pidq' + pmdo™ = pi(dg' — AL do™) + (pm + AL p;)do™,
where V3@ is the vertical cotangent bundle of Q — 3. Then V*Q — Q

can be provided with the bundle coordinates

b; = Di, D =DPm + A'Z;np’i

compatible with this splitting. Relative to these coordinates, the equation
(9.2.12) takes the form p,, = 0. It follows that the subbundle

ip: P, =it (An(V5Q)) — V*Q, (9.2.14)
coordinated by (¢, ¢, p;), is isomorphic to the vertical cotangent bundle
ViQe =iVs@Q
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of the configuration space Q. — R (9.0.28) of a mechanical system with
a parameter function ¢(t). Consequently, the fibre bundle P, (9.2.13) is a
phase space of this system.

Given a parameter function ¢, there exists a connection I" on a parameter
bundle ¥ — R such that ¢(¢) is its integral section, i.e., the equation (9.2.9)
takes the form

O™ () =T (t,5(1)). (9.2.15)

Then a system of equations (9.2.7), (9.2.8) and (9.2.11) under the conditions
(9.1.7) and (9.2.15) describes a mechanical system with a given parameter
function ¢(¢) on a phase space P.. Moreover, this system is the Hamilton
equation for the pull-back Hamiltonian form

H, =ipH = pidq’ — [pi(Al + AL, 0,c™) + ¢*E,]dt (9.2.16)
on P, where

Ay + AL, 0™ = (i27);

is the pull-back connection (11.4.37) on Q. — R.

It is readily observed that the Hamiltonian form H. (9.2.16) is associated
with the Lagrangian L. (9.1.8) on J'Q., and the equations (9.2.7), (9.2.8)
and (9.2.11) are corresponded to the Lagrange equation (9.1.5).

Example 9.2.1. Let us consider a Lagrangian mechanical system on the
configuration space (9.1.9) in Example 9.1.1 which is described by the La-
grangian (9.1.11). The corresponding Lagrangian constraint space is
Pq + 0o =0, (9.2.17)

where (t,0,¢,ps,pq) are coordinates on a phase space V*Q. Let

I'=0:+T(t0)0,
be a connection on a parameter bundle ¥ = R? — R. Given the con-
nection Ay (9.1.10) on @ — X, the composite connection v (9.2.3) on a
configuration bundle Q — R reads

vy = 8t +F80 — F@Z
Then the L-associated Hamiltonian form (9.2.4) reads

H = pydq + psdo — | —pI' — poT + %pg +Viq)| dt.

Given a parameter function o = ¢(t), the corresponding Hamilton equation
(9.2.7) — (9.2.9) take the form

qt = _P +pq7
ptq = _8qV(Q)7
8,5( =T.

This Hamilton equation is equivalent to the Lagrange equation (9.1.12).
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9.3 Quantum mechanics with classical parameters

In Sections 9.1 and 9.2 we have formulated Lagrangian and Hamiltonian
classical mechanics with parameters on the composite bundle @ (9.0.27). In
order to obtain Lagrange and Hamilton equations, we treat parameters on
the same level as dynamic variables so that their total velocity and phase
spaces are the first order jet manifold J'@Q and the vertical cotangent bundle
V*Q of a fibre bundle Q — R, respectively.

This Section is devoted to quantization of mechanical systems with
time-dependent parameters on the composite bundle @ (9.0.27). Since
parameters remain classical, a phase space that we quantize is the ver-
tical cotangent bundle Vi@ of a fibre bundle ) — ¥. This phase space is
equipped with holonomic coordinates (t,0™, ¢%, p;). It is provided with the
following canonical Poisson structure. Let T*Q be the cotangent bundle
of @ equipped with the holonomic coordinates (t,0™,q%, po, Dm,pi). It is
endowed with the canonical Poisson structure {, }7 (3.3.2). There is the
canonical fibration

G TQ V' Q —V5Q 9.3.1)

(see the exact sequence (11.4.31)). Then the Poisson bracket {, }» on the
space C*° (V& Q) of smooth real functions on V5@ is defined by the relation

GAL s ={Gf G s (9:3.2)
{f, fye = 0% fOuf — OufOFf', [, f € C®(V5Q).  (9.3.3)

The corresponding characteristic symplectic foliation F coincides with the
fibration Vi) — X. Therefore, we can apply to a phase space ViiQQ — X
the technique of leafwise geometric quantization in Section 5.3 [58].

Let us assume that a manifold () is oriented, that fibres of Vi@Q) — X
are simply connected, and that

H?(Q;Z2) = H* (V5 Q3 Z2) = 0.
Being the characteristic symplectic foliation of the Poisson structure (9.3.3),

the fibration V&i@QQ — ¥ is endowed with the symplectic leafwise form
(3.1.31):

Q].‘ = in A J(f

Since this form is c?—exact, its leafwise de Rham cohomology class equals
zero and, consequently, it is the image of the zero de Rham cohomology
class with respect to the morphism [i%] (3.1.23). Then, in accordance
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with Proposition 5.3.1, the symplectic foliation (V&iQ — 3,Qx) admits
prequantization.

Since the leafwise form Qr is c?—exact7 the prequantization bundle C' —
V$i@ is trivial. Let its trivialization

C=1QxC (9.3.4)

hold fixed, and let (¢, 0™, ¢*, p, ) be the corresponding bundle coordinates.
Then C' — V& (@ admits a leafwise connection

Ar = ka ® OF + qu ® (O — iprcde).

This connection preserves the Hermitian fibre metric ¢ (3.5.3) in C, and its
curvature fulfils the prequantization condition (5.3.3):

R= —iQr ® uc.
The corresponding prequantization operators (5.3.2) read

F=—ivy+ @0 f—f), [feC=(EQ),
Vp = 0" fO), — Op fO.

Let us choose the canonical vertical polarization of the symplectic foli-
ation (V5@ — 3, Qr) which is the vertical tangent bundle T = VVZQ of
a fibre bundle

7TVQ : V{SQ — Q

It is readily observed that the corresponding quantum algebra Az consists
of functions

f=a(t,o™ ¢")pi +b(t, 0™, q") (9-3.5)

on Vi@ which are affine in momenta py.

Following the quantization procedure in Section 5.3.3, one should con-
sider the quantization bundle (5.3.23) which is isomorphic to the prequanti-
zation bundle C' (9.3.4) because the metalinear bundle D, /5[F] of complex
fibrewise half-densities on Vii() — X is trivial owing to the identity transi-
tion functions Jr =1 (5.3.21). Then we define the representation (5.3.24)
of the quantum algebra Az of functions f (9.3.5) in the space €z of sec-
tions p of the prequantization bundle C' — V5@ which obey the condition
(5.3.25) and whose restriction to each fibre of Vi@ — ¥ is of compact
support. Since the trivialization (9.3.4) of C holds fixed, its sections are
complex functions on Vi@, and the above mentioned condition (5.3.25)
reads

afop=0, feC™Q),
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i.e., elements of €r are constant on fibres of V@) — Q. Consequently, €r
reduces to zero p = 0.

Therefore, we modify the leafwise quantization procedure as follows.
Given a fibration

WQE:QHZa

let us consider the corresponding metalinear bundle Dy 5[mgs] — @ of
leafwise half-densities on Q — ¥ and the tensor product

Yo = Cq ® Dy plmgs] = Dijolmgs] — Q,

where Cp = C x @ is the trivial complex line bundle over (). It is readily
observed that the Hamiltonian vector fields

Vs = a0y, — (p;Ora’ + Oxb)o"
of elements f € Az (9.3.5) are projectable onto ). Then one can associate

to each element f of the quantum algebra Az the first order differential
operator

F=(=iVayowy + f)@Id +1d ® Ly, o9, (9.3.6)
= —ia*8) — %Bkak —b

in the space € of sections of the fibre bundle Y — @ whose restriction to
each fibre of Q — ¥ is of compact support. Since the pull-back of Dy /5[mx]
onto each fibre @, of Q — X is the metalinear bundle of half-densities on
Qo, the restrictions p, of elements of p € €g to (), constitute a pre-Hilbert
space with respect to the non-degenerate Hermitian form

(elé)a = [ o7
Qo
Then the Schrodinger operators (9.3.6) are Hermitian operators in the pre-
Hilbert C*°(X)-module &g, and provide the desired geometric quantization
of the symplectic foliation (ViiQ — X, Qx).

In order to quantize the evolution equation of a mechanical system on a
phase space V55 (@, one should bear in mind that this equation is not reduced
to the Poisson bracket {, }s on V& @, but is expressed in the Poisson bracket
{,}r on the cotangent bundle T*Q [58]. Therefore, let us start with the
classical evolution equation.

Given the Hamiltonian form H (9.2.4) on a total phase space V*@Q,
let (T*Q,H*) be an equivalent homogeneous Hamiltonian system with the
homogeneous Hamiltonian H* (3.4.1):

H* =po + pmI™ + pi(Af + ALT™) + E,(t, 0™, ¢, ;). (9.3.7)
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Let us consider the homogeneous evolution equation (3.8.3) where F are
functions on a phase space Vi3Q. It reads

{H*,F}r =0,  FeC®(V3Q), (9.3.8)
OF +T"0F + (Al + AL T™ + 0°E) 0 F
— [p; (A + 0; AJ,T™) + 0;E,]0'F = 0.

It is readily observed that a function F' € C*°(VZQ) obeys the equality
(9.3.8) if and only if it is constant on solutions of the Hamilton equation
(9.2.7) — (9.2.9). Therefore, one can think of the relation (9.3.8) as being a
classical evolution equation on C* (V& Q).

In order to quantize the evolution equation (9.3.8), one should quantize
a symplectic manifold (7@, {, }r) so that its quantum algebra Ay contains
the pull-back (£ A of the quantum algebra Az of the functions (9.3.5). For
this purpose, we choose the vertical polarization VT*@Q on the cotangent
bundle T*@Q. The corresponding quantum algebra A7 consists of functions
on T*@Q which are affine in momenta (pg, pm, pi) (see Section 5.2). Clearly,
(£ Ar is a subalgebra of the quantum algebra Ar of T*Q).

Let us restrict our consideration to the subalgebra A/, C Az of functions

f=alt,o")po+a™(t, 0" )pm +a'(t,0™, ¢’ )p; + b(t,0a™, ¢7),

where a and @ are the pull-back onto T*Q of functions on a parameter
space ¥. Of course, (£ Ax C AL. Moreover, A’ admits a representation
by the Hermitian operators

F=—i(ad; + ™0 + a'd;) — %akak —b (9.3.9)

in the carrier space &g of the representation (9.3.6) of Az. Then, if H* €
', the evolution equation (9.3.8) is quantized as the Heisenberg equation
(5.4.27):

i[H*. f]=0, feAsr (9.3.10)

A problem is that the function H* (9.3.7) fails to belong to the algebra
A’-, unless the Hamiltonian function &, (9.2.4) is affine in momenta p;. Let
us assume that £, is polynomial in momenta. This is the case of almost all
physically relevant models.

Lemma 9.3.1. Any smooth function f on V§iQ which is a polynomial of
momenta pr is decomposed in a finite sum of products of elements of the
algebra Ax.

Proof. The proof follows that of a similar statement in Section 5.4.4. [J
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By virtue of Lemma 9.3.1, one can associate to a polynomial Hamilto-
nian function &, an element of the enveloping algebra Az of the Lie algebra
Az (though it by no means is unique). Accordingly, the homogeneous Ha-
miltonian H* (9.3.7) is represented by an element of the enveloping algebra
A of the Lie algebra A’.. Then the Schrédinger representation (9.3.6)
and (9.3.9) of the Lie algebras Az and A’ is naturally extended to their
enveloping algebras Az and Z/T that provides quantization

H* = —i[0, + T 0y + (AF + AF T™)0y] — %ak(Af + AT 8 (9.3.11)

of the homogeneous Hamiltonian H* (9.3.7).
It is readily observed that the operator iH* (9.3.11) obeys the Leibniz
rule

iH* (rp) = Oyrp + r(iH*p), r € C°(R), p € €p. (9.3.12)

Therefore, it is a connection on pre-Hilbert C*°(R)-module €. The cor-
responding Schrédinger equation (4.6.7) reads

iH*p =0, pe €.
Given a trivialization
Q=R x M, (9.3.13)
there is the corresponding global decomposition
H* = —id, + H,

where H plays a role of the Hamilton operator. Then we can introduce the
evolution operator U which obeys the equation (4.6.9):

QU(t) = —iH*oU(t),  U(0)=1.

It can be written as the formal time-ordered exponent
t
U=Texp |—i /ﬁdt/
0

Given the quantum operator H* (9.3.11), the bracket
Vi =i[H* f] (9.3.14)

defines a derivation of the quantum algebra Az. Since py = —id;, the
derivation (9.3.14) obeys the Leibniz rule

V(T]?) =0 f + 1V, r € C*(R).
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Therefore, it is a connection on the C*°(R)-algebra Az, which enables one
to treat quantum evolution of Ax as a parallel displacement along time
(see Section 4.6). In particular, ]?is parallel with respect to the connection
(9.3.14) if it obeys the Heisenberg equation (9.3.10).

Now let us consider a mechanical system depending on a given param-
eter function ¢ : R — X. Its configuration space is the pull-back bundle
Q¢ (9.0.28). The corresponding phase space is the fibre bundle P (9.2.14).
The pull-back H of the Hamiltonian form H (9.2.4) onto P; takes the form
(9.2.16).

The homogeneous phase space of a mechanical system with a parameter
function ¢ is the pull-back

P, =itT*Q (9.3.15)

onto P. of the fibre bundle T*Q — V*@Q (3.3.3). The homogeneous phase
space P, (9.3.15) is coordinated by (¢, ¢’, po, p;), and it isomorphic to the
cotangent bundle 7*Q.. The associated homogeneous Hamiltonian on P,
reads

HE = po + [pi(A] + ALO™) + "€, (9.3.16)

It characterizes the dynamics of a mechanical system with a given param-
eter function .
In order to quantize this system, let us consider the pull-back bundle

D1/2 Q] = Z‘:2)1/2 [Tqs]

over ¢ and its pull-back sections p. = ilp, p € €q. It is easily justified
that these are fibrewise half-densities on a fibre bundle Q. — R whose
restrictions to each fibre i; : Q; — Q. are of compact support. These
sections constitute a pre-Hilbert C'°°(R)-module &. with respect to the
Hermitian forms

Gipdiio)e= [ it i
Q
Then the pull-back operators

o~

(" floe = (fp)s;
~ ] , i " , " .
C*f = —mk(t, gm(t)v qj)ak - §akak(tag (t)7qj) - b(t7§ (t)a qj)7
in €. provide the representation of the pull-back functions

itf=a"(t,<"(t), ¢ )pr + bt <), ), [ € AfF,



9.3. Quantum mechanics with classical parameters 281

on V*Q.. Accordingly, the quantum operator

~

Hr = —idy — i(Ai + Al 9,6™)0; — %@(Ai + AL 9™ —*E, (9.3.17)

coincides with the pull-back operator §*ﬁ*, and it yields the Heisenberg
equation

iHE < =0

of a quantum system with a parameter function .
The operator H} (9.3.17) acting in the pre-Hilbert C°°(R)-module &
obeys the Leibniz rule

iHI(rps) = Orps +(iHIps),  rE€C®(R),  p €€, (9.3.18)

and, therefore, it is a connection on &.. The corresponding Schrédinger
equation reads

iHipe =0,  pc€g (9.3.19)

. . 1 _ . _
Or + (A + AL 0 ™)0; + S0 A} + AL O™) = i57E, | po = 0.

With the trivialization (9.3.13) of @, we have a trivialization of Q. — R
and the corresponding global decomposition

H: = —id, + H.,
where
He = —i(Al + AL 9,c™)0; — %ai(A}; + AL 9, c™) + ¢*E, (9.3.20)

is a Hamilton operator. Then we can introduce an evolution operator U
which obeys the equation

QU(t) = —iH: o U(t),  U(0) = 1.

It can be written as the formal time-ordered exponent

t
U(t) = Texp —z‘/ﬁgdt’ . (9.3.21)
0
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9.4 Berry geometric factor

As was mentioned above, the Berry phase factor is a standard attribute of
quantum mechanical systems with time-dependent classical parameters [15;
109].

Let us remind that the quantum adiabatic Berry phase has been discov-
ered as a phase shift in the eigenfunctions of a parameter-dependent Hamil-
tonian when parameters traverse along a closed curve [8]. J.Hannay in [82]
found a classical analogue of this phase associated to completely integrable
systems and called the Hannay angles (see [9] for its non-adiabatic general-
ization). B.Simon in [147] has recognized that the Berry phase arises from
a particular connection, called the Berry connection, on a Hermitian line
bundle over a parameter space (see [117] for an analogous geometric frame-
work of Hannay angles, determined by a parameter-dependent Hamiltonian
action of a Lie group on a symplectic manifold). F.Wilczek and A.Zee in
[164] generalized a notion of the adiabatic phase to the non-Abelian case
corresponding to adiabatically transporting an n-fold degenerate state over
the parameter manifold. They considered a vector bundle over a param-
eter space as a unitary bundle. E.Kiritsis in [91] has studied this bundle
using homotopy theory. The reader is addressed to [166] for the case of a
Hamiltonian G-space of parameters and to [151] for a homogeneous Kéhler
parameter manifold. The adiabatic assumption was subsequently removed
by Aharonov and Anandan in [3] who suggested to considered a loop in a
projective Hilbert space instead of a parameter space [2] (see [14] for the
relation between the Berry and Aharonov—Anandan connections).

The Berry phase factor is described by driving a carrier Hilbert space
of a Hamilton operator over cycles in a parameter manifold. The Berry
geometric factor depends only on the geometry of a path in a parameter
manifold and, therefore, provides a possibility to perform quantum gate op-
erations in an intrinsically fault-tolerant way. A problem lies in separation
of the Berry geometric factor from the total evolution operator without
using an adiabatic assumption. Firstly, holonomy quantum computation
implies exact cyclic evolution, but exact adiabatic cyclic evolution almost
never exists. Secondly, an adiabatic condition requires that the evolution
time must be long enough.

In a general setting, let us consider a linear (not necessarily finite-
dimensional) dynamical system

Ayp = S
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whose linear (time-dependent) dynamic operator S falls into the sum
S=238)+A =25+ 0" A, (9.4.1)

where ¢(t) is a parameter function given by a section of some smooth fibre
bundle ¥ — R coordinated by (¢,0™). Let assume the following:

(i) the operators So (t) and A(t') commute for all instants ¢ and ¢/,

(ii) the operator A depends on time only through a parameter function
s(t).
Then the corresponding evolution operator U (t) can be represented by the
product of time-ordered exponentials

t t
U(t) = Ug(t) o Uy (t) = T exp / Adt'| o T exp / Sodt'| ., (9.4.2)
0 0
where the first one is brought into the ordered exponential

Ui(t) =T exp /Am(g(t’))atgm(t')dt’ (9.4.3)
0

=Texp / Ay (0)de™
s[0,t]

along the curve ¢[0,¢] in a parameter bundle . It is the Berry geometric
factor depending only on a trajectory of a parameter function ¢. Therefore,
one can think of this factor as being a displacement operator along a curve
¢[0,¢] C 2. Accordingly,

A = Apdyc™ (9.4.4)

is called the holonomy operator.

However, a problem is that the above mentioned commutativity condi-
tion (i) is rather restrictive.

Turn now to the quantum Hamiltonian system with classical parameters
in Section 9.3. The Hamilton operator ﬁg (9.3.20) in the evolution operator
U (9.3.21) takes the form (9.4.1):

~

1 .
Ho = —i {A’:nak + 5akAfn} O™ + H'(<). (9.4.5)

Its second term H' can be regarded as a dynamic Hamilton operator of a
quantum system, while the first one is responsible for the Berry geometric
factor as follows.
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Bearing in mind possible applications to holonomic quantum computa-
tions, let us simplify the quantum system in question. The above mentioned
trivialization (9.3.13) of @ implies a trivialization of a parameter bundle
Y. = R x W such that a fibration Q — X reads

1d X T

RxM —"RxW,

where mps : M — W is a fibre bundle. Let us suppose that components
AFof the connection Ay, (9.1.1) are independent of time. Then one can
regard the second term in this connection as a connection on a fibre bundle
M — W. It also follows that the first term in the Hamilton operator (9.4.5)
depends on time only through parameter functions ¢"(¢). Furthermore, let
the two terms in the Hamilton operator (9.4.5) mutually commute on [0, ¢].
Then the evolution operator U (9.3.21) takes the form

U=Texp |- / (Afnak + %(%Afn) do™ (9.4.6)

s([0,2])
t

oTexp |—i /ﬁ’dt’
0

One can think of its first factor as being the parallel displacement operator
along the curve ¢([0,¢]) C W with respect to the connection

1
Vp = <8m + AF o + 58kAfn) 2 p € &q, (9.4.7)

called the , Berry connection on a C*°(W)-module €g. A peculiarity of this
factor in comparison with the second one lies in the fact that integration
over time through a parameter function ¢(¢) depends only on a trajectory
of this function in a parameter space, but not on parametrization of this
trajectory by time. Therefore, the first term of the evolution operator U
(9.4.6) is the Berry geometric factor. The corresponding holonomy operator
(9.4.4) reads

9.5 Non-adiabatic holonomy operator

We address the Berry phase phenomena (Section 9.4) in a completely inte-
grable system of m degrees of freedom around its invariant torus 7. The
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reason is that, being constant under an internal evolution, its action vari-
ables are driven only by a perturbation holonomy operator A. We construct
such an operator for an arbitrary connection on a fibre bundle

W xT™ — W, (9.5.1)

without any adiabatic approximation [63; 65]. In order that a holonomy
operator and a dynamic Hamiltonian mutually commute, we first define
a holonomy operator with respect to initial data action-angle coordinates
and, afterwards, return to the original ones. A key point is that both
classical evolution of action variables and mean values of quantum action
operators relative to original action-angle coordinates are determined by
the dynamics of initial data action and angle variables.

A generic phase space of a Hamiltonian system with time-dependent
parameters is a composite fibre bundle

P—Y R,

where II — ¥ is a symplectic bundle (i.e., a symplectic foliation whose
leaves are fibres of II — X)), and

Y=RxW—=R

is a parameter bundle whose sections are parameter functions. In the case
of a completely integrable system with time-dependent parameters, we have
the product

P=YXxU=YXx(VxT") —-3—-R,

equipped with the coordinates (t,0%, I, ¢*). Let us suppose for a time
that parameters also are dynamic variables. The total phase space of such
a system is the product

I=Vv*YxU

coordinated by (t,0% pa = Ga,Ir, ). Its dynamics is characterized by
the Hamiltonian form (9.2.4):

HE = padaa + IdeOk - HE(ty Oﬂvpﬂa Ij7 @J)dta
Hy = pal® + I (AF + ART?) + H, (9.5.2)

where H is a function, 9; +T'*9, is the connection (9.2.2) on the parameter
bundle ¥ — R, and

A =dt® (0 + AFOy) + do® @ (Do + AEOy) (9.5.3)
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is the connection (9.1.1) on the fibre bundle
UxT™— Y.

Bearing in mind that o® are parameters, one should choose the Hamiltonian
Hs (9.5.2) to be affine in their momenta p,. Then a Hamiltonian system
with a fixed parameter function 0% = ¢*(t) is described by the pull-back
Hamiltonian form (9.2.16):

H = Iydg® — {It[A} (¢, ¢7) (9.5.4)
+ A (167, 070 + HE, P I, ) Yt
on a Poisson manifold
RxU=Rx (VxT™). (9.5.5)

Let H = H(I;) be a Hamiltonian of an original autonomous completely
integrable system on the toroidal domain U (9.5.5) equipped with the
action-angle coordinates (I, "). We introduce a desired holonomy op-
erator by the appropriate choice of the connection A (9.5.3).

For this purpose, let us choose the initial data action-angle coordinates
(I, *) by the converse to the canonical transformation (7.7.16):

oF =" —t0"H (9.5.6)

With respect to these coordinates, the Hamiltonian of an original com-
pletely integrable system vanishes and the Hamiltonian form (9.5.4) reads
H = Ipdg"™ — I[AF(t,¢7) + AL (t, ", ¢7)0uc®]dt. (9.5.7)

Let us put A¥ = 0 by the choice of a reference frame associated to the initial
data coordinates ¢*, and let us assume that coefficients A¥ are independent
of time, i.e., the part

Aw = do® @ (8o + ALO) (9.5.8)

of the connection A (9.5.3) is a connection on the fibre bundle (9.5.1). Then
the Hamiltonian form (9.5.7) reads

H. = Iydg® — I AR (P, ¢7)0,cdt. (9.5.9)
Its Hamilton vector field (3.3.21) is
yi = 0 + A’ 0,c%0; — IO AL 0,9, (9.5.10)

and it leads to the Hamilton equation

di¢’ = A} (s(t), )01, (9.5.11)
dil; = — 1,0, A% (s(t), ') Ops™. (9.5.12)
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Let us note that
V*Aw = do® ® (0o + ALO; — [,0; AR ") (9.5.13)
is the lift (8.1.5) of the connection Ay (9.5.8) onto the fibre bundle
Wx (VxTm) =W,
seen as a subbundle of the vertical cotangent bundle
V(W xT™) =W xT*T™

of the fibre bundle (9.5.1). It follows that any solution I;(t), ¢‘(t) of the
Hamilton equation (9.5.11) — (9.5.12) (i.e., an integral curve of the Hamilton
vector field (9.5.10)) is a horizontal lift of the curve ¢(t) C W with respect
to the connection V*Aw (9.5.13), i.e.,

Li(t) = Li(s(t),  ¢'(t) = ¢"(s(t)).

Thus, the right-hand side of the Hamilton equation (9.5.11) — (9.5.12) is
the holonomy operator

A = (A} 9y®, — I 9; Ak 9,6™). (9.5.14)

It is not a linear operator, but the substitution of a solution ¢(s(¢)) of the
equation (9.5.11) into the Hamilton equation (9.5.12) results in a linear
holonomy operator on the action variables I;.

Let us show that the holonomy operator (9.5.14) is well defined. Since
any vector field ¥ on R x T such that 9 |dt = 1 is complete, the Hamilton
equation (9.5.11) has solutions for any parameter function ¢(t). It follows
that any connection Ay (9.5.8) on the fibre bundle (9.5.1) is an Ehresmann
connection, and so is its lift (9.5.13). Because V*Ay (9.5.13) is an Ehres-
mann connection, any curve ¢([0,1]) C W can play a role of the parameter
function in the holonomy operator A (9.5.14).

Now, let us return to the original action-angle coordinates (I, ¢*) by
means of the canonical transformation (9.5.6). The perturbed Hamiltonian
reads

H' = TeAg (<(t), @' — t0"H(1;)) 0 (t) + H(I;),
while the Hamilton equation (9.5.11) — (9.5.12) takes the form
Bep" = OH(I;) + Ao (c(1), ' — tO"H(I;)) D (2)
—tL D' O H(L;)0s A5 (s (1), @' — t0"H(I;)) D™ (1),
Ol = —IO; A (s(t), ' — tO"H(1;))Dps™(1).
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Its solution is

Li(s(t),  @"'(t) = ¢"(s(t)) + tO"H(I;(s(1))),
where I;(c(t)), ¢*(c(t)) is a solution of the Hamilton equation (9.5.11)
- (9.5.12). We observe that the action variables I are driven only by
the holonomy operator, while the angle variables ¢’ have a non-geometric
summand.

Let us emphasize that, in the construction of the holonomy operator
(9.5.14), we do not impose any restriction on the connection Ay (9.5.8).
Therefore, any connection on the fibre bundle (9.5.1) yields a holonomy
operator of a completely integrable system. However, a glance at the ex-
pression (9.5.14) shows that this operator becomes zero on action variables
if all coefficients A% of the connection Ay (9.5.8) are constant, i.e., Ay is a
principal connection on the fibre bundle (9.5.1) seen as a principal bundle
with the structure group 7.

In order to quantize a non-autonomous completely integrable system on
the Poisson toroidal domain (U, {, }v) (9.5.5) equipped with action-angle
coordinates (I;, ¢'), one may follow the instantwise geometric quantization
of non-autonomous mechanics (Section 4.6). As a result, we can simply
replace functions on 7™ with those on R x 7" [43]. Namely, the corre-
sponding quantum algebra A C C*°(U) consists of affine functions

f = aF (6, @7 T + bl ) (9.5.15)
of action coordinates Ij represented by the operators (9.3.6) in the space
E=C*RxT™) (9.5.16)

of smooth complex functions ¥ (t,¢) on R x T™. This space is provided
with the structure of the pre-Hilbert C*°(R)-module endowed with the non-
degenerate C*° (R)-bilinear form

1\™ —
W)= (52) [edeme. vvee
T‘VTL
Its basis consists of the pull-back onto R x 7™ of the functions

Yoy = expli(ned”)], () = (na,eoym) €Z7.(9.5.17)

Furthermore, this quantization of a non-autonomous completely inte-
grable system on the Poisson manifold (U, {, }v) is extended to the associ-
ated homogeneous completely integrable system on the symplectic annulus
(7.7.12):

U'=¢('U)=NxT™ - N



9.5. Non-adiabatic holonomy operator 289

by means of the operator Iy = —id; in the pre-Hilbert module & (9.5.16).
Accordingly, the homogeneous Hamiltonian H* is quantized as

7:2* = —i0; + 7:2

It is a Hamiltonian of a quantum non-autonomous completely integrable
system. The corresponding Schrodinger equation is

H = —idpp+Hip =0, 1€ €. (9.5.18)

For instance, a quantum Hamiltonian of an original autonomous com-
pletely integrable system seen as the non-autonomous one is

H* = —id; + H(I;).
Its spectrum

H ) = B,y ¥

on the basis {1,)} (9.5.17) for & (9 5.17) coincides with that of the au-
tonomous Hamiltonian H(I) = H(I). The Schrédinger equation (9.5.18)
reads

H' = —id) + H(—=i0e + M) =0, ¢ € E.
Its solutions are the Fourier series

Y= ZB(W') exp[—itE(m,)]w(nr), B(nr) e C.

(n,«)
Now, let us quantize this completely integrable system with respect to

the initial data action-angle coordinates (I;, ¢*). As was mentioned above,

it is given on a toroidal domain U (9.5.5) provided with another fibration
over R. Tts quantum algebra Ay C C°°(U) consists of affine functions

f=ad"(t, ¢! I, +b(t,¢"). (9.5.19)

The canonical transformation (7.7.16) ensures an isomorphism of Poisson
algebras A and Ap. Functions f (9.5.19) are represented by the operators
f (9.3.6) in the pre-Hilbert module €y of smooth complex functions ¥ (¢, ¢)
on R x T™. Given its basis

U, () = [ine¢'],
the operators fk and ﬁ(m) take the form

Tithnyy = (i + M),
V) ¥(ny) = P ¥(nr) = Y(ne+ny)- (9.5.20)
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The Hamiltonian of a quantum completely integrable system with respect
to the initial data variables is H§ = —i0;. Then one easily obtains the
isometric isomorphism

R(w(nr)) = exp[itE(nr)}\II(nr)v <R(7/))|R(1/)/)> = <1/)|1/)/>7 (9521)
of the pre-Hilbert modules € and &; which provides the equivalence
I;=R 'R,  m),=R W, )R,  H'=R'H;R (9.5.22)

of the quantizations of a completely integrable system with respect to the
original and initial data action-angle variables.

In view of the isomorphism (9.5.22), let us first construct a holonomy
operator of a quantum completely integrable system (A, 7'73) with respect
to the initial data action-angle coordinates. Let us consider the perturbed
homogeneous Hamiltonian

H, = Hj+ Hy = Io + 9 ()AL (<(t), ¢ ) I

of the classical perturbed completely integrable system (9.5.9). Its pertur-
bation term Hj is of the form (9.5.15) and, therefore, is quantized by the
operator

N -~ 1
H, = —i0,c®Aq = —i0c® [A’;ak + 5ak(Af;) + iAkA’;} .
The quantum Hamiltonian Itlg = ﬁg +ﬁ1 defines the Schrodinger equa-
tion

OV + O™ {A’;@k + %ak(A’;) + z’AkAZ] U =0. (9.5.23)

If its solution exists, it can be written by means of the evolution operator
U (t) which is reduced to the geometric factor

t
Ui(t) = Texp i/@t/ga(t/)ga(t/)dt/
0

The latter can be viewed as a displacement operator along the curve
[0,1] € W with respect to the connection

Ay = do®(0a + Ag) (9.5.24)

on the C*(W)-module C*(W x T™) of smooth complex functions on W x
T™ (see Section 4.6). Let us study weather this displacement operator
exists.
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Given a connection Ay (9.5.8), let ®¥(¢, ¢) denote the flow of the com-
plete vector field
O + Ao (s, §)0rs™
on RxT™. Tt is a solution of the Hamilton equation (9.5.11) with the initial
data ¢. We need the inverse flow (®~1)¥(t, $) which obeys the equation
(@) (1. 9) = —0s" AL (s, (27 (1, )
= 0 A (6, 0K (B (1, ).
Let Wy be an arbitrary complex half-form ¥y on 7™ possessing identical

transition functions, and let the same symbol stand for its pull-back onto
R x T™. Given its pull-back

e O(d—1)i 1/2 B
(®~1)* Wy = det (%) To(®1(t, 9)), (9.5.25)
it is readily observed that
T = (&7 1)Uy exp[ir, o] (9.5.26)

obeys the Schrodinger equation (9.5.23) with the initial data ¥(. Because
of the multiplier exp[iAy¢*], the function ¥ (9.5.26) however is ill defined,
unless all numbers A, equal 0 or £1/2. Let us note that, if some numbers
A are equal to +1/2, then Wqexp[i\,¢*] is a half-density on 7™ whose
transition functions equal +1, i.e., it is a section of a non-trivial metalinear
bundle over T™.

Thus, we observe that, if Ay equal 0 or +1/2, then the displacement
operator always exists and A = ¢{H; is a holonomy operator. Because of
the action law (9.5.20), it is essentially infinite-dimensional.

For instance, let Ay (9.5.8) be the above mentioned principal connec-
tion, i.e., A¥ =const. Then the Schrédinger equation (9.5.23) where \j, = 0
takes the form

O (t, ¢7) 4 9, () A DLW (L, ¢) = 0,
and its solution (9.5.25) is
W(t, ') = Wo(" — (*(t) — c*(0)AL).

The corresponding evolution operator U(t) reduces to Berry’s phase
multiplier

U1 (s, = exp[—in; (s*(t) = s ()AL ¥(n,y, 1y € (nr).

It keeps the eigenvectors of the action operators IAZ
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In order to return to the original action-angle variables, one can employ
the morphism R (9.5.21). The corresponding Hamiltonian reads

H=R 'H.R.

The key point is that, due to the relation (9.5.22), the action operators :fz
have the same mean values

(Ixpl) = (W[Y), W= R(y),

with respect both to the original and the initial data action-angle variables.
Therefore, these mean values are defined only by the holonomy operator.
In conclusion, let us note that, since action variables are driven only
by a holonomy operator, one can use this operator in order to perform
a dynamic transition between classical solutions or quantum states of an
unperturbed completely integrable system by an appropriate choice of a
parameter function ¢. A key point is that this transition can take an ar-
bitrary short time because we are entirely free with time parametrization
of ¢ and can choose it quickly changing, in contrast with slowly varying
parameter functions in adiabatic models. This fact makes non-adiabatic
holonomy operators in completely integrable systems promising for several
applications, e.g., quantum control and quantum computation.



Chapter 10

Relativistic mechanics

If a configuration space of a mechanical system has no preferable fibra-
tion @ — R, we obtain a general formulation of relativistic mechanics.
A velocity space of relativistic mechanics is the first order jet manifold
J1Q of one-dimensional submanifolds of a configuration space Q [106;
139]. This notion of jets generalizes that of jets of sections of fibre bun-
dles which are utilized in field theory and non-relativistic mechanics [68;
106]. The jet bundle Ji@Q — @ is projective, and one can think of its fi-
bres as being spaces of the three-velocities of relativistic mechanics (Section
10.2).

The four-velocities of a relativistic system are represented by elements
of the tangent bundle T'Q of the configuration space @), while the cotangent
bundle T*@Q, endowed with the canonical symplectic form, plays a role of
the phase space of relativistic theory. As a result, Hamiltonian relativistic
mechanics can be seen as a constraint Dirac system on the hyperboloids of
relativistic momenta in the phase space T*Q.

10.1 Jets of submanifolds

Jets of sections of fibre bundles are particular jets of submanifolds of a
manifold [53; 68; 95].

Given an m-dimensional smooth real manifold Z, a k-order jet of n-
dimensional submanifolds of Z at a point z € Z is defined as an equivalence
class j*S of n-dimensional imbedded submanifolds of Z through z which
are tangent to each other at z with order £ > 0. Namely, two submanifolds

ig: S — Z, ig: S —Z

through a point z € Z belong to the same equivalence class j*S if and only

293
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if the images of the k-tangent morphisms
Trig: TFS — TFZ, T*ig - T*S — TFZ
coincide with each other. The set
I8z =]Jiks
z€EZ

of k-order jets of submanifolds is a finite-dimensional real smooth manifold,
called the k-order jet manifold of submanifolds. For the sake of convenience,
we put JOZ = Z.

If £k >0, let Y - X be an m-dimensional fibre bundle over an n-

dimensional base X and J*Y the k-order jet manifold of sections of Y — X.
Given an imbedding ® : Y — Z, there is the natural injection

JROJY = JFZ, s — [@ 0 sl (10.1.1)

where s are sections of Y — X. This injection defines a chart on J*Z.
These charts provide a manifold atlas of J¥Z.

Let us restrict our consideration to first order jets of submanifolds.
There is obvious one-to-one correspondence

Ay 1 JiS = Vpg CT.Z (10.1.2)
between the jets j1S at a point z € Z and the n-dimensional vector sub-

spaces of the tangent space T,Z of Z at z. It follows that J!Z is a fibre
bundle

p:JZ —Z (10.1.3)
with the structure group GL(n, m — n;R) of linear transformations of the
vector space R™ which preserve its subspace R™. The typical fibre of the
fibre bundle (10.1.3) is the Grassmann manifold

&(n,m —n;R) = GL(m;R)/GL(n,m — n; R).

This fibre bundle possesses the following coordinate atlas.
Let {(U;z")} be a coordinate atlas of Z. Though J°Z = Z, let us
provide J0Z with an atlas where every chart (U;24) on a domain U C Z

is replaced with the
m\ m)!
n)  nl(m—n)!

charts on the same domain U which correspond to different partitions of

the collection (z'---24)

(U; 2>, y), A=1,...,n, i=1,...,m—n. (10.1.4)

in the collections of n and m — n coordinates
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The transition functions between the coordinate charts (10.1.4) of J°Z
associated with a coordinate chart (U, 24) of Z are reduced to exchange
between coordinates z* and y’. Transition functions between arbitrary
coordinate charts of the manifold J2Z take the form

"™ = 2 (", y"), Y=y (a?, k). (10.1.5)

Given the coordinate atlas (10.1.4) — (10.1.5) of a manifold J0Z, the first
order jet manifold J!Z is endowed with an atlas of adapted coordinates

(p7H(U) = U x Ry i g, (10.1.6)
possessing transition functions
; oyt . oy ox” ox®
Y= -~y ey . 10.1.
I <8yﬂ Yo Oz oy'k (A Oz (10.1.7)
It is readily observed that the affine transition functions (11.3.1) are a

particular case of the coordinate transformations (10.1.7) when the transi-
tion functions x* (10.1.5) are independent of coordinates y'*.

10.2 Lagrangian relativistic mechanics

As was mentioned above, a velocity space of relativistic mechanics is the
first order jet manifold JiQ of one-dimensional submanifolds of a configu-
ration space Q [106; 139].

Given an m-dimensional manifold ) coordinated by (g*), let us consider
the jet manifold J]@Q of its one-dimensional submanifolds. Let us provide
Q = JYQ with the coordinates (10.1.4):

(U;2° =%y = ') = (U; ¢*). (10.2.1)
Then the jet manifold
p:JIQ—Q
is endowed with coordinates (10.1.6):
(P~ (U 4" 4" 00), (10.2.2)
possessing transition functions (10.1.5), (10.1.7) which read
°=¢%".¢"), " =d".d"), (10.2.3)

. a¢" ;  8q' a¢° . 9¢° -1
Qi = (W @+ 20 ) \ og @+ 90 . (10.2.4)
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A glance at the transformation law (10.2.4) shows that J{Q — Q is a fibre
bundle in projective spaces.

Example 10.2.1. Let Q = M* = R* be a Minkowski space whose Carte-
sian coordinates (¢*), A = 0, 1,2, 3, are subject to the Lorentz transforma-
tions (10.2.3):

¢° = ¢°ha — ¢'sha, ¢' = —¢ha +q¢'cha, ¢*3=¢**.  (10.2.5)

Then ¢'* (10.2.4) are exactly the Lorentz transformations

2,3
gl = gocha — sha g3 = 90
0 7 _glsha + cha 0 —g¢sha + cha

of three-velocities in relativistic mechanics [106; 139].

In view of Example 10.2.1, one can think of the velocity space J{Q of
relativistic mechanics as being a space of three-velocities. For the sake of
convenience, we agree to call J{Q the three-velocity space and its coordinate
transformations (10.2.3) — (10.2.4) the relativistic transformations, though
a dimension of ) need not equal 3 + 1.

Given the coordinate chart (10.2.2) of J1Q, one can regard p~}(U) C
J1Q as the first order jet manifold J1U of sections of the fibre bundle

7:U3(¢°q) — (°) e n(U) CR. (10.2.6)

Then three-velocities (¢3) € p~1(U) of a relativistic system on U can be
treated as absolute velocities of a local non-relativistic system on the con-
figuration space U (10.2.6). However, this treatment is broken under the
relativistic transformations ¢ — ¢f (10.2.3) since they are not affine. One
can develop first order Lagrangian formalism with a Lagrangian

L= Ldg" € 0% (p1(U))

on a coordinate chart p~*(U), but this Lagrangian fails to be globally de-
fined on JiQ (see Remark 10.2.1 below). The graded differential algebra
O*(p~Y(U)) of exterior forms on p~1(U) is generated by horizontal forms
dq® and contact forms dq’ —gjdq®. Coordinate transformations (10.2.3) pre-
serve the ideal of contact forms, but horizontal forms are not transformed
into horizontal forms, unless coordinate transition functions ¢" (10.2.3) are
independent of coordinates ¢’%.

In order to overcome this difficulty, let us consider a trivial fibre bundle

Qr=RxQ — R, (10.2.7)
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whose base R is endowed with a Cartesian coordinate 7 [68]. This fibre
bundle is provided with an atlas of coordinate charts

R x U;7,q"), (10.2.8)

where (U;q",¢") are the coordinate charts (10.2.1) of the manifold JYQ.
The coordinate charts (10.2.8) possess transition functions (10.2.3). Let
J'Qr be the first order jet manifold of the fibre bundle (10.2.7). Since the
trivialization (10.2.7) is fixed, there is the canonical isomorphism (1.1.4) of
J1Qr to the vertical tangent bundle

J'Qr=VQr =R xTQ (10.2.9)

of QR — R.
Given the coordinate atlas (10.2.8) of Qgr, the jet manifold J'Qpg is
endowed with the coordinate charts

(7)) 'R xU) =R x U xR™;7,¢*,¢7), (10.2.10)
possessing transition functions
o /A
¢ = %q#qﬁ. (10.2.11)

Relative to the coordinates (10.2.10), the isomorphism (10.2.9) takes the
form

(14", q%) — (7,¢",¢" = ). (10.2.12)

Example 10.2.2. Let Q = M* be a Minkowski space in Example 10.2.1
whose Cartesian coordinates (¢", ¢*) are subject to the Lorentz transforma-
tions (10.2.5). Then the corresponding transformations (10.2.11) take the
form

12,3

¢ = ¢2cha — gisha, ¢! = —¢Jsha + gicha, ¢* =¢>?

of transformations of four-velocities in relativistic mechanics.

In view of Example 10.2.2, we agree to call fibre elements of J'Qr — Qg
the four-velocities though the dimension of () need not equal 4. Due to the
canonical isomorphism ¢} — ¢* (10.2.9), by four-velocities also are meant
the elements of the tangent bundle T'Q, which is called the space of four-
velocities.

Obviously, the non-zero jet (10.2.12) of sections of the fibre bundle
(10.2.7) defines some jet of one-dimensional subbundles of the manifold
{7} x @ through a point (¢°, ¢*) € @, but this is not one-to-one correspon-
dence.
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Since non-zero elements of J'Qr characterize jets of one-dimensional
submanifolds of ), one hopes to describe the dynamics of one-dimensional
submanifolds of a manifold @ as that of sections of the fibre bundle (10.2.7).
For this purpose, let us refine the relation between elements of the jet
manifolds J}Q and J'Qg.

Let us consider the manifold product R x J{Q. It is a fibre bundle over
Qr. Given a coordinate atlas (10.2.8) of @ g, this product is endowed with
the coordinate charts

(Ur x p Y (U)=Ur xU xR™ 7,4 ¢*, ¢, (10.2.13)
possessing transition functions (10.2.3) — (10.2.4). Let us assign to an el-
ement (7,4¢°,¢", q}) of the chart (10.2.13) the elements (7,q°, ¢%,¢%, ¢%) of
the chart (10.2.10) whose coordinates obey the relations

047 = ;- (10.2.14)
These elements make up a one-dimensional vector space. The relations
(10.2.14) are maintained under coordinate transformations (10.2.4) and
(10.2.11) [68]. Thus, one can associate:

(rd°,¢" ) = {(7,¢" ", 47, 4}) L abay = a3}, (10.2.15)
to each element of the manifold R x J{Q a one-dimensional vector space in
the jet manifold J'Qg. This is a subspace of elements

@2 (8o + q40:)
of a fibre of the vertical tangent bundle (10.2.9) at a point (7, ¢°, ¢*). Con-
versely, given a non-zero element (10.2.12) of J'Qg, there is a coordinate
chart (10.2.10) such that this element defines a unique element of R x J1Q
by the relations
o
@

Thus, we have shown the following. Let (7,¢*) further be arbitrary
coordinates on the product Qx (10.2.7) and (7, ¢*,q}) the corresponding
coordinates on the jet manifold J'Qg.

a@ = (10.2.16)

Theorem 10.2.1. (i) Any jet of submanifolds through a point ¢ € @Q defines
some (but not unique) jet of sections of the fibre bundle Qr (10.2.7) through
a point T X q for any 7 € R in accordance with the relations (10.2.14).

(ii) Any mon-zero element of J'Qgr defines a unique element of the
jet manifold JiQ by means of the relations (10.2.16). However, non-zero
elements of J'Qgr can correspond to different jets of submanifolds.

(iii) Two elements (1,¢*,q}) and (1,¢*,¢?) of J*Qr correspond to the
same jet of submanifolds if ¢ = rq}, r € R\ {0}.
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In the case of a Minkowski space Q = M* in Examples 10.2.1 and 10.2.2,
the equalities (10.2.14) and (10.2.16) are the familiar relations between
three- and four-velocities.

Based on Theorem 10.2.1, we can develop Lagrangian theory of one-

dimensional submanifolds of a manifold @ as that of sections of the fibre
bundle Qg (10.2.7). Let

L=L(r,¢", q})dr (10.2.17)

be a first order Lagrangian on the jet manifold J'Qg. The corresponding
Lagrange operator (2.1.23) reads

SL = Exdg* Ndr,  Ex=0O\L — d,I}L. (10.2.18)
It yields the Lagrange equation
Ex=0\L—d;05L=0. (10.2.19)

In accordance with Theorem 10.2.1, it seems reasonable to require that,
in order to describe jets of one-dimensional submanifolds of @, the Lagran-
gian L (10.2.17) on J' Qg possesses a gauge symmetry given by vector fields
u = x(7)0r on Qg or, equivalently, their vertical part (2.5.6):

uy = —xq 0, (10.2.20)

which are generalized vector fields on Qg. Then the variational derivatives
of this Lagrangian obey the Noether identity

@E=0 (10.2.21)

(see the relations (2.6.7) — (2.6.8)). We call such a Lagrangian the relativis-
tic Lagrangian.

In order to obtain a generic form of a relativistic Lagrangian L, let us
regard the Noether identity (10.2.21) as an equation for L. It admits the
following solution. Let

1
WGal...azN (qu)dqal VeV dq02N

be a symmetric tensor field on @) such that the function
G = Goamazzv (qu)qal e qa2N (10222)
is positive:

G >0, (10.2.23)
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everywhere on TQ) \ 6(Q) Let A= A,(q")dg" be a one-form on Q. Given
the pull-back of G and A onto J'Qgr due to the canonical isomorphism
(10.2.9), we define a Lagrangian

L= (Gl/QN + qerA,u)dTv G = Gal---OQngl e q$2N7 (10224)

on J'Qr \ (R x 0(Q)) where 0 is the global zero section of TQ — Q. The
corresponding Lagrange equation reads

O\G NG
& =SNGy 4 <2NGH/2N> + Py (10.2.25)
= Eﬁ[éf — qu)\mequlTQ . q;{zNGfl]Gl/QNfl -0,
053G .
Eg = (% _ 8uGﬁa2...a2N> qﬁqiﬂ . q:@N (10.2.26)

- (2N - 1)G5H(¥3~..agwq¢7—qgs o q;—mN + Gl_l/QNFﬁHq¢7
Fy. = 06A, — 9, A,

It is readily observed that the variational derivatives £y (10.2.25) satisfy the
Noether identity (10.2.21). Moreover, any relativistic Lagrangian obeying
the Noether identity (10.2.21) is of type (10.2.24).

A glance at the Lagrange equation (10.2.25) shows that it holds if

Eg = ®Gauy. 1ynq? - q2NG ™, (10.2.27)
where ® is some function on J'Qg. In particular, we consider the equation
Eg=0. (10.2.28)

Because of the Noether identity (10.2.21), the system of equations
(10.2.25) is underdetermined. To overcome this difficulty, one can com-
plete it with some additional equation. Given the function G (10.2.24), let
us choose the condition

G=1. (10.2.29)

Owing to the property (10.2.23), the function G (10.2.24) possesses a
nowhere vanishing differential. Therefore, its level surface W defined by
the condition (10.2.29) is a submanifold of J'Qg.

Our choice of the equation (10.2.28) and the condition (10.2.29) is mo-
tivated by the following facts.

Lemma 10.2.1. Any solution of the Lagrange equation (10.2.25) living in
the submanifold We is a solution of the equation (10.2.28).
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Proof. A solution of the Lagrange equation (10.2.25) living in the sub-
manifold Wg obeys the system of equations

Ex=0, G=1. (10.2.30)

Therefore, it satisfies the equality
d,G = 0. (10.2.31)
Then a glance at the expression (10.2.25) shows that the equations (10.2.30)

are equivalent to the equations

O\Gpas...
E\ = <M — 8”G>\ag...a2N) ghq2 - - 22N

2N
— (2N = 1)Gppas..aoy @07 - 47 + Fpuqy =0, (10.2.32)
GZGO&L..OQngl'”q?'QN =1 O

Lemma 10.2.2. Solutions of the equation (10.2.28) do not leave the sub-
manifold Weg (10.2.29).

Proof. Since
2N
°E
Y
any solution of the equation (10.2.28) intersecting the submanifold W¢
(10.2.29) obeys the equality (10.2.31) and, consequently, lives in Wg. O

d,G = —

The system of equations (10.2.32) is called the relativistic equation. Its
components Fy (10.2.26) are not independent, but obeys the relation
2N -1

2N
similar to the Noether identity (10.2.21). The condition (10.2.29) is called
the relativistic constraint.

Though the equation (10.2.25) for sections of a fibre bundle Qr — R
is underdetermined, it is determined if, given a coordinate chart (U;¢°, ¢%)
(10.2.1) of @ and the corresponding coordinate chart (10.2.8) of Qr, we
rewrite it in the terms of three-velocities ¢ (10.2.16) as an equation for
sections of a fibre bundle U — 7(U) (10.2.6).

Let us denote

G @) = (@2)*NG(¢Y,q}), ¢ #0. (10.2.33)

Then we have

@PE; = - d,G =0, G=1,

;G G '
&= | — v — (@) 'd- <_17) + Fijq) +Fi0] .
oNG 2N NG 2N J
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Let us consider a solution {s*(7)} of the equation (10.2.25) such that 9, s°
does not vanish and there exists an inverse function 7(¢%). Then this solu-
tion can be represented by sections

s'(1) = (3 0 8%)(7) (10.2.34)
of the composite bundle
RxU—=RxnU)—R

where 5°(¢°) = s'(7(¢")) are sections of U — m(U) and s°(7) are sections
of R x m(U) — R. Restricted to such solutions, the equation (10.2.25) is
equivalent to the equation

- G G

Ei=———1mn — do (%) (10.2.35)
oNG 2N oNG 2N
+ Fijq) + Fio = 0,

Eo = —qi&:.

for sections 5°(¢°) of a fibre bundle U — 7(U).
It is readily observed that the equation (10.2.35) is the Lagrange equa-
tion of the Lagrangian
7 _ (AYN 0
L= (G +qod; + Ap)dg (10.2.36)
on the jet manifold J'U of a fibre bundle U — w(U).

Remark 10.2.1. Both the equation (10.2.35) and the Lagrangian (10.2.36)
are defined only on a coordinate chart (10.2.1) of @ since they are not
maintained by transition functions (10.2.3) — (10.2.4).

A solution 3°(¢") of the equation (10.2.35) defines a solution s*(7)
(10.2.34) of the equation (10.2.25) up to an arbitrary function s°(7). The
relativistic constraint (10.2.29) enables one to overcome this ambiguity as
follows.

Let us assume that, restricted to the coordinate chart (U; ¢, ¢*) (10.2.1)
of Q, the relativistic constraint (10.2.29) has no solution ¢% = 0. Then it is
brought into the form

(@)*NG(q*, q0) = 1, (10.2.37)

where G is the function (10.2.33). With the condition (10.2.37), every
three-velocity (gj) defines a unique pair of four-velocities

@ =G @)™, ¢ =dq. (10.2.38)
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Accordingly, any solution 5%(¢°) of the equation (10.2.35) leads to solutions
") = £ [ G50, 065" () PVl

s'(r) = s°(7)(9:5")(s°(7))
of the equation (10.2.30) and, equivalently, the relativistic equation
(10.2.32).

Example 10.2.3. Let Q = M* be a Minkowski space provided with the

Minkowski metric 7, of signature (+, — — —). This is the case of Special
Relativity. Let Axdg” be a one-form on (. Then
L= [m(nuwdial)'? + eAuqhldr,  m,e€R, (10.2.39)

is a relativistic Lagrangian on J'@Qr which satisfies the Noether identity
(10.2.21). The corresponding relativistic equation (10.2.32) reads
mnuwqs, — el =0, (10.2.40)
Nuwtqr = 1. (10.2.41)
This describes a relativistic massive charge in the presence of an electro-
magnetic field A. It follows from the relativistic constraint (10.2.41) that

(¢2)? > 1. Therefore, passing to three-velocities, we obtain the Lagrangian
(10.2.36):

L= |m(1 = (6)*)"* +e(Aigy + Ao) | da”,
i

and the Lagrange equation (10.2.35):
mq},

(1= 32(g5))?

%

d() + e(Fijqé + FiO) = 0

Example 10.2.4. Let Q = R* be an Euclidean space provided with the
Euclidean metric e. This is the case of Euclidean Special Relativity. Let
Axdg® be a one-form on Q. Then

L= [(euatd!)"? + Augtldr
is a relativistic Lagrangian on J'Qpg which satisfies the Noether identity
(10.2.21). The corresponding relativistic equation (10.2.32) reads

meuqe, — eFuql =0, (10.2.42)
ewqlql =1 (10.2.43)

It follows from the relativistic constraint (10.2.43) that 0 < (¢2)? < 1.
Passing to three-velocities, one therefore meets a problem.
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10.3 Relativistic geodesic equations

A glance at the relativistic Lagrangian (10.2.24) shows that, because of
the gauge symmetry (10.2.20), this Lagrangian is independent of 7 and,
therefore, it describes an autonomous mechanical system. Accordingly, the
relativistic equation (10.2.32) on Qg is conservative and, therefore, it is
equivalent to an autonomous second order equation on ) whose solutions
are parameterized by the coordinate 7 on a base R of Q. Given holo-
nomic coordinates (¢*, ¢, ) of the second tangent bundle T2Q (see Re-
mark 1.2.1), this autonomous second order equation (called the autonomous

relativistic equation) reads

aAG _— . . .
(W - a“G)\az...a2N) q“qaz .. qazz\f

— (2N = 1)Gppas...any @4 - %2 + Fgug" =0,  (10.3.1)
G = G(M...OQNq.Oél to QOQN =1
Due to the canonical isomorphism ¢} — ¢* (10.2.9), the tangent bundle
TQ is regarded as a space of four-velocities.
Generalizing Example 10.2.3, let us investigate relativistic mechanics on
a pseudo-Riemannian oriented four-dimensional manifold Q = X, coordi-
nated by () and provided with a pseudo-Riemannian metric g of signature
(+,— — —). We agree to call X a world manifold. Let A = Axdz> be a
one-form on X. Let us consider the relativistic Lagrangian (10.2.24):
L = [(gapz?ad)'/? + Ayatldr,
and the relativistic constraint (10.2.29):
Japy z] =1.

The corresponding autonomous relativistic equation (10.2.32) on X takes
the form

PN {“ky}jgﬂju _ nggydsy =0, (10.3.2)
9= gapi®i® =1, (10.3.3)

where {,*, } is the Levi-Civita connection (11.4.24). A glance at the equal-
ity (10.3.2) shows that it is the geodesic equation (1.2.7) on TX with respect
to an affine connection

Ky ={ Y+ gV F,, (10.3.4)
on TX.
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A particular form of this connection follows from the fact that the
geodesic equation (10.3.2) is derived from a Lagrange equation, i.e., we
are in the case of Lagrangian relativistic mechanics. In a general setting,
relativistic mechanics on a pseudo-Riemannian manifold (X, g) can be for-
mulated as follows.

Definition 10.3.1. The geodesic equation (1.2.7):
it = K (z”,a")3, (10.3.5)
on the tangent bundle T X with respect to a connection
K =da* @ 0y + K'0,) (10.3.6)
on TX — X is called a relativistic geodesic equation if a geodesic vector
field of K lives in the subbundle of hyperboloids
W, ={i* e TX | gryati" =1} CTX (10.3.7)
defined by the relativistic constraint (10.3.3).
Since a geodesic vector field is an integral curve of the holonomic vector

field K(T'Q) (1.2.8), the equation (10.3.5) is a relativistic geodesic equation
if the condition

K(TQ)|dg = (0rguwi™ + 29, K1)itd” = 0 (10.3.8)
holds.
Obviously, the connection (10.3.4) fulfils the condition (10.3.8). Any
metric connection, e.g., the Levi-Civita connection {,*,} (11.4.24) on TX
satisfies the condition (10.3.8).

Given a Levi-Civita connection {,*,}, any connection K on TX — X
can be written as

K = {33 + ok (2, i), (10.3.9)
where
o =olda* @9, (10.3.10)

is some soldering form (11.2.61) on TX. Then the condition (10.3.8) takes
the form

Guohiti” = 0. (10.3.11)

With the decomposition (10.3.9), one can think of the relativistic
geodesic equation (10.3.5):

i = [\ yar i + o (2, i)i, (10.3.12)



306 Relativistic mechanics

as describing a relativistic particle in the presence of a gravitational field g
and a non-gravitational external force o.

In order to compare relativistic and non-relativistic dynamics, let us
assume that a pseudo-Riemannian world manifold (X, g) is globally hyper-
bolic, i.e., it admits a fibration X — R over the time axis R such that
its fibres are spatial. One can think of the bundle X — R as being a
configuration space of a non-relativistic mechanical system. It is provided
with the adapted bundle coordinates (z°, %), where the transition func-
tions of the temporal one are z'° = x%+const. The velocity space of this
non-relativistic mechanical system is the first order jet manifold J'X of
X — R, coordinated by (z*,z}).

By virtue of the canonical imbedding J*X — J! X (10.1.1), one also can
treat the velocities o} of a non-relativistic system as three-velocities of a
relativistic system on X restricted to an open subbundle J'X C Ji X of the
bundle J} X — X of three-velocities. Due to the canonical isomorphism
@ — ¢ (10.2.9), a four-velocity space of this relativistic system is the
tangent bundle T'X so that the relation (10.2.16) between four- and three-
velocities reads

Th = . (10.3.13)

The relativistic constraint (10.3.3) restricts the space of four-velocities of a
relativistic system to the bundle W, (10.3.7) of hyperboloids which is the
disjoint union of two connected imbedded subbundles of W and W~ of
TX. The relation (10.3.13) yields bundle monomorphisms of each of the
subbundles W* to J'X.

At the same time, there is the canonical imbedding (1.1.6) of J1X onto
the affine subbundle

V=1, i =x. (10.3.14)

of the tangent bundle TX. Then one can think of elements of the subbun-
dle (10.3.14) as being the four-velocities of a non-relativistic system. The
relation (10.3.14) differs from the relation (10.3.13) between three- and
four-velocities of a relativistic system. It follows that the four-velocities of
relativistic and non-relativistic systems occupy different subbundles (10.3.7)
and (10.3.14) of the tangent bundle TX.

By virtue of Theorem 1.5.1, every second order dynamic equation
(1.3.3):

who = & (2,27, x)), (10.3.15)
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of non-relativistic mechanics on X — R is equivalent to the non-relativistic
geodesic equation (1.5.7):

=0, i'=1, =K' +Ki (10.3.16)
with respect to the connection
K =dz* @ (0 + Ki9)) (10.3.17)
possessing the components
Ky=0, &=FKo+a)K,; lsomspia; - (10.3.18)

Note that, written relative to bundle coordinates (z°,z%) adapted to a
given fibration X — R, the connection K (10.3.18) and the non-relativistic
geodesic equation (10.3.16) are well defined with respect to any coordinates
on X. It also should be emphasized that the connection K (10.3.18) is not
determined uniquely.

Thus, we observe that both relativistic and non-relativistic equations of
motion can be seen as the geodesic equations on the same tangent bundle
T X. The difference between them lies in the fact that their solutions live
in the different subbundles (10.3.7) and (10.3.14) of T'X.

There is the following relationship between relativistic and non-
relativistic equations of motion.

Recall that, by a reference frame in non-relativistic mechanics is meant
an atlas of local constant trivializations of the fibre bundle X — R such
that the transition functions of the spatial coordinates z* are independent
of the temporal one x° (Definition 1.6.2). Given a reference frame (z°, z%),
any connection K (x*,4*) (10.3.6) on the tangent bundle TX — X defines
the connection K (10.3.17) on TX — X with the components

Ky=0, K,=K:. (10.3.19)
It follows that, given a fibration X — R, every relativistic geodesic equation

(10.3.5) yields the non-relativistic geodesic equation (10.3.16) and, conse-
quently, the second order dynamic equation (10.3.15):

who = Ki(a*, 1,28) + Ki(a*, 1,28)2}), (10.3.20)

of non-relativistic mechanics. We agree to call this equation the non-
relativistic approximation of the relativistic equation (10.3.5).

Note that, written with respect to a reference frame (2°, %), the connec-
tion K (10.3.19) and the corresponding non-relativistic equation (10.3.20)
are well defined relative to any coordinates on X. A key point is that, for
another reference frame (z°,2'%) with time-dependent transition functions
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2" — 2!, the connection K (10.3.6) on TX yields another connection K’
(10.3.17) on TX — X with the components

K=o, wi= (2K Oal Dut | Ox" o 02"
Qs =~ H " Qak ) dxr Qa0 H O
with respect to the reference frame (z°,2'%). It is easy to see that the

connection K (10.3.19) has the components

) oz’ ) oz’ ot
K =0, Kf:( LK+ o >—azﬂ

Qi M Gar
relative to the same reference frame. This illustrates the fact that a non-
relativistic approximation is not relativistic invariant.

The converse procedure is more intricate. Firstly, a non-relativistic
dynamic equation (10.3.15) is brought into the non-relativistic geodesic
equation (10.3.16) with respect to the connection K (10.3.18) which is
not unique defined. Secondly, one should find a pair (g, K) of a pseudo-
Riemannian metric g and a connection K on T X — X such that K ;\ = ?f\
and the condition (10.3.8) is fulfilled.

From the physical viewpoint, the most interesting second order dynamic
equations are the quadratic ones (1.5.8):

¢ = aé»k(x”)xgxlg + b;(x”)x% + (™). (10.3.21)
By virtue of Corollary 1.5.1, such an equation is equivalent to the non-
relativistic geodesic equation
0 =0, 0 =1,
i = aly (2l i + 0 (at)id @0 + fF(a) 30" (10.3.22)
with respect to the symmetric linear connection
K\, =0, Koo=/f" K= %b;l, Ky'j = aj,; (10.3.23)
on the tangent bundle T'X.
In particular, let the equation (10.3.21) be the Lagrange equation for
a non-degenerate quadratic Lagrangian. We show that there is a reference
frame such that this Lagrange equation coincides with the non-relativistic
approximation of some relativistic geodesic equation with respect to a
pseudo-Riemannian metric, whose spatial part is a mass tensor of a
Lagrangian.
Given a coordinate systems (z°, %), compatible with the fibration X —
R, let us consider a non-degenerate quadratic Lagrangian (2.3.17):

1 oo )
L= 3Mis (xM)xpa) + ki(z*)zh + o(at), (10.3.24)
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in Example 2.3.1 where m,;; is a Riemannian mass tensor. Similarly to
Lemma, 1.5.2, one can show that any quadratic polynomial on J'X Cc TX
is extended to a bilinear form in 7X. Then the Lagrangian L (10.3.24) can
be written as

1
L= —inggxg, zh =1, (10.3.25)
where g is the fibre metric (2.3.19):
Joo = —2¢, 9oi = —ki, gij = —Mij, (10.3.26)

in TX. The corresponding Lagrange equation takes the form (2.3.18):
zho = —(m ) e fadal, el =1, (10.3.27)
where
1
{)\;w} == 75(8)\9;“/ + avgu)\ - aug)\v)

are the Christoffel symbols of the metric (10.3.26). Let us assume that this
metric is non-degenerate. By virtue of Corollary 1.5.1, the second order
dynamic equation (10.3.27) is equivalent to the non-relativistic geodesic
equation (10.3.22) on TX which reads

#0 =0, 0 =1,

=\ 1t — g0 oy bt (10.3.28)
Let us now bring the Lagrangian (2.3.17) into the form

L= %mij () (zh — T7)(ah — T7) + ¢/ (2#), (10.3.29)

where I' is a Lagrangian frame connection on X — R. This connection
I’ defines an atlas of local constant trivializations of the bundle X — R
and the corresponding coordinates (z°,Z') on X such that the transition
functions 7° — Z'® are independent of 2°, and I'* = 0 with respect to (z°,7?)
(see Section 1.6). In this coordinates, the Lagrangian L (10.3.29) reads

1 y
L= imij%f{) + ¢’ (zM).

One can think of its first term as the kinetic energy of a non-relativistic
system with the mass tensor m;; relative to the reference frame I', while
(—¢') is a potential. Let us assume that ¢’ is a nowhere vanishing function
on X. Then the Lagrange equation (10.3.27) takes the form

Too = \WITT, T =1, (10.3.30)
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where {,%,} are the Christoffel symbols of the metric (10.3.26) whose com-
ponents with respect to the coordinates (z°,7*) read

goo = —Qd)/’ goi = O7 glj = —m” (10331)

This metric is Riemannian if f* > 0 and pseudo-Riemannian if f’ < 0. Then
the spatial part of the corresponding non-relativistic geodesic equation
o0, =1, F (L
is exactly the spatial part of the relativistic geodesic equation with respect
to the Levi-Civita connection of the metric (10.3.31) on TX. It follows
that, as was declared above, the non-relativistic dynamic equation (10.3.30)
is the non-relativistic approximation (10.3.20) of the relativistic geodesic
equation (10.3.5) where K is the Levi-Civita connection of the (Riemannian
or pseudo-Riemannian) metric (10.3.31).
Conversely, let us consider a relativistic geodesic equation

it =\ Y e (10.3.32)

with respect to a pseudo-Riemannian metric g on a world manifold X. Let
(2°,Z") be local hyperbolic coordinates such that gog = 1, go; = 0. This
coordinates are associated to a non-relativistic reference frame for a local
fibration X — R. Then the equation (10.3.32) admits the non-relativistic
approximation (10.3.20):

zho = Wutapal, =1, (10.3.33)

which is the Lagrange equation (10.3.27) for the Lagrangian (10.3.25):

1 .y

L= imiﬁgf{), (10.3.34)
where goo = 1, go; = 0. It describes a free non-relativistic mechanical
system with the mass tensor m;; = —g;;. Relative to another reference

frame (2, 2%(2°,77)) associated with the same local splitting X — R, the
non-relativistic approximation of the equation (10.3.32) is brought into the
Lagrange equation for the Lagrangian (10.3.29):

L= %mij (") (a) — T%)(a, — T9). (10.3.35)

This Lagrangian describes a mechanical system in the presence of the in-
ertial force associated with the reference frame I'. The difference between
Lagrangians (10.3.34) and (10.3.35) shows that a gravitational force can
not model an inertial force in general.
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10.4 Hamiltonian relativistic mechanics

We are in the case of relativistic mechanics on a pseudo-Riemannian world
manifold (X, g). Given the coordinate chart (10.2.6) of its configuration
space X, the homogeneous Legendre bundle corresponding to the local
non-relativistic system on U is the cotangent bundle T*U of U. This fact
motivate us to think of the cotangent bundle T* X as being the phase space
of relativistic mechanics on X. It is provided with the canonical symplectic
form

Qr = dpx A da? (10.4.1)
and the corresponding Poisson bracket {, }.

Remark 10.4.1. Let us note that one also considers another symplectic
form Q7 + F where F is the strength of an electromagnetic field [148].

A relativistic Hamiltonian is defined as follows [106; 136; 139]. Let H
be a smooth real function on T%X such that the morphism
H:T*X - TX, i"oH=0"H, (10.4.2)
is a bundle isomorphism. Then the inverse image
N = 7'7_1 (Wg)
of the subbundle of hyperboloids W, (10.3.7) is a one-codimensional (con-
sequently, coisotropic) closed imbedded subbundle N of T*X given by the
condition
Hr = g 0"HO"H —1=0. (10.4.3)
We say that H is a relativistic Hamiltonian if the Poisson bracket {H, Hr}
vanishes on N. This means that the Hamiltonian vector field
v = O HON — O\ HO (10.4.4)
of H preserves the constraint N and, restricted to N, it obeys the equation
(6.2.1):
¥|Qn + iydH =0, (10.4.5)
which is the Hamilton equation of a Dirac constrained system on N with a
Hamiltonian H.

The morphism (10.4.2) sends the vector field v (10.4.4) onto the vector
field

v = @0y + (9" HO O, H — 8, HO O H) O\
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on T'X. This vector field defines the autonomous second order dynamic
equation

it = 0MHO O, H — 0, HO " H (10.4.6)

on X which preserves the subbundle of hyperboloids (10.3.7), i.e., it is the
autonomous relativistic equation (10.3.1).

Example 10.4.1. The following is a basic example of relativistic Hamilto-
nian mechanics. Given a one-form A = A, dg" on X, let us put

1
M= 59" (pu = Au)(py — Av). (10.4.7)

Then Hy = 2H — 1 and, hence, {H, Hr} = 0. The constraint Hy = 0
(10.4.3) defines a one-codimensional closed imbedded subbundle N of T*X.
The Hamilton equation (10.4.5) takes the form v|Qnx = 0. Its solution
(10.4.4) reads

l“a == gay(pz/ - AV);
. 1 v v
Po = =50a9" (D = Ap) (P = Av) + 9" (P = Au)OaAv.

The corresponding autonomous second order dynamic equation (10.4.6) on
X is
i = { P yirat — gt =0, (10.4.8)

1
{u)\v} = _§9w(8u95v +0v 981 — 0pGuv),
Fu = 8,4, — 0,A,.

It is a relativistic geodesic equation with respect to the affine connection
(10.3.4).

Since the equation (10.4.8) coincides with the generic Lagrange equation
(10.3.2) on a world manifold X, one can think of H (10.4.7) as being a
generic Hamiltonian of relativistic mechanics on X.

10.5 Geometric quantization of relativistic mechanics

Let us consider geometric quantization of relativistic mechanics on a
pseudo-Riemannian simply connected world manifold (X, g), [65; 141]. We
follow the standard geometric quantization of a cotangent bundle (Section
5.2). Let the cohomology group H?(X;Zs) be trivial.
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Because the canonical symplectic form Qp (10.4.1) on T* X is exact, the
prequantum bundle is defined as a trivial complex line bundle C over T* X.
Let its trivialization (5.2.1):

C~T*X xC, (10.5.1)

hold fixed, and let (z*, py,c), ¢ € C, be the associated bundle coordinates.
Then one can treat sections of C' (10.5.1) as smooth complex functions on
T*X. Let us note that another trivialization of C' leads to an equivalent
quantization of T*X.

The Kostant—Souriau prequantization formula (5.1.11) associates to
each smooth real function f € C*(T*X) on T*X the first order differ-
ential operator

J=—iVy, — f (10.5.2)
on sections of C', where
V=0 fo\ — Orfo

is the Hamiltonian vector field of f and V is the covariant differential (5.2.3)
with respect to the admissible U (1)-principal connection A (5.2.2):

A =dpy @ +dz? @ (Ox — icpr0.), (10.5.3)

on C. This connection preserves the Hermitian metric g(c,¢’) (5.1.1) on
C, and its curvature form obeys the prequantization condition (5.1.9). The
prequantization operators (10.5.2) read

F=—its+ (A0 f — f). (10.5.4)

Let us choose the vertical polarization VI'™* X of T*X. The correspond-
ing quantum algebra Ap C C*°(T*X) consists of affine functions of mo-
menta

f=a a")ps + b(zH) (10.5.5)
on T*X. They are represented by the Schrodinger operators (5.2.10):
F=—ia*0 — %8)@)‘ —b, (10.5.6)

in the space E of complex half-densities p of compact support on X.

For the sake of simplicity, let us choose a trivial metalinear bundle
D,/ — X associated to the orientation of X. Its sections can be written
in the form

p=(—g)"*y,
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where 1 are smooth complex functions on X. Then the quantum algebra
Ar can be represented by the operators

~ ) i 1
f=—ia*oy — 5(%\(1)‘ — ZaAE))\ In(—g) — b, g = det(gag),

in the space C*(X) of these functions. It is easily justified that these
operators obey Dirac’s condition.

Remark 10.5.1. One usually considers the subspace & of complex func-
tions of compact support on X. It is a pre-Hilbert space with respect to
the non-degenerate Hermitian form

(W) = / O (—g) P d%e.
X

It is readily observed that ]? (10.5.6) are symmetric operators f: f* on €,
ie.,
(Folw') = WIF).
In relativistic mechanics, the space € however gets no physical meaning.
Let us note that the function Hz (10.4.3) need not belong to the quan-

tum algebra Ar. Nevertheless, one can show that, if H is a polynomial of
momenta of degree k, it can be represented as a finite composition

Hr = Z fri fri (10.5.7)

of products of affine functions (10.5.5), i.e., as an element of the enveloping
algebra Ar of the quantum algebra Ap [57]. Then it is quantized

Hr —Hr =Y frie fri (10.5.8)

as an element of Ap. However, the representation (10.5.7) and, conse-
quently, the quantization (10.5.8) fail to be unique.
The quantum constraint

Hry = 0.
serves as a relativistic quantum equation.

Example 10.5.1. Let us consider a massive relativistic charge in Example
10.4.1 whose relativistic Hamiltonian is

1 v
H= %gu (Pu — eAu) (P — eAy).
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It defines the constraint

1

Hr = Wg’w(p# —eA,)(py —eAd,) —1=0. (10.5.9)
Let us represent the function Hp (10.5.9) as the symmetric product
_\-1/4
g v
71T::E——%;——-(pu-eAﬂ)-(—g)”4-g“ (—g)*
—qg)~1/4
-(pl,—eAl,)-L—l
m

of affine functions of momenta. It is quantized by the rule (10.5.8), where
(—9)* 09y 0 (—g) M4 = —iDa.
Then the well-known relativistic quantum equation
(—9) Y28, — ieA,)g" (—9)V/?(8, —ieA,) +m*p =0

is reproduced up to the factor (—g)_l/Q.



This page intentionally left blank



Chapter 11

Appendices

For the sake of convenience of the reader, this Chapter summarizes the
relevant material on differential geometry of fibre bundles and modules
over commutative rings [68; 76; 109; 150].

11.1 Commutative algebra

In this Section, the relevant basics on modules over commutative algebras
is summarized [99; 105].

An algebra A is an additive group which is additionally provided with
distributive multiplication. All algebras throughout the book are associa-
tive, unless they are Lie algebras. A ring is a unital algebra, i.e., it contains
the unit element 1 # 0. Non-zero elements of a ring form a multiplicative
monoid. If this multiplicative monoid is a multiplicative group, one says
that the ring has a multiplicative inverse. A field is a commutative ring
whose non-zero elements make up a multiplicative group.

A subset 7 of an algebra A is called a left (resp. right) ideal if it is a
subgroup of the additive group A and ab € Z (resp. ba € Z) for all a € A,
beZ. If 7 is both a left and right ideal, it is called a two-sided ideal. An
ideal is a subalgebra, but a proper ideal (i.e., T # A) of a ring is not a
subring because it does not contain a unit element.

Let A be a commutative ring. Of course, its ideals are two-sided. Its
proper ideal is said to be maximal if it does not belong to another proper
ideal. A commutative ring A is called local if it has a unique maximal
ideal. This ideal consists of all non-invertible elements of A. A proper two-
sided ideal Z of a commutative ring is called prime if ab € Z implies either
a €Z or b € Z. Any maximal two-sided ideal is prime. Given a two-sided
ideal Z C A, the additive factor group A/Z is an algebra, called the factor

317
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algebra. If A is a ring, then A/7 is so.

Given an algebra A, an additive group P is said to be a left (resp. right)
A-module if it is provided with distributive multiplication A x P — P by
elements of A such that (ab)p = a(bp) (resp. (ab)p = b(ap)) for all a,b € A
and p € P. If A is a ring, one additionally assumes that 1p = p = p1 for
all p € P. Left and right module structures are usually written by means
of left and right multiplications (a,p) — ap and (a,p) — pa, respectively.
If P is both a left module over an algebra A and a right module over
an algebra A’, it is called an (A — A’)-bimodule (an A-bimodule if A =
A"). If A is a commutative algebra, an (A — A)-bimodule P is said to be
commutative if ap = pa for all a € A and p € P. Any left or right module
over a commutative algebra A can be brought into a commutative bimodule.
Therefore, unless otherwise stated, any module over a commutative algebra
A is called an A-module.

A module over a field is called a vector space. If an algebra A is a
module over a ring /C, it is said to be a K-algebra. Any algebra can be seen
as a Z-algebra.

Remark 11.1.1. Any K-algebra A can be extended to a unital algebra A
by the adjunction of the identity 1 to A. The algebra VZ, called the unital
extension of A, is defined as the direct sum of K-modules K & A provided
with the multiplication

(A1, a1)( A2, a2) = (A1 A2, Adrag + Aaar + araz), A, A2 €K, aj,az € A

Elements of A can be written as (A, a) = A\l +a, A € K, a € A. Let us note
that, if A is a unital algebra, the identity 14 in A fails to be that in A. In
this case, the algebra A is isomorphic to the product of A and the algebra
K(1—14).

From now on, A is a commutative algebra.

The following are standard constructions of new .A-modules from old
ones.

e The direct sum P, & P, of A-modules P; and P, is the additive group
P, x P, provided with the A-module structure

a(p1,p2) = (ap1,ap2), P12 € P o, ac A

Let {P;};cr be a set of modules. Their direct sum @ P; consists of elements
(...,pi,...) of the Cartesian product [] P; such that p; # 0 at most for a
finite number of indices ¢ € I.
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e The tensor product P® Q of A-modules P and @ is an additive group
which is generated by elements p ® ¢, p € P, ¢ € @, obeying the relations

P+ )®q=p@q+p ®q, PR(@+qd)=pRq+p4,
pa®q=p® aq, peP, q€eqQ, ac A,

and it is provided with the A-module structure

alp®q) = (ap) ® ¢ =p® (qa) = (p ® q)a.

If the ring A is treated as an A-module, the tensor product 4 ® 4 @ is
canonically isomorphic to @) via the assignment

AR4Q>a®q«— aq € Q.

e Given a submodule @ of an A-module P, the quotient P/Q of the
additive group P with respect to its subgroup @ also is provided with an
A-module structure. It is called a factor module.

e The set Hom 4(P, @) of A-linear morphisms of an .4-module P to an
A-module @ is naturally an A-module. The A-module P* = Hom 4(P,.A)
is called the dual of an A-module P. There is a natural monomorphism
P — P**.

An A-module P is called free if it has a basis, i.e., a linearly indepen-
dent subset I C P spanning P such that each element of P has a unique
expression as a linear combination of elements of I with a finite number
of non-zero coefficients from an algebra A. Any vector space is free. Any
module is isomorphic to a quotient of a free module. A module is said to
be finitely generated (or of finite rank) if it is a quotient of a free module
with a finite basis.

One says that a module P is projective if it is a direct summand of a
free module, i.e., there exists a module @ such that P® @ is a free module.
A module P is projective if and only if P = pS where S is a free module
and p is a projector of S, i.e., p2 = p. If P is a projective module of finite
rank over a ring, then its dual P* is so, and P** is isomorphic to P.

Now we focus on exact sequences, direct and inverse limits of modules
[105; 113].

A composition of module morphisms

P Q AN L
is said to be exact at Q if Ker j = Imi. A composition of module morphisms

0P Q2T -0 (11.1.1)
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is called a short exact sequence if it is exact at all the terms P, @), and T'.
This condition implies that: (i) ¢ is a monomorphism, (ii) Ker j = Im, and
(iii) j is an epimorphism onto the quotient 7'= Q/P.

One says that the exact sequence (11.1.1) is split if there exists a
monomorphism s : T'— @ such that j o s =1dT or, equivalently,

Q=iP)ps(T)=PaT.
The exact sequence (11.1.1) is always split if T is a projective module.

A directed set I is a set with an order relation < which satisfies the
following three conditions:

(i) i <1, for all i € T;

(i) if i < j and j < k, then i < k;

(iii) for any 4,5 € I, there exists k € I such that ¢ < k and j < k.

It may happen that ¢ # j, but ¢ < j and j < ¢ simultaneously.

A family of A-modules {P;};cs, indexed by a directed set I, is called a
direct system if, for any pair ¢ < j, there exists a morphism r;» Py — P
such that

ri =1d Py, r?orizr};, i<j<k.
A direct system of modules admits a direct limit. This is a module Py,
together with morphisms 7%, : P; — Pu such that ri, = 7l o7} for all
1 < 7. The module P, consists of elements of the direct sum & P; modulo

I
the identification of elements of P; with their images in P; for all i < j. An
example of a direct system is a direct sequence

rioy
Py —P —---P st N

,  I=N. (11.1.2)

It should be noted that direct limits also exist in the categories of commuta-
tive algebras and rings, but not in categories whose objects are non-Abelian
groups.

Theorem 11.1.1. Direct limits commute with direct sums and tensor prod-
ucts of modules. Namely, let {P;} and {Q;} be two direct systems of mod-
ules over the same algebra which are indexed by the same directed set I, and
let Py and Qo be their direct limits. Then the direct limits of the direct
systems {P;®Q;} and {P;,® Q;} are Poo ® Qoo and P ® Qo, Tespectively.

A morphism of a direct system {P;, %} to a direct system {Qi/,p?/}p
consists of an order preserving map f : I — I’ and morphisms F; : P; —
Qf(#) which obey the compatibility conditions

Pl o Fi=Fjori.
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If Py and Qo are limits of these direct systems, there exists a unique
morphism F : Po, — Qs such that

pgc(f) oF; =F oréo
Moreover, direct limits preserve monomorphisms and epimorphisms. To be

precise, if all F; : P; — Q(;) are monomorphisms or epimorphisms, so is
D : P — Qoo As a consequence, the following holds.

Theorem 11.1.2. Let short exact sequences
0P 7@ 5T 0 (11.1.3)

for alli € I define a short exact sequence of direct systems of modules { P;} 1,
{Q:}1, and {T;}1 which are indexed by the same directed set I. Then there
exists a short exact sequence of their direct limits

0— Py =Qu =T, —o0. (11.1.4)

In particular, the direct limit of factor modules Q;/P; is the factor
module Qo /Ps. By virtue of Theorem 11.1.1, if all the exact sequences
(11.1.3) are split, the exact sequence (11.1.4) is well.

k
Example 11.1.1. Let P be an A-module. We denote P®¥ = @ P. Let us
consider the direct system of A-modules with respect to monomorphisms

A—A®P) — - -(A®P®---@P%%) —....
Its direct limit
P=AoP®--- &P & (11.1.5)

is an N-graded A-algebra with respect to the tensor product ®. It is called
the tensor algebra of a module P. Its quotient with respect to the ideal
generated by elements pQp’ +p' ®p, p,p’ € P, is an N-graded commutative
algebra, called the exterior algebra of a module P.

We restrict our consideration of inverse systems of modules to inverse
sequences

it

P e pl e Pt i (11.1.6)
Its inductive limit (the inverse limit) is a module P> together with mor-
phisms 7° : P — P? such that 7° = 7/ o m7° for all ¢ < j. It consists

of elements (... ,p%,...), pt € P, of the Cartesian product J] P such that
p' =7 (p?) for all i < j.
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Theorem 11.1.3. Inductive limits preserve monomorphisms, but not epi-
morphisms. If a sequence

0P L i jeN,
of inverse systems of modules {P'}, {Q'} and {T*%} is ezact, so is the
sequence of the inductive limits

H°

0 — pe 5 oo 25, oo,

In contrast with direct limits, the inductive ones exist in the category
of groups which are not necessarily commutative.

Example 11.1.2. Let {P;} be a direct sequence of modules. Given another
module @, the modules Hom (P;, Q) make up an inverse system such that
its inductive limit is isomorphic to Hom (Pu, Q).

11.2 Geometry of fibre bundles

Throughout this Section, all morphisms are smooth (i.e., of class C*°), and
manifolds are smooth real and finite-dimensional. A smooth manifold is
customarily assumed to be Hausdorff and second-countable (i.e., possess-
ing a countable base for its topology). Consequently, it is a locally compact
space which is a union of a countable number of compact subsets, a sep-
arable space (i.e., it has a countable dense subset), a paracompact and
completely regular space. Being paracompact, a smooth manifold admits a
partition of unity by smooth real functions. Unless otherwise stated, man-
ifolds are assumed to be connected (and, consequently, arcwise connected).
We follow the notion of a manifold without boundary.

The standard symbols ®, V, and A stand for the tensor, symmetric,
and exterior products, respectively. The interior product (contraction) is
denoted by |.

Given a smooth manifold Z, by nz : TZ — Z is denoted its tangent
bundle. Given manifold coordinates (2%) on Z, the tangent bundle T'Z is
equipped with the holonomic coordinates
IN aZO\ Hh

Ozk 7
with respect to the holonomic frames {9y} in the tangent spaces to Z. Any
manifold morphism f : Z — Z’ yields the tangent morphism
of* .,

Z
Ozt~

(z>‘, 2’\),

Tf:TZ—TZ, FNoTf =
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of their tangent bundles.
The symbol C*°(Z) stands for the ring of smooth real functions on a
manifold Z.

11.2.1 Fibred manifolds

Let M and N be smooth manifolds and f: M — N a manifold morphism.
Its rank rank, f at a point p € M is defined as the rank of the tangent map

Tpf : TpM — Tf(p)N, pE M.

Since the function p — rank,f is lower semicontinuous, a manifold mor-
phism f of maximal rank at a point p also is of maximal rank on some
open neighborhood of p. A morphism f is said to be an immersion if T}, f,
p € M, is injective and a submersion if T,,f, p € M, is surjective. Note
that a submersion is an open map (i.e., an image of any open set is open).

If f: M — N is an injective immersion, its range is called a submanifold
of N. A submanifold is said to be imbedded if it also is a topological
subspace. In this case, f is called an imbedding. For the sake of simplicity,
we usually identify (M, f) with f(M). If M C N, its natural injection is
denoted by iy : M — N. There are the following criteria for a submanifold
to be imbedded.

Theorem 11.2.1. Let (M, f) be a submanifold of N.

(i) A map [ is an imbedding if and only if, for each point p € M,
there exists a (cubic) coordinate chart (V,4) of N centered at f(p) so that
f(M)NV consists of all points of V with coordinates (x*,...,2™,0,...,0).

(ii) Suppose that f : M — N is a proper map, i.e., the inverse images
of compact sets are compact. Then (M, f) is a closed imbedded submanifold
of N. In particular, this occurs if M is a compact manifold.

(i) If dim M = dim N, then (M, f) is an open imbedded submanifold
of N.

If a manifold morphism
m:Y — X, dimX =n >0, (11.2.1)
is a surjective submersion, one says that: (i) its domain Y is a fibred
manifold, (ii) X is its base, (iii) 7 is a fibration, and (iv) Y, = 7~ 1(x) is a
fibre over x € X.

By virtue of the inverse function theorem [162], the surjection (11.2.1)
is a fibred manifold if and only if a manifold Y admits an atlas of fibred
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coordinate charts (Uy; 2*, ") such that (z*) are coordinates on 7(Uy') C X
and coordinate transition functions read
JZI)\ _ f)‘(.liu), y/i — fi(a:“,yj).

The surjection 7 (11.2.1) is a fibred manifold if and only if, for each
point y € Y, there exists a local section s of ¥ — X passing through y.
Recall that by a local section of the surjection (11.2.1) is meant an injection
s:U — Y of an open subset U C X such that 7 o s = Id U, i.e., a section
sends any point z € X into the fibre Y, over this point. A local section also
is defined over any subset N € X as the restriction to N of a local section
over an open set containing N. If U = X, one calls s the global section.
A range s(U) of a local section s : U — Y of a fibred manifold ¥ — X is
an imbedded submanifold of Y. A local section is a closed map, sending
closed subsets of U onto closed subsets of Y. If s is a global section, then
s(X) is a closed imbedded submanifold of Y. Global sections of a fibred
manifold need not exist.

Theorem 11.2.2. Let Y — X be a fibred manifold whose fibres are diffeo-
morphic to R™. Any its section over a closed imbedded submanifold (e.g.,
a point) of X is extended to a global section [150]. In particular, such a
fibred manifold always has a global section.

Given fibred coordinates (Uy;x™,y?), a section s of a fibred manifold
Y — X is represented by collections of local functions {s* = 3* o s} on
W(Uy).

Morphisms of fibred manifolds, by definition, are fibrewise morphisms,
sending a fibre to a fibre. Namely, a fibred morphism of a fibred manifold
m:Y — X to a fibred manifold 7’/ : Y’ — X' is defined as a pair (®, f) of
manifold morphisms which form a commutative diagram

y 2.y

‘n'l lﬂ", ’]'('/O(I):foﬂ'.
x Lo x
Fibred injections and surjections are called monomorphisms and epimor-
phisms, respectively. A fibred diffeomorphism is called an isomorphism or
an automorphism if it is an isomorphism to itself. For the sake of brevity,

a fibred morphism over f = Id X usually is said to be a fibred morphism
over X, and is denoted by Y - Y’. In particular, a fibred automorphism

over X is called a vertical automorphism.
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11.2.2 Fibre bundles

A fibred manifold ¥ — X is said to be trivial if Y is isomorphic to the
product X x V. Different trivializations of Y — X differ from each other
in surjections Y — V.

A fibred manifold Y — X is called a fibre bundle if it is locally trivial,
i.e., if it admits a fibred coordinate atlas {(7=(U¢);2*,y%)} over a cover
{n=1(U¢)} of Y which is the inverse image of a cover & = {U¢} of X. In
this case, there exists a manifold V', called a typical fibre, such that Y is
locally diffeomorphic to the splittings

Ve 1 HUe) — Ug X V, (11.2.2)
glued together by means of transition functions
vcc =0t U NUXV = UeNU XV (11.2.3)
on overlaps Ug N U¢. Transition functions p¢¢ fulfil the cocycle condition

0¢¢ © 0¢L = 0¢ (11.2.4)
on all overlaps Ug N U; N U,. Restricted to a point x € X, trivialization
morphisms ¢ (11.2.2) and transition functions g¢¢ (11.2.3) define diffeo-
morphisms of fibres

wg(l‘) Y, =V, x € Ug, (11.2.5)
oec(x) V=V, zeUsnUe. (11.2.6)

Trivialization charts (Ug, 1)¢) together with transition functions gec (11.2.3)
constitute a bundle atlas

U = {(Ug, ) 0ec (11.2.7)

of a fibre bundle Y — X. Two bundle atlases are said to be equivalent
if their union also is a bundle atlas, i.e., there exist transition functions
between trivialization charts of different atlases. All atlases of a fibre bundle
are equivalent.

Given a bundle atlas ¥ (11.2.7), a fibre bundle Y is provided with the
fibred coordinates

Py)=(@@Pom)(y), Yy = ovedly), yer (U
called the bundle coordinates, where y* are coordinates on a typical fibre
V.
A fibre bundle Y — X is uniquely defined by a bundle atlas. Given an
atlas ¥ (11.2.7), there exists a unique manifold structure on Y for which
m:Y — X is a fibre bundle with a typical fibre V' and a bundle atlas W.
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There are the following useful criteria for a fibred manifold to be a fibre
bundle.

Theorem 11.2.3. If a fibration m : Y — X is a proper map, then ¥ — X
is a fibre bundle. In particular, a compact fibred manifold is a fibre bundle.

Theorem 11.2.4. A fibred manifold whose fibres are diffeomorphic either
to a compact manifold or R” is a fibre bundle [114].

A comprehensive relation between fibred manifolds and fibre bundles is
given in Remark 11.4.1. It involves the notion of an Ehresmann connection.

Forthcoming Theorems 11.2.5 — 11.2.7 describe the particular covers
which one can choose for a bundle atlas [76].

Theorem 11.2.5. Any fibre bundle over a contractible base is trivial.

Note that a fibred manifold over a contractible base need not be trivial.
It follows from Theorem 11.2.5 that any cover of a base X by domains (i.e.,
contractible open subsets) is a bundle cover.

Theorem 11.2.6. Every fibre bundle Y — X admits a bundle atlas over
a countable cover U of X where each member Ue of L is a domain whose
closure Uy is compact.

If a base X is compact, there is a bundle atlas of Y over a finite cover
of X which obeys the condition of Theorem 11.2.6.

Theorem 11.2.7. Every fibre bundle Y — X admits a bundle atlas over a
finite cover U of X, but its members need not be contractible and connected.

A fibred morphism of fibre bundles is called a bundle morphism. A
bundle monomorphism ® : ¥ — Y’ over X onto a submanifold ®(Y") of
Y’ is called a subbundle of a fibre bundle Y’ — X. There is the following
useful criterion for an image and an inverse image of a bundle morphism to

be subbundles.

Theorem 11.2.8. Let ® : Y — Y’ be a bundle morphism over X. Given
a global section s of the fibre bundle Y — X such that s(X) C ®(Y), by
the kernel of a bundle morphism ® with respect to a section s is meant the
mverse image

Ker @ = & !(s(X))

of s(X) by ®. If & : Y — Y’ is a bundle morphism of constant rank over
X, then ®(Y) and Ker ;@ are subbundles of Y' and Y, respectively.
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The following are the standard constructions of new fibre bundles from
old ones.

e Given a fibre bundle 7 : Y — X and a manifold morphism f : X’ — X,
the pull-back of Y by f is called the manifold

Y ={,y) e X' xY : n(y) = f(2')} (11.2.8)

together with the natural projection (z’,y) — 2’. It is a fibre bundle over
X'’ such that the fibre of f*Y over a point 2’ € X’ is that of Y over the
point f(a’) € X. There is the canonical bundle morphism

fy Y 2 (@ Y)lr=rn —y €Y. (11.2.9)

Any section s of a fibre bundle Y — X yields the pull-back section

frs(a) = (@, s(f(2))
of f*Y — X'.
o If X/ C X is a submanifold of X and ix- is the corresponding natural
injection, then the pull-back bundle

Y =Yy

is called the restriction of a fibre bundle Y to the submanifold X’ C X. If
X'’ is an imbedded submanifold, any section of the pull-back bundle

Y|X/ —>X/

is the restriction to X’ of some section of ¥ — X.
eletm:Y — X and n’ : Y/ — X be fibre bundles over the same base
X. Their bundle product Y x x Y’ over X is defined as the pull-back

YxY' =7aY' or YxY' =7"Y
X X

together with its natural surjection onto X. Fibres of the bundle product
Y x Y’ are the Cartesian products Y, x Y, of fibres of fibre bundles ¥ and
Y’

e Let us consider the composite fibre bundle

Y - ¥ - X. (11.2.10)

It is provided with bundle coordinates (z*, o™, y"), where (z*,0™) are bun-

dle coordinates on a fibre bundle ¥ — X, i.e., transition functions of co-
ordinates ¢™ are independent of coordinates 3°. Let h be a global section
of a fibre bundle ¥ — X. Then the restriction Y, = h*Y of a fibre bundle
Y — ¥ to h(X) C ¥ is a subbundle of a fibre bundle ¥ — X.
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11.2.3 Vector bundles

A fibre bundle 7 : Y — X is called a vector bundle if both its typical fibre
and fibres are finite-dimensional real vector spaces, and if it admits a bundle
atlas whose trivialization morphisms and transition functions are linear
isomorphisms. Then the corresponding bundle coordinates on Y are linear

bundle coordinates (y*) possessing linear transition functions 3t = A; (2)y?.
We have

y=y'e(n(y) =y ve(n(y)Her),  7(y) € U, (11.2.11)
where {e;} is a fixed basis for a typical fibre V of ¥ and {e;(x)} are the
fibre bases (or the frames) for the fibres Y, of Y associated to a bundle
atlas W.

By virtue of Theorem 11.2.2, any vector bundle has a global section,
e.g., the canonical global zero-valued section 0(x) = 0.

Theorem 11.2.9. Let a vector bundle Y — X admit m = dimV nowhere

m
vanishing global sections s; which are linearly independent, i.e., As; # 0.
Then Y s trivial.

Global sections of a vector bundle Y — X constitute a projective
C*(X)-module Y (X) of finite rank. It is called the structure module of
a vector bundle. Serre—-Swan Theorem 11.5.2 states the categorial equiva-
lence between the vector bundles over a smooth manifold X and projective
C*°(X)-modules of finite rank.

There are the following particular constructions of new vector bundles
from the old ones.

e Let Y — X be a vector bundle with a typical fibre V. By Y* — X is
denoted the dual vector bundle with the typical fibre V* dual of V. The
interior product of Y and Y* is defined as a fibred morphism

|:Y®Y" —XxR

e Let Y — X and Y/ — X be vector bundles with typical fibres V' and
V', respectively. Their Whitney sum Y @&x Y’ is a vector bundle over X
with the typical fibre V @ V',

e Let Y — X and Y/ — X be vector bundles with typical fibres V' and
V', respectively. Their tensor product Y ® x Y’ is a vector bundle over
X with the typical fibre V ® V’. Similarly, the exterior product of vector
bundles Y Ax Y’ is defined. The exterior product

2 k
AY =X xROYBAY @ @AY, k=dimY —dimX, (11.2.12)
X X X
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is called the exterior bundle.

e If Y’ is a subbundle of a vector bundle Y — X, the factor bundle
Y/Y' over X is defined as a vector bundle whose fibres are the quotients
Y,/Y!, veX.

By a morphism of vector bundles is meant a linear bundle morphism,
which is a linear fibrewise map whose restriction to each fibre is a linear
map.

Given a linear bundle morphism ® : Y’ — Y of vector bundles over X,
its kernel Ker @ is defined as the inverse image ®~1(0(X)) of the canoni-
cal zero-valued section 0(X) of Y. By virtue of Theorem 11.2.8, if ® is of
constant rank, its kernel and its range are vector subbundles of the vector
bundles Y’ and Y, respectively. For instance, monomorphisms and epimor-
phisms of vector bundles fulfil this condition.

Remark 11.2.1. Given vector bundles Y and Y’ over the same base X,

every linear bundle morphism
©: Y, 3 {ei(2)} — {@f(v)er(2)} € Y
over X defines a global section
D:x— dF(x)el(z) ® el (x)

of the tensor product Y ® Y'*, and vice versa.

A sequence
vy Ly
of vector bundles over the same base X is called exact at Y if Ker j = Im .
A sequence of vector bundles

K2

0-Y Y Ly" -0 (11.2.13)
over X is said to be a short exact sequence if it is exact at all terms Y,
Y, and Y”. This means that 7 is a bundle monomorphism, j is a bundle
epimorphism, and Ker j = Im4. Then Y is isomorphic to a factor bundle
Y/Y’. Given an exact sequence of vector bundles (11.2.13), there is the
exact sequence of their duals

0y Iy Ly o
One says that the exact sequence (11.2.13) is split if there exists a bundle
monomorphism s : Y — Y such that j o s =1dY"” or, equivalently,
Y=iY)esY") =Y aY".
Theorem 11.2.10. Every exact sequence of vector bundles (11.2.13) is
split [85].
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The tangent bundle T'Z and the cotangent bundle 7*Z of a manifold Z
exemplify vector bundles.

Given an atlas Wz = {(U,, ¢,)} of a manifold Z, the tangent bundle is
provided with the holonomic bundle atlas

Ur ={(U,, ¢, =T¢,)}. (11.2.14)

The associated linear bundle coordinates are holonomic coordinates ().

The cotangent bundle of a manifold Z is the dual T*Z — Z of the
tangent bundle TZ — Z. It is equipped with the holonomic coordinates

. : o921 |
(N 8). A= PR

with respect to the coframes {dz*} for T*Z which are the duals of {9, }.

The tensor product of tangent and cotangent bundles

m k
T=@Q®TIZ)®@T"Z), m,k €N, (11.2.15)

is called a tensor bundle, provided with holonomic bundle coordinates
zgllgk’" possessing transition functions
slaram 02" oz’ 92" 92" ZHLpom
BBk Oz Ozbm §z!B1 Oz/Bk "Y1k

Let my : TY — Y be the tangent bundle of a fibred manifold 7 : ¥ — X.
Given fibred coordinates (z*,%%) on Y, it is equipped with the holonomic
coordinates (z*,y*, *,9"). The tangent bundle Y — Y has the subbundle
VY = Ker (T'r), which consists of the vectors tangent to fibres of Y. It
is called the vertical tangent bundle of Y, and it is provided with the
holonomic coordinates (z*,y*, %) with respect to the vertical frames {0;}.
Every fibred morphism ® : Y — Y’ yields the linear bundle morphism over
® of the vertical tangent bundles

o . (11.2.16)

Vo VY - VY, Y oVd =
OyJ

It is called the vertical tangent morphism.
In many important cases, the vertical tangent bundle VY — Y of a
fibre bundle Y — X is trivial, and it is isomorphic to the bundle product

VY =Y xY, (11.2.17)
X

where Y — X is some vector bundle. One calls (11.2.17) the vertical
splitting. For instance, every vector bundle ¥ — X admits the canonical
vertical splitting

VY =Y @Y. (11.2.18)
X
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The vertical cotangent bundle V*Y — Y of a fibred manifold ¥ —
X is defined as the dual of the vertical tangent bundle VY — Y. It is
not a subbundle of the cotangent bundle T*Y, but there is the canonical

surjection
C:T*Y 3 izde™ + gdy’ — yidy’ € V'Y, (11.2.19)
where the bases {dy'}, possessing transition functions
. C{)y/i— .
1% __ 7
dy" = Y dy’,

are the duals of the vertical frames {0;} of the vertical tangent bundle VY.
For any fibred manifold Y, there exist the exact sequences of vector
bundles

0—-VY —TY LY xTX -0, (11.2.20)
X
0—=YxT*X -TY - V*Y —0. (11.2.21)
X

Their splitting, by definition, is a connection on ¥ — X (Section 11.4.1).
Let us consider the tangent bundle TT*X of T*X and the cotangent
bundle T*TX of TX. Relative to coordinates (z*,py = i)) on T*X
and (z*,4*) on TX, these fibre bundles are provided with the coordinates
(2, px, 22, px) and (2,3, @y, i), respectively. By inspection of the co-
ordinate transformation laws, one can show that there is an isomorphism

a:TT*'X = T*TX, P\ < jﬁ,\, p,\ R .i“,\, (11.2.22)
of these bundles over TX. Given a fibred manifold Y — X, there is the
similar isomorphism

ay : VVY = V*VY, Pi < Uiy, Di < Ui, (11.2.23)

over VY, where (2}, 4%, p;, 9%, p;) and (2, y%, 9%, 9;,4;) are coordinates on
VV*Y and V*VY, respectively.

11.2.4 Affine bundles

Let T: Y — X be a vector bundle with a typical fibre V. An affine bundle
modelled over the vector bundle Y — X is a fibre bundle 7 : ¥ — X whose
typical fibre V is an affine space modelled over V, all the fibres Y, of ¥
are affine spaces modelled over the corresponding fibres Y, of the vector
bundle Y, and there is an affine bundle atlas

U= {(Uaﬂl)x)v QxC}
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of Y — X whose local trivializations morphisms 1, (11.2.5) and transition
functions g,¢ (11.2.6) are affine isomorphisms.

Dealing with affine bundles, we use only affine bundle coordinates (y*)
associated to an affine bundle atlas W. There are the bundle morphisms

YxY —Y, (7)) =y +7,
X X
Yxy =V, (") =y =y,
where (7') are linear coordinates on a vector bundle Y.
By virtue of Theorem 11.2.2, affine bundles have global sections, but
in contrast with vector bundles, there is no canonical global section of an
affine bundle. Let 7 : Y — X be an affine bundle. Every global section s

of an affine bundle Y — X modelled over a vector bundle Y — X yields
the bundle morphisms

Ysy—y—s(n(y)) ey, (11.2.24)
Yo7 —s(n(y) +7 €Y. (11.2.25)

In particular, every vector bundle Y has a natural structure of an affine
bundle due to the morphisms (11.2.25) where s = 0 is the canonical zero-
valued section of Y.

Theorem 11.2.11. Any affine bundle Y — X admits bundle coordinates
(2}, 7) possessing linear transition functions y'* = A;(x)ﬂj [68].

By a morphism of affine bundles is meant a bundle morphism ¢ : Y —
Y’ whose restriction to each fibre of Y is an affine map. It is called an affine
bundle morphism. Every affine bundle morphism ® : Y — Y’ of an affine
bundle Y modelled over a vector bundle Y to an affine bundle Y’ modelled
over a vector bundle Y yields an unique linear bundle morphism
FToT. gew O
P:Y —-Y, i o@fayjy, (11.2.26)
called the linear derivative of ®.
Every affine bundle Y — X modelled over a vector bundle ¥ — X
admits the canonical vertical splitting

VY =Y xY. (11.2.27)
X
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11.2.5 Vector fields

Vector fields on a manifold Z are global sections of the tangent bundle
TZ — Z.

The set 71(Z) of vector fields on Z is both a C*°(Z)-module and a real
Lie algebra with respect to the Lie bracket

u=u 0y, v =00y,
[v,u] = (V}Orut — urO\v")D,,.

Remark 11.2.2. A vector field u on an imbedded submanifold N C Z is
said to be a section of the tangent bundle TZ — Z over N. It should be
emphasized that this is not a vector field on a manifold N since u(N) does
not belong to TN C T'X in general. A vector field on a submanifold N C Z
is called tangent to N if u(N) C T'N.

Given a vector field u on X, a curve
c:RD(,)—Z
in Z is said to be an integral curve of u if Tc = u(c). Every vector field
u on a manifold Z can be seen as an infinitesimal generator of a local
one-parameter group of local diffeomorphisms (a flow), and vice versa [93].
One-dimensional orbits of this group are integral curves of u.

Remark 11.2.3. Let U C Z be an open subset and € > 0. Recall that
by a local one-parameter group of local diffeomorphisms of Z defined on
(—¢,€) x U is meant a map
G:(—€e)xU>(t,z) = G(2) € Z

which possesses the following properties:

e for each t € (—¢,¢€), the mapping G; is a diffeomorphism of U onto
the open subset G¢(U) C Z;

. Gt+t’ (Z) = (Gt o Gt/)(Z) ift+t e (—6,6).
If such a map G is defined on R x Z, it is called the one-parameter group
of diffeomorphisms of Z. If a local one-parameter group of local diffeomor-
phisms of Z is defined on (—¢,€) x Z, it is uniquely prolonged onto R x Z
to a one-parameter group of diffeomorphisms of Z [93]. As was mentioned
above, a local one-parameter group of local diffeomorphisms G on U C Z
defines a local vector field u on U by setting u(z) to be the tangent vector
to the curve s(t) = Gi(z) at t = 0. Conversely, let u be a vector field on a
manifold Z. For each z € Z, there exist a number ¢ > 0, a neighborhood
U of z and a unique local one-parameter group of local diffeomorphisms on
(—¢,€) x U, which determines u.



334 Appendices

A vector field is called complete if its flow is a one-parameter group of
diffeomorphisms of Z.

Theorem 11.2.12. Any vector field on a compact manifold is complete.

A vector field u on a fibred manifold Y — X is called projectable if it
is projected onto a vector field on X, i.e., there exists a vector field 7 on X
such that

Tom=Tnmou.
A projectable vector field takes the coordinate form
u = u(z")Oy + u'(z*, y7)0;, 7 = ur0y. (11.2.28)
A projectable vector field is called vertical if its projection onto X vanishes,
i.e., if it lives in the vertical tangent bundle VY.

A vector field 7 = 729, on a base X of a fibred manifold ¥ — X
gives rise to a vector field on Y by means of a connection on this fibre
bundle (see the formula (11.4.3) below). Nevertheless, every tensor bundle
(11.2.15) admits the functorial lift of vector fields

T=THOu + [0, T B = O, T — ORI (11.2.29)
where we employ the compact notation
. 0

This lift is an R-linear monomorphism of the Lie algebra 7;(X) of vector
fields on X to the Lie algebra 77 (Y) of vector fields on Y. In particular,
we have the functorial lift

~ 0
T = 7”“’6” + 8VTQ$VT (11231)
xOé
of vector fields on X onto the tangent bundle T X and their functorial lift
~ L. 0
T="7"0, — 0T x”a—x'ﬁ (11.2.32)

onto the cotangent bundle T* X.
Let Y — X be a vector bundle. Using the canonical vertical splitting
(11.2.18), we obtain the canonical vertical vector field
uy =y'0; (11.2.33)
on Y, called the Liouville vector field. For instance, the Liouville vector
field on the tangent bundle T'X reads
urx = jj)\a.)\. (11.2.34)
Accordingly, any vector field 7 = 729y on a manifold X has the canonical
vertical lift
v =10 (11.2.35)
onto the tangent bundle T'X.
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11.2.6 Multivector fields

A multivector field 9 of degree |¢| = r (or, simply, an r-vector field) on a
manifold Z is a section

1
9 = ﬁﬁklm/\rah Ao Ay (11.2.36)

r

of the exterior product ATZ — Z. Let 7-(Z) denote the C*°(Z)-module
space of r-vector fields on Z. All multivector fields on a manifold Z make
up the graded commutative algebra 7,(Z) of global sections of the exterior
bundle AT'Z (11.2.12) with respect to the exterior product A.
The graded commutative algebra 7, (Z) is endowed with the Schouten—
Nijenhuis bracket
[, Jsn : T(2) x T5(Z) = Trys-1(2), (11.2.37)
[P, v]sn = ev+ (—=1) v e,
Jov = — (PN UGy N N Oy A Dy A A D).
rls!
This generalizes the Lie bracket of vector fields. It obeys the relations
[0, vlsn = (=) w, s, (11.2.38)
[v,9 Avlsn = [, F)sn A v+ (=1) V=D A [, v)sy, (11.2.39)
(=D, (9, v]sn]sn + (DP9, v, v]sn]en (11.2.40)
+ (—1)‘1}'('0'_1)[1), [v, 9)sn]sn = 0.
The Lie derivative of a multivector field ¥ along a vector field u is defined

as
LuU = [u, 19]31\1,

L,(9Av)=L,9Av+9AL,v.

Given an r-vector field 9 (11.2.36) on a manifold Z, its tangent lift
onto the tangent bundle T'Z of Z is defined by the relation

9", ...,a") =D(",... o) (11.2.41)

where [75]:
ook = 0’/{dz>‘ are arbitrary one-forms on a manifold Z,

e by
ok = 319,05d2 + okd?
are meant their tangent lifts (11.2.46) onto the tangent bundle T'Z of Z,

e the right-hand side of the equality (11.2.41) is the tangent lift (11.2.44)
onto T'Z of the function ¥(o”,...,o') on Z.
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The tangent lift (11.2.41) takes the coordinate form

-1 . .
U= S [10,07 2O Ao O, (11.2.42)
FA S G A A A Ay
i=1

In particular, if 7 is a vector field on a manifold Z, its tangent lift (11.2.42)
coincides with the functorial lift (11.2.31).

The Schouten—Nijenhuis bracket commutes with the tangent lift
(11.2.42) of multivectors, i.e.,

—

[0, lsn = [9, vlgn- (11.2.43)

11.2.7 Differential forms

An exterior r-form on a manifold Z is a section

1
¢ = S OnindzN A A d2
r

of the exterior product ANT*Z — Z, where

1
AN Nd = =M A @ @ det
7l
cbp e e

)

XA

e — € T ket

A1 A

€ Aa = L

Sometimes, it is convenient to write
¢ =@, 2 A2 A A2

without the coefficient 1/7!.

Let O"(Z) denote the C*°(Z)-module of exterior r-forms on a manifold
Z. By definition, O°(Z) = C*°(Z) is the ring of smooth real functions on
Z. All exterior forms on Z constitute the graded algebra O*(Z) of global
sections of the exterior bundle AT*Z (11.2.12) endowed with the exterior
product

1 1
o= ﬁ¢,\1,,,>\rdz’\1 ARREWA dz)‘r, o= Q‘Tm---usdzm Ao Adzte,

1
pAT= @(bm...VTJVT+1...W+SdZV1 Ao ANdzirts
1

_ V1. Urg a1 Q-
= 7T!S!(T+s)!e T s Prt e Ovp gy s A2 N - N dZO
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such that
pAo=(—1)¢lg A g,

where the symbol |¢| stands for the form degree. The algebra O*(Z) also
is provided with the exterior differential

1
dp = dzV N O,¢ = Fa”@l,,,A,rdz“ AdzM A A d2
which obeys the relations
dod=0, d(¢pAro)=d(o)Ao+ (=1)?pAd(o).

The exterior differential d makes O*(Z) into a differential graded algebra,
called the exterior algebra.

Given a manifold morphism f : Z — Z’, any exterior k-form ¢ on Z’
yields the pull-back exterior form f*¢ on Z given by the condition

Froh ..., v")(z) = o(Tf(0),... . TF(W")(f(2))

for an arbitrary collection of tangent vectors v',--- 0¥ € T,Z. We have
the relations

[rlono)=f"oNfro,  df*o=["(do).

In particular, given a fibred manifold 7= : ¥ — X, the pull-back onto
Y of exterior forms on X by 7 provides the monomorphism of graded
commutative algebras O*(X) — O*(Y). Elements of its range 7*O*(X)
are called basic forms. Exterior forms

, 1
¢:Y = AT*X, = —¢n . nde’ A Adar,
r

on Y such that u|¢ = 0 for an arbitrary vertical vector field w on Y are said
to be horizontal forms. Horizontal forms of degree n = dim X are called
densities.

In the case of the tangent bundle TX — X, there is a different way to
lift exterior forms on X onto T'X [75; 102]. Let f be a function on X. Its
tangent lift onto T'X is defined as the function

f=i0xf. (11.2.44)

Let o be an r-form on X. Its tangent lift onto T'X is said to be the r-form
o given by the relation

—_~—

o(t,....,7) =0o(m,...,7), (11.2.45)
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where 7; are arbitrary vector fields on X and 7; are their functorial lifts
(11.2.31) onto T'X. We have the coordinate expression

1

o= ﬁoxl...hd;ﬁ‘l A ANda?r,

1,

G = = [E"0u0n, A, d2™M Ao N da (11.2.46)
r

s
+ ) onea dat A NdEN A A da).
i=1

The following equality holds:
d5 = do. (11.2.47)
The interior product (or contraction) of a vector field u and an exterior
r-form ¢ on a manifold Z is given by the coordinate expression

— (=D A ol A
ulp = 27'1& Orr e A dZ VA Ndz T N Ad2T
7!
k=1

1
B 7!U#¢H0¢2...a,.d2a2 A A dza,.7

(r—1)
where the caret ~ denotes omission. It obeys the relations
¢(U17 cee 7u7") = uTJ o 'U1J¢7
ul(pAo)=ulp Ao+ (=1)éAulo. (11.2.48)

A generalization of the interior product to multivector fields is the left
interior product

de=00), [<lol, ¢€0%(2), JeT(2),
of multivector fields and exterior forms. It is defined by the equalities
olur A+ ANuy) = d(ur, ..., ur), » e 0" (2), u; € T1(Z),
and obeys the relation
olp=(wAd)|o=(D"IPujgl, 90 (2), VveT(2).
The Lie derivative of an exterior form ¢ along a vector field u is

Lo = uldo + d(u]¢), (11.2.49)
Lu(pANo)=Lyp Ao+ ¢ALyo. (11.2.50)

In particular, if f is a function, then

L.f =u(f) =uldf.



11.2. Geometry of fibre bundles 339

An exterior form ¢ is invariant under a local one-parameter group of dif-
feomorphisms Gy of Z (i.e., G;¢ = ¢) if and only if its Lie derivative along
the infinitesimal generator u of this group vanishes, i.e.,

L,¢ = 0.

Following physical terminology (Definition 1.10.3), we say that a vector
field u is a symmetry of an exterior form ¢.
A tangent-valued r-form on a manifold Z is a section

1
¢==h, Az A NdZT© 0, (11.2.51)
r! AT
of the tensor bundle
ANT*Z®TZ — Z.

Remark 11.2.4. There is one-to-one correspondence between the tangent-
valued one-forms ¢ on a manifold Z and the linear bundle endomorphisms

0:TZ—TZ, ¢:T.Z>v—v|d(z)€T.Z, (11.2.52)
O T Z —TZ, ¢ TrZ>5v" — ¢(2)|v* € TFZ,  (11.2.53)

over Z (Remark 11.2.1). For instance, the canonical tangent-valued one-
form

07 = dz* ® O (11.2.54)
on Z corresponds to the identity morphisms (11.2.52) and (11.2.53).

Remark 11.2.5. Let Z =T X, and let TT X be the tangent bundle of T X .
It is called the double tangent bundle. There is the bundle endomorphism

J@O\) =0\,  J@\) =0 (11.2.55)
of TTX over X. It corresponds to the canonical tangent-valued form
07 = dz* @ Oy (11.2.56)
on the tangent bundle TX. It is readily observed that Jo J = 0.

The space O*(Z) ® T1(Z) of tangent-valued forms is provided with the
Frélicher—Nijenhuis bracket
e : O7(2) 8 Ti(Z) x O%(2) & Ti(Z) — O"*(2) @ T3 (2),
[a®u, fRvn = (@A S) @ [u,v] + (e AL,S) @v (11.2.57)
— (LyaAB)@u+ (=1)"(daAulf)@v+ (—1)"(v|a AdB) ® u,
ae 0 (Z), BeOZ), u,v € T1(Z).
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Its coordinate expression is

1
[(b’ U]FN (('bg\lm>\ra”0—§r+1...)\T+s - 0K7-+1m>\r+sal’¢l)f1...)\r

= s
I v I3 v
- T¢A1...A7-71 1/8)‘7‘ O-AT+1---)\7‘+S + SUV)\-,_FQ...A,.*,S 8A7"+1 ¢)\1kr)
Az A ANd2N 0,

o0 (2)T1(2), ceO(2)T1(Z).
There are the relations
(¢, o)ex = (=1)1?IH 0, ¢lpx, (11.2.58)
[¢, [0, 0]px]pn = [[¢, o]pn, O]px (11.2.59)
+(=1)l?llo, [¢, Opn]r,
¢,0,0 € O (Z) @ T1(Z).

Given a tangent-valued form 6, the Nijenhuis differential on O*(Z) ®
T1(Z) is defined as the morphism

dp : Y — dgtp = [0,¢]rN, Y e 0 (Z2)®Ti(Z).
By virtue of (11.2.59), it has the property
[, 0len = [dgt), Opn + (—1)1?1¥1 [, dy0)pn.

In particular, if & = u is a vector field, the Nijenhuis differential is the
Lie derivative of tangent-valued forms

1
_— _— _ v 2 v
Lyo =dyo =u,olpn = =(u 00y, A, — Oxp.a Ovu”

s!
+ saf,‘)\Q___Asahu”)da:)‘l Ao Adr @ Ous ceO(2)T1(Z).

s

If ¢ is a tangent-valued one-form, the Nijenhuis differential
dy¢ = [, dlrn (11.2.60)
= (Ph0udf — Ph0u0Y — 60,0 + 00l )dz" N d2" @ B,

is called the Nijenhuis torsion.

Let Y — X be a fibred manifold. We consider the following subspaces
of the space O*(Y) ® 71(Y) of tangent-valued forms on Y

e horizontal tangent-valued forms

6 Y 5 AT*XTY,
Y

1 .
¢=dzM A ANda ® H[QSKINAT(y)a,J + %, x ()0i],
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e projectable horizontal tangent-valued forms

b= dr A Nde @ gk (00 + 6, ()]
e vertical-valued form
Y — KT*X@VY, ¢ = %qﬁé\lm%(y)dac’\l Ao Ada ® 0y,
e vertical-valued one-forms, called soldering forms,
o= ok (y)dz* ® 0;, (11.2.61)
e basic soldering forms
o = ol (x)dz* @ 0;.

Remark 11.2.6. The tangent bundle T'X is provided with the canonical
soldering form 6 (11.2.56). Due to the canonical vertical splitting

VIX =TX xTX, (11.2.62)
X

the canonical soldering form (11.2.56) on T'X defines the canonical tangent-
valued form 6x (11.2.54) on X. By this reason, tangent-valued one-forms
on a manifold X also are called soldering forms.

We also mention the 7' X-valued forms
QZS:Y~>/T\T*)(®TAX7 (11.2.69)
Y
1
Q= ﬁ(ﬁil_“)\rde A Adae ® 8,“
and V*Y-valued forms
Y
1 — .
Cb = FQS)\l...)\ridxAl A--- A dx)\r ® dy’.

It should be emphasized that (11.2.63) are not tangent-valued forms, while
(11.2.64) are not exterior forms. They exemplify vector-valued forms.
Given a vector bundle £ — X, by a FE-valued k-form on X, is meant a
section of the fibre bundle

k
(ANT*X)® E* — X.
X
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11.2.8 Distributions and foliations

A subbundle T of the tangent bundle T'Z of a manifold Z is called a regular
distribution (or, simply, a distribution). A vector field v on Z is said to
be subordinate to a distribution T if it lives in T. A distribution T is
called involutive if the Lie bracket of T-subordinate vector fields also is
subordinate to T.

A subbundle of the cotangent bundle T*Z of Z is called a codistribution
T* on a manifold Z. For instance, the annihilator Ann T of a distribution
T is a codistribution whose fibre over z € Z consists of covectors w € T
such that v|w =0 for all v € T,.

There is the following criterion of an involutive distribution [162].

Theorem 11.2.13. Let T be a distribution and Ann'T its annihilator. Let
NANnT(Z) be the ideal of the exterior algebra O*(Z) which is generated
by sections of Ann'T — Z. A distribution T is involutive if and only if the
ideal NAnn T(Z) is a differential ideal, i.e.,

d(ANAnn T(Z)) € AAnnT(Z).

The following local coordinates can be associated to an involutive dis-
tribution [162].

Theorem 11.2.14. Let T be an involutive r-dimensional distribution on
a manifold Z, dimZ = k. FEvery point z € Z has an open neighbor-
hood U which is a domain of an adapted coordinate chart (z%,...,2") such
that, restricted to U, the distribution T and its annihilator Ann'T are
spanned by the local vector fields 0/9zt,--- ,0/0z" and the local one-forms
dz"t1, ..., dz*, respectively.

A connected submanifold N of a manifold Z is called an integral ma-
nifold of a distribution T on Z if TN C T. Unless otherwise stated,
by an integral manifold is meant an integral manifold of dimension of
T. An integral manifold is called maximal if no other integral mani-
fold contains it. The following is the classical theorem of Frobenius [93;
162].

Theorem 11.2.15. Let T be an involutive distribution on a manifold Z.
For any z € Z, there exists a unique mazximal integral manifold of T through
z, and any integral manifold through z is its open subset.

Maximal integral manifolds of an involutive distribution on a manifold
Z are assembled into a regular foliation F of Z.
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A regular r-dimensional foliation (or, simply, a foliation) F of a k-
dimensional manifold Z is defined as a partition of Z into connected -
dimensional submanifolds (the leaves of a foliation) F,, ¢ € I, which pos-
sesses the following properties [132; 154].

A manifold Z admits an adapted coordinate atlas

(U220}, A=1,...,k—r, i=1...n (11.2.65)

such that transition functions of coordinates z* are independent of the re-
maining coordinates z!. For each leaf F of a foliation F, the connected
components of F'N Ug are given by the equations P2
nected components and coordinates (z°) on them make up a coordinate
atlas of a leaf F. It follows that tangent spaces to leaves of a foliation F
constitute an involutive distribution T'F on Z, called the tangent bundle
to the foliation F. The factor bundle

VF=TZ/TF,

=const. These con-

called the normal bundle to F, has transition functions independent of
coordinates z*. Let TJF* — Z denote the dual of TF — Z. There are the
exact sequences

0 TF “5TX —VF —0, (11.2.66)
0= AmTF —T*X Z-TF 0 (11.2.67)

of vector bundles over Z.

A pair (Z,F), where F is a foliation of Z, is called a foliated manifold.
It should be emphasized that leaves of a foliation need not be closed or
imbedded submanifolds. Every leaf has an open saturated neighborhood
U, i.e., if z € U, then a leaf through z also belongs to U.

Any submersion ¢ : Z — M yields a foliation

F={F=C"0lpecin)
of Z indexed by elements of ¢(Z), which is an open submanifold of M, i.e.,
Z — ((Z) is a fibred manifold. Leaves of this foliation are closed imbedded
submanifolds. Such a foliation is called simple. Any (regular) foliation is
locally simple.

Example 11.2.1. Every smooth real function f on a manifold Z with
nowhere vanishing differential df is a submersion Z — R. It defines a
one-codimensional foliation whose leaves are given by the equations

f(z)=¢, ce f(Z)CR.
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This is the foliation of level surfaces of the function f, called a generating
function. Every one-codimensional foliation is locally a foliation of level
surfaces of some function on Z. The level surfaces of an arbitrary smooth
real function f on a manifold Z define a singular foliation F on Z [89].
Its leaves are not submanifolds in general. Nevertheless if df(z) # 0, the
restriction of F to some open neighborhood U of z is a foliation with the
generating function f|y.

11.2.9 Dzifferential geometry of Lie groups

Let G be a real Lie group of dimG > 0, and let Ly, : G — gG and Ry :
G — (g denote the action of G on itself by left and right multiplications,
respectively. Clearly, L, and Ry for all g,¢’ € G mutually commute, and
so do the tangent maps T'Ly and TRy .

A vector field & (resp. &) on a group G is said to be left-invariant (resp.
right-invariant) if {o Ly = T Lgo§; (resp. &roRy = T Ry0&,). Left-invariant
(resp. right-invariant) vector fields make up the left Lie algebra g; (resp.
the right Lie algebra g,) of G.

There is one-to-one correspondence between the left-invariant vector
field & (resp. right-invariant vector fields &) on G and the vectors §;(e) =
TLy1&(g) (resp. &(e) = TRy-1&(g)) of the tangent space T.G to G at
the unit element e of G. This correspondence provides T.G with the left
and the right Lie algebra structures. Accordingly, the left action L, of a
Lie group G on itself defines its adjoint representation

& — Adg(&) =TLgo& 0Ly (11.2.68)
in the right Lie algebra g,
Let {€n} (resp. {em}) denote the basis for the left (resp. right) Lie
algebra, and let c¥, be the right structure constants
[€ms En] = & k.
There is the morphism
P BlDEm —EMm=—€En € Yr

between left and right Lie algebras such that

[€m, €n] = —cf’,mek.

The tangent bundle 7 : TG — G of a Lie group G is trivial. There are
the following two canonical isomorphisms
o:TG3q— (9=16(q),TL; () € G x g,

or : TG 3 q— (9=ma(q), TR, (q)) € G x g,.
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Therefore, any action
GxZ>(g,2)—gz€”Z
of a Lie group G on a manifold Z on the left yields the homomorphism
grde— & €Th(2) (11.2.69)

of the right Lie algebra g, of G into the Lie algebra of vector fields on Z
such that

€adge) =Tgo&og™ (11.2.70)
Vector fields & are said to be the infinitesimal generators of a representation
of the Lie group G in Z.
In particular, the adjoint representation (11.2.68) of a Lie group in its
right Lie algebra yields the adjoint representation
g e —adé'(e) =€, ¢l aden,(en) = ¢ e, (11.2.71)
of the right Lie algebra g, in itself.
The dual g* = TG of the tangent space TG is called the Lie coalgebra).
It is provided with the basis {¢™} which is the dual of the basis {e,,} for
T.G. The group G and the right Lie algebra g, act on g* by the coadjoint
representation
(Ad*g(*),e) = (¢*,Ad g™ (e)), €*€g*, ecag,, (11.2.72)
(ad*e’'(e7), ) = —(e", [, e]), €' €ar,
ad*en, (e") = —c" e
Remark 11.2.7. In the literature (e.g., [1]), one can meet another defini-
tion of the coadjoint representation in accordance with the relation

(Adg(e"), ) = (7, Ad g(e))-

The Lie coalgebra g* of a Lie group G is provided with the canonical
Poisson structure, called the Lie-Poisson structure [1; 104]. It is given by
the bracket

{frg}e = (7, [df (7). dg(eM)]),  f.9 € C(g"), (11.2.73)

where df (¢*), dg(¢*) € g, are seen as linear mappings from T.-g* = g* to R.
Given coordinates z; on g* with respect to the basis {¢*}, the Lie-Poisson
bracket (11.2.73) and the corresponding Poisson bivector field w read

{.fa g}LP = CfﬂnszTnfang7 Wmn = C]:n,nzk'
One can show that symplectic leaves of the Lie—Poisson structure on the

coalgebra g* of a connected Lie group G are orbits of the coadjoint repre-
sentation (11.2.72) of G on g* [163].
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11.3 Jet manifolds

This Section collects the relevant material on jet manifolds of sections of
fibre bundles [68; 94; 109; 145].

11.3.1 First order jet manifolds

Given a fibre bundle Y — X with bundle coordinates (2*,%"), let us con-
sider the equivalence classes jls of its sections s, which are identified by
their values s'(z) and the values of their partial derivatives d,s%(z) at a
point « € X. They are called the first order jets of sections at . One can
justify that the definition of jets is coordinate-independent. A key point is
that the set J1Y of first order jets jls, z € X, is a smooth manifold with
respect to the adapted coordinates (2,7, yf\) such that

i(i i i Oxk , ,
UaUzs) =0xs' (), v =5 (0u+uh0)y". (11.3.1)
oz’
It is called the first order jet manifold of a fibre bundle Y — X. We call
(y4) the jet coordinate.

A jet manifold J'Y admits the natural fibrations
i JY 3 jls »r e X, (11.3.2)
w5 JYY 2 jls — s(x) €Y. (11.3.3)

A glance at the transformation law (11.3.1) shows that 7} is an affine bundle
modelled over the vector bundle

T*XQVY — Y. (11.3.4)
Y

It is convenient to call 7! (11.3.2) the jet bundle, while 7} (11.3.3) is said
to be the affine jet bundle.

Let us note that, if Y — X is a vector or an affine bundle, the jet bundle
m (11.3.2) is so.

Jets can be expressed in terms of familiar tangent-valued forms as fol-
lows. There are the canonical imbeddings

Ay JVY ST*X®TY,
Y Y

Ay = da* @ (0x +930) = da* @ dy, (11.3.5)
0y : J'Y >TY QVY,
Y Y

Oy = (dy' —yida?) © 0 = 6" © 8, (11.3.6)
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where d are said to be total derivatives, and 6 are called contact forms.

We further identify the jet manifold J'Y with its images under the
canonical morphisms (11.3.5) and (11.3.6), and represent the jets jls =
(x5, y/,) by the tangent-valued forms \(1y (11.3.5) and 61y (11.3.6).

Sections and morphisms of fibre bundles admit prolongations to jet man-
ifolds as follows.

Any section s of a fibre bundle Y — X has the jet prolongation to the
section

(J's)(@) = jgs.  yhoJ's=0drs'(2),

of the jet bundle J'Y — X. A section of the jet bundle J'Y — X is called
integrable if it is the jet prolongation of some section of a fibre bundle
Y - X.

Any bundle morphism ® : Y — Y over a diffeomorphism f admits a
jet prolongation to a bundle morphism of affine jet bundles

af~hH"
ox'
Any projectable vector field « (11.2.28) on a fibre bundle Y — X has a

jet prolongation to the projectable vector field

Jw=roJu: JVY - JITY — TJ'Y,

Jhu = w0y + u'd; + (dau’ — yi@,\u”)ai’\, (11.3.8)
on the jet manifold J'Y. In order to obtain (11.3.8), the canonical bundle
morphism

T JY — T, g o J1d = d, . (11.3.7)

r s JITY - TJY,  ghor = (5 — yidk,
is used. In particular, there is the canonical isomorphism

VJYY = J'VY, i = ). (11.3.9)

11.3.2 Second order jet manifolds

Taking the first order jet manifold of the jet bundle J'Y — X, we obtain

the repeated jet manifold J'.J'Y provided with the adapted coordinates
(:Z}/\, yiv ygn @f“ yfl,)\)

possessing transition functions

ox™
P doy

do = 0o + yL0; + Y1404, do = 0o + J4,0; + 41,05 .-

Ox® ~ Ji ox® ~

/1, g’; — Wday”, Y= Wday I

%
Yx =
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There exist two different affine fibrations of J1J'Y over J1Y:
o the familiar affine jet bundle (11.3.3):

T JYIY — JY, yh o =y, (11.3.10)
e the affine bundle
Tl P JY = T, g0 Jind = 7. (11.3.11)

In general, there is no canonical identification of these fibrations. The
points ¢ € J'J'Y, where
m(q) = J'm(q),

form an affine subbundle J2Y — J1Y of J1JY called the sesquiholonomic
jet manifold. It is given by the coordinate conditions g’jf\ = yf\, and is
coordinated by (2, y%, y4, ny/\).

The second order (or holonomic) jet manifold J?Y of a fibre bundle
Y — X can be defined as the affine subbundle of the fibre bundle J2Y —
J'Y given by the coordinate conditions ygw = yfu\. It is modelled over the
vector bundle

VTX @ VY — JY,
JY

and is endowed with adapted coordinates (2, %°, yf\, yg\ §= y; ); possessing
transition functions8 . -
ﬁday”, Y= %day';. (11.3.12)

The second order jet manifold .J?Y also can be introduced as the set of
the equivalence classes j2s of sections s of the fibre bundle Y — X, which
are identified by their values and the values of their first and second order
partial derivatives at points x € X, i.e.,

yA(izs) = Oxs'(x), A, (izs) = On0us'(2).

The equivalence classes j2s are called the second order jets of sections.

Let s be a section of a fibre bundle Y — X, and let J's be its jet
prolongation to a section of a jet bundle J'Y — X. The latter gives rise
to the section J'.J's of the repeated jet bundle J'.J'Y — X. This section
takes its values into the second order jet manifold J2Y. It is called the
second order jet prolongation of a section s, and is denoted by J2s.

17
Yx =

Theorem 11.3.1. Let 5 be a section of the jet bundle J'Y — X, and let
J13 be its jet prolongation to a section of the repeated jet bundle J'J'Y —
X. The following three facts are equivalent:

e 5 = J's where s is a section of a fibre bundle Y — X,

o J'5 takes its values into sz,

o J'3 takes its values into J?Y .
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11.3.3 Higher order jet manifolds

The notion of first and second order jet manifolds is naturally extended to
higher order jet manifolds.

The k-order jet manifold J*Y of a fibre bundle Y — X comprises the
equivalence classes j¥s, x € X, of sections s of Y identified by the k + 1
terms of their Tailor series at points x € X. The jet manifold J*Y is
provided with the adapted coordinates

(xxvyivyg\v s 7y§\k~~~)\1)7
ylkl-'-)\l (]I;S) = 8>\L e 8)\131(33)7 0<Il<k

Every section s of a fibre bundle Y — X gives rise to the section J*s of a
fibre bundle J*Y — X such that

Yaron, 0 s =0, -2 O, 5, 0<I<k.

The following operators on exterior forms on jet manifolds are utilized:
e the total derivative operator

da = Ox +y50; + 5,01 + -+, (11.3.13)
obeying the relations

dx(@ No) = dx(¢) Ao+ ¢ Ndx(o),
dx(d¢) = d(dx(¢)),
in particular,
dA(f) = f +h0if + 3,0+, fECT(IY),
da(dz") =0, dx(dy),..x,) = dYinn,
e the horizontal projection hg given by the relations
ho(da?) = da™,  holdys,..n,) = Yir,.., 42", (11.3.14)
in particular,
ho(dy') =yl dz,  ho(dy}) = yiada;
e the total differential
di (¢) = dz* A dy(9), (11.3.15)
possessing the properties

dHOdHZO, hoOd:dHOho.
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11.3.4 Differential operators and differential equations

Jet manifolds provide the standard language for the theory of differential
equations and differential operators [21; 53; 95].

Definition 11.3.1. Let Z be an (m + n)-dimensional manifold. A system
of k-order partial differential equations (or, simply, a differential equation)
in n variables on Z is defined to be a closed smooth submanifold & of the
k-order jet bundle J*Z of n-dimensional submanifolds of Z.

By its solution is meant an n-dimensional submanifold S of Z whose
k-order jets [S]¥, z € S, belong to €.

Definition 11.3.2. A k-order differential equation in n variables on a ma-
nifold Z is called a dynamic equation if it can be algebraically solved for the
highest order derivatives, i.e., it is a section of the fibration J*Z — JF=12Z.

In particular, a first order dynamic equation in n variables on a manifold
Z is a section of the jet bundle J!Z — Z. Its image in the tangent bundle
TZ — Z by the correspondence A1y (10.1.2) is an n-dimensional vector
subbundle of TZ. If n = 1, a dynamic equation is given by a vector field
At = u(2(t)) (11.3.16)
on a manifold Z. Its solutions are integral curves c(t) of the vector field w.
Let Y — X be a fibre bundle. There are several equivalent definitions
of (non-linear) differential operators. We start with the following.

Definition 11.3.3. Let £ — X be a vector bundle. A k-order E-valued
differential operator on a fibre bundle Y — X is defined as a section £ of
the pull-back bundle

pr, : EX = J*Y x E — J*Y. (11.3.17)
X

Given bundle coordinates (z*,y*) on Y and (2, x) on E, the pull-back
(11.3.17) is provided with coordinates (;v’\,yé,xa), 0 <3| < k. With re-
spect to these coordinates, a differential operator £ seen as a closed imbed-
ded submanifold €& C E% is given by the equalities

X = E%x*, yl). (11.3.18)
There is obvious one-to-one correspondence between the sections &
(11.3.18) of the fibre bundle (11.3.17) and the bundle morphisms

®:JhY —~— B (11.3.19)
d=pryof = £=(1dJ"Y,d).
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Therefore, we come to the following equivalent definition of differential
operators on Y — X.

Definition 11.3.4. A fibred morphism
E:JRY oF (11.3.20)

is called a k-order differential operator on the fibre bundle ¥ — X. It
sends each section s(z) of Y — X onto the section (£ o J¥s)(z) of the
vector bundle E — X [21; 95].

The kernel of a differential operator is the subset
Ker& = £71(0(X)) c J*Y, (11.3.21)

where 0 is the zero section of the vector bundle E — X , and we assume
that 0(X) C £(J*Y).

Definition 11.3.5. A system of k-order partial differential equations (or,
simply, a differential equation) on a fibre bundle Y — X is defined as a
closed subbundle € of the jet bundle J*Y — X.

Its solution is a (local) section s of the fibre bundle Y — X such that
its k-order jet prolongation J*s lives in €.

For instance, if the kernel (11.3.21) of a differential operator £ is a closed
subbundle of the fibre bundle J¥Y — X, it defines a differential equation

EoJks=0.

The following condition is sufficient for a kernel of a differential operator
to be a differential equation.

Theorem 11.3.2. Let the morphism (11.3.20) be of constant rank. Its
kernel (11.8.21) is a closed subbundle of the fibre bundle J*Y — X and,
consequently, is a k-order differential equation.

11.4 Connections on fibre bundles

There are different equivalent definitions of a connection on a fibre bundle
Y — X. We define it both as a splitting of the exact sequence (11.2.20)
and a global section of the affine jet bundle J'Y —Y [68; 109; 145].
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11.4.1 Connections

A connection on a fibred manifold Y — X is defined as a splitting (called
the horizontal splitting)

DY xTX TY, T ity — 2O+ Th(9)0;),  (11.4.1)
X
POy + 9'0; = M0 + T40) + (§° — &7T%)d;,

of the exact sequence (11.2.20). Its range is a subbundle of TY — Y called
the horizontal distribution. By virtue of Theorem 11.2.10, a connection on
a fibred manifold always exists. A connection I (11.4.1) is represented by
the horizontal tangent-valued one-form

I =da* @ (0 +T40;) (11.4.2)

on Y which is projected onto the canonical tangent-valued form 0 x (11.2.54)
on X.

Given a connection I' on a fibred manifold Y — X, any vector field 7
on a base X gives rise to the projectable vector field

7 =7|T =720\ +T%0;) (11.4.3)

on Y which lives in the horizontal distribution determined by I'. Tt is called
the horizontal lift of T by means of a connection I'.
The splitting (11.4.1) also is given by the vertical-valued form

I = (dy* — T4da) @ 8, (11.4.4)

which yields an epimorphism 7Y — VY. It provides the corresponding
splitting
L:V*Y 3dy' — dy* —T4da € T*Y, (11.4.5)
izdz® + gidy’ = (@x + 98 )da? + gi(dy’ — Thdz?),
of the dual exact sequence (11.2.21).

In an equivalent way, connections on a fibred manifold ¥ — X are
introduced as global sections of the affine jet bundle J'Y — Y. Indeed, any
global section I of J'Y — Y defines the tangent-valued form A;oT (11.4.2).
It follows from this definition that connections on a fibred manifold Y — X
constitute an affine space modelled over the vector space of soldering forms
o (11.2.61). One also deduces from (11.3.1) the coordinate transformation
law of connections

oz

, m , .
Y= w(au +14,0;)y".
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Remark 11.4.1. Any connection I' on a fibred manifold ¥ — X yields
a horizontal lift of a vector field on X onto Y, but need not defines the
similar lift of a path in X into Y. Let

RD[]>t— () € X, Rot—y(t) ey,

be smooth paths in X and Y, respectively. Then ¢t — y(t) is called a
horizontal lift of x(t) if

m(y(t) ==(t),  9t) € HywY, LeR,

where HY C TY is the horizontal subbundle associated to the connection
L. If, for each path x(t) (to <t < t;) and for any yo € 7 *(z(ty)), there
exists a horizontal lift y(¢) (to < ¢t < t1) such that y(tp) = yo, then T is
called the Ehresmann connection. A fibred manifold is a fibre bundle if and
only if it admits an Ehresmann connection [76].

Hereafter, we restrict our consideration to connections on fibre bundles.
The following are two standard constructions of new connections from old
ones.

e Let Y and Y’ be fibre bundles over the same base X. Given connec-
tions ' on Y and I'V on Y’, the bundle product Y ; Y’ is provided with the

product connection

oyt royi
e Given a fibre bundle Y — X, let f : X’ — X be a manifold morphism

and f*Y the pull-back of Y over X’. Any connection I" (11.44)on Y — X
yields the pull-back connection

[ xI'=d*® (aA + T 0 +1% 0 ) . (11.4.6)

- A
rr = (' - Ty 5

on the pull-back bundle f*Y — X'.
Every connection I' on a fibre bundle Y — X defines the first order
differential operator

DY JY 2T Xavy, (11.4.8)
Y

da:“‘) ® O (11.4.7)

D" =X —Tom) = (y) —Ti)da* ® 9,

on Y called the covariant differential. If s : X — Y is a section, its covariant
differential

Vs =DV oJls = (Oxs' — T 0 5)da™ @ 0 (11.4.9)
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and its covariant derivative Vis = 7|V's along a vector field 7 on X are
introduced. In particular, a (local) section s of Y — X is called an integral
section for a connection I' (or parallel with respect to I') if s obeys the
equivalent conditions

Vis=0 or J's=Tos. (11.4.10)

Let ' be a connection on a fibre bundle Y — X. Given vector fields 7,
7/ on X and their horizontal lifts 't and I't’ (11.4.3) on Y, let us consider
the vertical vector field

R(r,7") =T|r,7'] - [['7,I'7] = TAT”*RQH@, (11.4.11)
R}, = 0D, — 9Ty + %0,T, — 9,0, (11.4.12)

It can be seen as the contraction of vector fields 7 and 7/ with the vertical-
valued horizontal two-form
1 1 . A\
§[F’F]FN = in\Mdo: Adzt ® 0; (11.4.13)
on Y called the curvature form of a connection I'.

Given a connection I' and a soldering form o, the torsion of I with
respect to o is defined as the vertical-valued horizontal two-form

R:

T = [T, 0]pn = (Or0), + T40;0%, — 0;T o) )da* Adat © 0, (11.4.14)

11.4.2 Flat connections

A flat (or curvature-free) connection is a connection I' on a fibre bundle
Y — X which satisfies the following equivalent conditions:

e its curvature vanishes everywhere on Y;

e its horizontal distribution is involutive;

e there exists a local integral section for the connection I' through any
point y € Y.

By virtue of Theorem 11.2.15, a flat connection I' yields a foliation of YV’
which is transversal to the fibration Y — X. It called a horizontal foliation.
Its leaf through a point y € Y is locally defined by an integral section s, for
the connection I' through y. Conversely, let a fibre bundle Y — X admit a
horizontal foliation such that, for each point y € Y, the leaf of this foliation
through y is locally defined by a section s, of Y — X through y. Then the
map

F:Yayﬂj}r(y)syeJlY
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sets a flat connection on Y — X. Hence, there is one-to-one correspondence
between the flat connections and the horizontal foliations of a fibre bundle
Y —- X.

Given a horizontal foliation of a fibre bundle Y — X, there exists the
associated atlas of bundle coordinates (z*,%") on Y such that every leaf of
this foliation is locally given by the equations 3* =const., and the transition
functions y* — ¥’ i(yj) are independent of the base coordinates z* [68]. It is
called the atlas of constant local trivializations. Two such atlases are said
to be equivalent if their union also is an atlas of the same type. They are
associated to the same horizontal foliation. Thus, the following is proved.

Theorem 11.4.1. There is one-to-one correspondence between the flat con-
nections I' on a fibre bundle Y — X and the equivalence classes of atlases
of constant local trivializations of Y such that T' = dx™ ® Oy relative to the
corresponding atlas.

Example 11.4.1. Any trivial bundle has flat connections corresponding
to its trivializations. Fibre bundles over a one-dimensional base have only
flat connections.

Example 11.4.2. Let (Z,F) be a foliated manifold endowed with the
adapted coordinate atlas Uz = {(U;2*,2)} (11.2.65). With respect to
this atlas, the normal bundle V.F — Z to F is provided with coordinates
(2%, 2%, 2*) whose fibre coordinates 2* have transition functions indepen-
dent of coordinates z* on leaves of the foliation. Therefore, restricted to a
leaf F', the normal bundle VF|p — F has transition functions independent
of coordinates on its base F, i.e., it is equipped with a bundle atlas of local
constant trivializations. In accordance with Proposition 11.4.1, this atlas
provides the fibre bundle V.F|p — F with the corresponding flat connec-
tion, called Bott’s connection. This connection is canonical in the sense
that any two different adapted coordinate atlases ¥z and ¥/- on Z also
form an atlas of this type and, therefore, induce equivalent bundle atlases
of constant local trivializations on V.F|p.

11.4.3 Linear connections

Let Y — X be a vector bundle equipped with linear bundle coordinates
(x*,y%). Tt admits a linear connection

T =da* ® (0x +T\';(2)y70;). (11.4.15)
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There are the following standard constructions of new linear connections
from old ones.

e Any linear connection I' (11.4.15) on a vector bundle Y — X defines
the dual linear connection

I = dz* ® (0x — T4 (2)y;0%) (11.4.16)

on the dual bundle Y* — X.

e Let I' and I be linear connections on vector bundles Y — X and
Y’ — X, respectively. The direct sum connection I' & IV on the Whitney
sum Y @ Y’ of these vector bundles is defined as the product connection
(11.4.6).

e Similarly, the tensor product ¥ ® Y’ of vector bundles possesses the
tensor product connection

0
8yia

PoT =de* @ |0y + (Tajy’" + T3 %y™) (11.4.17)

The curvature of a linear connection I' (11.4.15) on a vector bundle
Y — X is usually written as a Y-valued two-form

1 . .
R= iRAHZj(x)yjdx)‘ Adxt ® e, (11.4.18)
R’y = O\Dy 5 = 0,0\ + Ta"Ty n = T/,

due to the canonical vertical splitting VY =Y x Y, where {0;} = {e;}. For
any two vector fields 7 and 7/ on X, this curvature yields the zero order
differential operator

R(r,7")s = (V7 V0] = Vs (11.4.19)

on section s of a vector bundle Y — X.
An important example of linear connections is a connection

K =dz* @ (0x + K\",4"0,) (11.4.20)

on the tangent bundle T'X of a manifold X. It is called a world connection
or, simply, a connection on a manifold X. The dual connection (11.4.16)
on the cotangent bundle T*X is

K* =da* ® () — K\",&,0"). (11.4.21)
The curvature of the world connection K (11.4.20) reads
1 a =B 7.
R= ERM g’ dx™ Ndz! ® O, (11.4.22)
RMQB = a/\Kﬂaﬁ - G#K)\QB + KAA/,@K#Q“/ - KuvﬁKAa“/'
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"

Its Ricci tensor Ryg = Ry,!

A torsion of a world connection is defined as the torsion (11.4.14) of
the connection K (11.4.20) on the tangent bundle T'X with respect to the
canonical vertical-valued form dz* ® d5. Due to the vertical splitting of
VT X, it also is written as a tangent-valued two-form

g is introduced.

1
T=3 WUadat Adat @0, TUa =K'\ — K\, (11.4.23)

on X. The world connection (11.4.20) is called symmetric if its torsion
(11.4.23) vanishes.

For instance, let a manifold X be provided with a non-degenerate fibre
metric

2
g€ VvOoi(X), g = gapdz? @ dat,
in the tangent bundle T'X, and with the dual metric

2
gE\/Tl(X), g:gAIL8A®8/L7

in the cotangent bundle T* X. Then there exists a world connection K such
that g is its integral section, i.e.,

Vg™ =05 g — g K\, — g7 K\, = 0.
It is called the metric connection. There exists a unique symmetric metric
connection

14 14 1 v
K\ =) = _59 P(Oxgpp + Opgpx — Dpau)- (11.4.24)

This is the Levi-Civita connection, whose components (11.4.24) are called
Christoffel symbols.

A manifold X which admits a flat world connection is called paralleliz-
able. However, the components Kz, (11.4.20) of a flat world connection
K need not be zero because they are written with respect to holonomic
coordinates. Namely, the torsion (11.4.23) of a flat connection need not
vanish. A manifold X possessing a flat symmetric connection is called Io-
cally affine. Such a manifold can be provided with a coordinate atlas (z*)
with transition functions z'# = xz# 4+ ct, c¢* =const. Therefore, locally affine
manifolds are toroidal cylinders R™ x T*.

11.4.4 Composite connections

Let us consider the composite bundle Y — ¥ — X (11.2.10), coordinated
by (z*,0™,y"). Let us consider the jet manifolds J'¥, JLY, and J'Y of
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the fibre bundles ¥ — X, Y — ¥ and Y — X, respectively. They are
parameterized respectively by the coordinates

(@, 0™ 0%), (N o™y B ), (@ 0™y R yh).
There is the canonical map

g;leéng 7>JlY, yioo=1yl ol + 7. (11.4.25)
Using the canonical map (11.4.25), we can consider the relations between

connections on fibre bundles Y — X, Y — ¥ and ¥ — X [109; 145].
Connections on fibre bundles Y — X, Y — ¥ and ¥ — X read

v =dz* @ (Ox + V'O + 7i0s), (11.4.26)
Ay, = da* ® (9y + ALD;) + do™ @ (0, + AL 0;), (11.4.27)
[ =dz* @ (0y + T 0m). (11.4.28)

The canonical map ¢ (11.4.25) enables us to obtain a connection 7y on
Y — X in accordance with the diagram

JEx JLY 2 gy
p

(T',A) T T v

YxY — Y
X

This connection, called the composite connection, reads
v =dz* @ [0y + T¥0m + (A} + AL TT)0;). (11.4.29)

It is a unique connection such that the horizontal lift y7 on Y of a vector
field 7 on X by means of the connection v (11.4.29) coincides with the com-
position Ay (I'7) of horizontal lifts of 7 onto ¥ by means of the connection
I" and then onto Y by means of the connection Ay. For the sake of brevity,
let us write v = Ax oI

Given the composite bundle Y (11.2.10), there is the exact sequence

0=y VY =Y xVY =0, (11.4.30)
bl
0—-YXxV*E-VY - 1Y — 0, (11.4.31)
b
where V5Y denotes the vertical tangent bundle of a fibre bundle ¥ — X
coordinated by (2*,0™, 4% 9%). Let us consider the splitting
B:VY 3v=4'0; +6"0, — v|B (11.4.32)
= (§' — 6™ B,,)d; € V&Y,
B = (dy' — B! do™)® 9; € V'Y © VsY,
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of the exact sequence (11.4.30). Then the connection v (11.4.26) on Y — X
and the splitting B (11.4.32) define a connection
Ay =Bovy:TY - VY — &Y,
As = da* @ (0x + (74 — BL,A0;) (11.4.33)
+do™ @ (O + By, 0:),
on the fibre bundle Y — .

Conversely, every connection Ay, (11.4.27) on a fibre bundle Y — X
provides the splittings

VY =15Y @ An(Y x V), (11.4.34)

G0+ "0 = (5 — A 6™)0; + 6 (Om + A7, 00),
VY = (Y xV*'E)® As(V5Y), (11.4.35)
P Y

Uidy' + Gppdo™ = gi(dy’ — AL do™) + (6 + AL g)do™,

of the exact sequences (11.4.30) — (11.4.31). Using the splitting (11.4.34),
one can construct the first order differential operator

D:JY — "X QWY D =da* @ (v} — AL — AL,o)d;,  (11.4.36)

called the vertical covariant differential, on the composite fibre bundle
Y — X.

The vertical covariant differential (11.4.36) possesses the following im-
portant property. Let h be a section of a fibre bundle ¥ — X, and let
Y}, — X be the restriction of a fibre bundle Y — 3 to h(X) C X. This is
a subbundle iy, : Y, — Y of a fibre bundle Y — X. Every connection Ay,
(11.4.27) induces the pull-back connection (11.4.7):

Ap =i As = dz® @ [0y + ((A%, o h)O\R™ + (Ao h)})di]  (11.4.37)

on Y, — X. Then the restriction of the vertical covariant differential
D (11.4.36) to JYin(J'Y,) C J'Y coincides with the familiar covariant
differential DA4» (11.4.8) on Y} relative to the pull-back connection Ay,

(11.4.37).

11.5 Differential operators and connections on modules

This Section addresses the notion of a linear differential operator on a
module over an arbitrary commutative ring [95; 109].
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Let K be a commutative ring and A a commutative K-ring. Let P and @
be A-modules. The K-module Hom x (P, @) of K-module homomorphisms
®: P — @ can be endowed with the two different .A-module structures

(a®)(p) = a®(p), (@ o a)(p) = P(ap), acA, peP (11.5.1)

For the sake of convenience, we refer to the second one as an A®*-module
structure. Let us put

0, =ad—Peaq, a€ A (11.5.2)

Definition 11.5.1. An element A € Hom (P, Q) is called a Q-valued
differential operator of order s on P if

0gp © - 00, A =0

for any tuple of s+ 1 elements ay, . .., as of A. The set Diff ;(P, Q) of these
operators inherits the A- and A®*-module structures (11.5.1).

In particular, zero order differential operators obey the condition
0aA(p) = aA(p) — Alap) =0, a€ A, peP

and, consequently, they coincide with A-module morphisms P — Q. A first
order differential operator A satisfies the condition

05004 A(p) = baA(p) —bA(ap)—aA(bp)+A(abp) =0, a,be A (11.5.3)

The following fact reduces the study of @-valued differential operators
on an A-module P to that of @-valued differential operators on a ring A.

Theorem 11.5.1. Let us consider the A-module morphism
hs : Diff s(A4,Q) — Q, hs(A) = A(1). (11.5.4)

Any Q-valued s-order differential operator A € Diff ((P,Q) on P uniquely
factorizes as

AP 12 Diff (4,Q) 25 Q (11.5.5)
through the morphism hg (11.5.4) and some homomorphism
fa : P — Diff s(A4,Q), (fap)(a) = A(ap), a €A, (11.5.6)

of an A-module P to an A®-module Diff (A, Q). The assignment A — fa
defines the isomorphism

Diff y(P, Q) = Hom a4 (P, Diff (A, Q)). (11.5.7)



11.5. Differential operators and connections on modules 361

Let P = A. Any zero order Q-valued differential operator A on A is
defined by its value A(1). Then there is an isomorphism

via the association
Q>q— Ay €Diff o(A,Q),

where A, is given by the equality Ay (1) = ¢. A first order Q-valued
differential operator A on A fulfils the condition

A(ab) = bA(a) + aA(b) — baA(1), a,be A
It is called a Q-valued derivation of A if A(1) =0, i.e., the Leibniz rule
A(ab) = A(a)b + aA(b), a,be A, (11.5.8)

holds. One obtains at once that any first order differential operator on A
falls into the sum

Aa) = aA(1) + [A(a) — aA(1)]

of the zero order differential operator aA(1) and the derivation A(a) —
aA(1). If 0 is a Q-valued derivation of A, then ad is well for any a € A.
Hence, Q-valued derivations of A constitute an A-module 2(A4, Q), called
the derivation module. There is the A-module decomposition

Diff 1(A,Q) = Q ® (A, Q). (11.5.9)

If P =Q = A, the derivation module 9.4 of A also is a Lie K-algebra
with respect to the Lie bracket

[u,u'| =uou —u ou, u,u’ € A (11.5.10)
Accordingly, the decomposition (11.5.9) takes the form

Diff , (A) = A @ dA. (11.5.11)

Definition 11.5.2. A connection on an A-module P is an A-module
morphism

A >u—V, eDiff (P, P) (11.5.12)
such that the first order differential operators V., obey the Leibniz rule
Vu(ap) = u(a)p+aVyu(p), a€ A peP (11.5.13)
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Though V, (11.5.12) is called a connection, it in fact is a covariant
differential on a module P.

Let P be a commutative A-ring and 9P the derivation module of P as
a K-ring. The dP is both a P- and A-module. Then Definition 11.5.2 is
modified as follows.

Definition 11.5.3. A connection on an A-ring P is an A-module morphism
VA >u—V, €oP CDiff {(P, P), (11.5.14)

which is a connection on P as an A-module, i.e., obeys the Leinbniz rule
(11.5.13).

For instance, let Y — X be a smooth vector bundle. Its global sections
form a C°°(X)-module Y (X). The following Serre-Swan theorem shows
that such modules exhaust all projective modules of finite rank over C'*°(X)
[68].

Theorem 11.5.2. Let X be a smooth manifold. A C*>°(X)-module P is
1somorphic to the structure module of a smooth vector bundle over X if and
only if it is a projective module of finite rank.

This theorem states the categorial equivalence between the vector bun-
dles over a smooth manifold X and projective modules of finite rank over
the ring C*°(X) of smooth real functions on X. The following are corol-
laries of this equivalence

The derivation module of the real ring C*°(X) coincides with the
C*°(X)-module 7T (X) of vector fields on X. Its dual is isomorphic to the
module 7 (X)* = O'(X) of differential one-forms on X.

If P is a C*°(X)-module, one can reformulate Definition 11.5.2 of a

connection on P as follows.

Definition 11.5.4. A connection on a C*°(X)-module P is a C*°(X)-
module morphism

V:P—-0YX)®P, (11.5.15)
which satisfies the Leibniz rule
V(fp) =df @p+ fV(p), fel>(X), p€P.

It associates to any vector field 7 € 7(X) on X a first order differential
operator V.. on P which obeys the Leibniz rule

Vi(fp) = (r]df)p+ fV:p. (11.5.16)
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In particular, let Y — X be a vector bundle and Y (X) its structure
module. The notion of a connection on the structure module Y (X) is

equivalent to the standard geometric notion of a connection on a vector
bundle Y — X [109].

11.6 Differential calculus over a commutative ring

Let g be a Lie algebra over a commutative ring K. Let g act on a K-module
P on the left such that

[e,€']lp= (o0&’ —&'0e)p, g,e €g.
Then one calls P the Lie algebra g-module. Let us consider C-multilinear
skew-symmetric maps
k
xg— P.
They form a g-module C*[g; P]. Let us put C°[g; P] = P. We obtain the
cochain complex

0 1 k
0—P 2sCtg P 2 CklgP] 2 - (11.6.1)
with respect to the Chevalley—FEilenberg coboundary operators
k
s ck(eo,..ven) = Y (=1)'eic (g0, 1 Eir - ER) (11.6.2)
i=0
+ Z 1) R ( ([eirej]s€00 -3 iy ey sy ER)s

1<i<j<k
where the caret ™ denotes omission [50]. For instance, we have
8°p(g0) = €op, (11.6.3)
6161 (50, 61) = Eocl (61) — 6161 (50) — Cl([ﬁo, 61]). (1164)
The complex (11.6.1) is called the Chevalley—Eilenberg complex, and its co-
homology H*(g, P) is the Chevalley—Filenberg cohomology of a Lie algebra
g with coefficients in P.

Let A be a commutative K-ring. Since the derivation module 0.4 of A
is a Lie K-algebra, one can associate to A the Chevalley—Eilenberg complex
C*[pA; A]. Tts subcomplex of A-multilinear maps is a differential graded
algebra.

A graded algebra 0* over a commutative ring K is defined as a direct
sum

Q* :@Qk
k
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of K-modules QF, provided with an associative multiplication law o - (3,
a,f € QF, such that a - 3 € QIH8 where |a| denotes the degree of an
element a € Q. In particular, it follows that Q° is a K-algebra A, while
QF>0 are A-bimodules and Q* is an (A — A)-algebra. A graded algebra is
said to be graded commutative

a-B=(-1)lblg. o, o, B e Q.

A graded algebra Q* is called the differential graded algebra or the
differential calculus over A if it is a cochain complex of K-modules

0K —A 2.0t 2 ...F 5, ... (11.6.5)

with respect to a coboundary operator § which obeys the graded Leibniz
rule

S(a-B) =da- B+ (1)l 8. (11.6.6)

In particular, § : A — Q! is a Q'-valued derivation of a K-algebra 4. The
cochain complex (11.6.5) is said to be the abstract de Rham complex of
the differential graded algebra (Q*, ). Cohomology H*(2*) of the complex
(11.6.5) is called the abstract de Rham cohomology.

One considers the minimal differential graded subalgebra Q*A of the
differential graded algebra Q* which contains A. Seen as an (A—.A)-algebra,
it is generated by the elements da, a € A, and consists of monomials

o = agday - - - day, a; € A,
whose product obeys the juxtaposition rule
(a05a1) . (bodbl) = a05(a1bo) . (5()1 — aoal(Sbo . 51)1

in accordance with the equality (11.6.6). The differential graded algebra
(Q*A, 6) is called the minimal differential calculus over A.

Let now A be a commutative KC-ring possessing a non-trivial Lie alge-
bra A of derivations. Let us consider the extended Chevalley—Eilenberg
complex

0— K 2 C*oA; A

of the Lie algebra 0.4 with coefficients in the ring A, regarded as a 0.4-
module [68]. It is easily justified that this complex contains a subcomplex
O*pA] of A-multilinear skew-symmetric maps

k. k
¢" x0A— A (11.6.7)
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with respect to the Chevalley—Eilenberg coboundary operator

k
dp(uo, ..., ur) = Y (=D 'ui($(uo, ..., G, ..., ux)) (11.6.8)
=0
+Z 1) g([ ([wisws], w0y« ooy Uiy e vy Uy oo ey UR)-

i<j
In particular, we have
(da)(u) = u(a), a €A, u € VA,
(do)(uo, u1) = uo(p(u1)) — ur(d(uo)) — ¢([uo, 1)), ¢ € O oA,
OToA] = A,
O0A] = Hom 4(0A, A) = 0 A*.
It follows that d(1) = 0 and d is a O*[0.A]-valued derivation of A.

The graded module O*[p.A] is provided with the structure of a graded
A-algebra with respect to the exterior product

GNP (U1, ey Upss) (11.6.9)
= Z Sgnlll ler]; jéqs(uin v 7uir)¢l(uj1v v 7ujs)7

1< <pij1 <o+ <Js
»e O A, ¢ € O°pA], ug € 0A,
where sgn - is the sign of a permutation. This product obeys the relations
d(¢ A ') = d(¢) A+ (-1)lg nd(¢), 6,6 € O[]
dAG = (=1l A, (11.6.10)
By virtue of the first one, O*[0.A4] is a differential graded K-algebra, called
the Chevalley—FEilenberg differential calculus over a KC-ring A. The relation
(11.6.10) shows that O*[0.A4] is a graded commutative algebra.
The minimal Chevalley—FEilenberg differential calculus O* A over a ring
A consists of the monomials
aopday A --- A dag, a; € A.
Its complex
0K —A -S04 L. 0oba L. (11.6.11)

is said to be the de Rham complex of a K-ring A, and its cohomology
H*(A) is called the de Rham cohomology of A.

For instance, the minimal Chevalley—Eilenberg differential calculus over
the ring C*°(Z) of smooth real functions on a smooth manifold Z coincides
with the differential graded algebra O*(Z) of exterior forms on Z.
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11.7 Infinite-dimensional topological vector spaces

There are several standard topologies introduced on an infinite-dimensional
(complex or real) vector space and its dual [135]. Topological vector spaces
throughout the book are assumed to be locally convex. Unless otherwise
stated, by the dual V' of a topological vector space V is meant its topolog-
ical dual, i.e., the space of continuous linear maps of V' — R.

Let us note that a topology on a vector space V' is often determined by a
set of seminorms. A non-negative real function p on V is called a seminorm
if it satisfies the conditions

p(Az) = [Ap(z),  plz+y) <pl)+py), @yeV, AeR
A seminorm p for which p(x) = 0 implies x = 0 is called a norm. Given any
set {p;}ier of seminorms on a vector space V, there is the coarsest topol-
ogy on V compatible with the algebraic structure such that all seminorms
p; are continuous. It is a locally convex topology whose base of closed
neighborhoods consists of the set

{z : sup pi(z) <e}, e>0.
1<i<n
It is called the topology defined by a set of seminorms. A topology defined
by a norm is called the normed topology. A complete normed topological
space is called the Banach space.

Let V and W be two vector spaces whose Cartesian product V x W
is provided with a bilinear form (v,w), called the interior product, which
obeys the following conditions:

e for any element v # 0 of V, there exists an element w € W such that
(v, w) £ 0;

e for any element w # 0 of W, there exists an element v € V' such that
(v, w) # 0.

Then one says that (V,W) is a dual pair. If (V,W) is a dual pair, so is
(W, V). Clearly, W is isomorphic to a vector subspace of the algebraic dual
V* of V, and V is a subspace of the algebraic dual of W.

Given a dual pair (V, W), every vector w € W defines the seminorm
pw = |(v,w)| on V. The coarsest topology o(V, W) on V making all these
seminorms continuous is called the weak topology determined by W on
V. It also is the coarsest topology on V such that all linear forms in
W C V* are continuous. Moreover, W coincides with the (topological)
dual V' of V provided with the weak topology o(V, W), and o(V, W) is the
coarsest topology on V' such that V' = W. Of course, the weak topology
is Hausdorff.
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For instance, if V' is a Hausdorff topological vector space with the (topo-
logical) dual V’, then (V, V') is a dual pair. The weak topology o(V, V') on
V is coarser than the original topology on V. Since (V',V) also is a dual
pair, the dual V' of V' can be provided with the weak* topology o(V’, V).
Then V is the dual of V', equipped with the weak* topology.

The weak™* topology is the coarsest case of a topology of uniform con-
vergence on V’. A subset M of a vector space V is said to absorb a subset
N C V if there is a number € > 0 such that N C AM for all A with [A\| > e.
An absorbent set is one which absorbs all points. A subset IV of a topolog-
ical vector space V is called bounded if it is absorbed by any neighborhood
of the origin of V. Let (V, V') be a dual pair and A/ some family of weakly
bounded subsets of V. Every N C N yields the seminorm

pn (V') = sup [(v,0")|
vEN

on the dual V' of V. The topology on V' defined by the set of seminorms
pn, N € N, is called the topology of uniform convergence on the sets of
N. When N is a set of all finite subsets of V, we have the coarsest topol-
ogy of uniform convergence which is the above mentioned weak™ topology
(V' V). The finest topology of uniform convergence is obtained by taking
N to be the set of all weakly bounded subsets of V. It is called the strong
topology. The dual V" of V', provided with the strong topology, is called
the bidual. One says that V is reflexive if V =V".

Since (V’, V) is a dual pair, the vector space V also can be provided with
the topology of uniform convergence on the subsets of V', e.g., the weak*
and strong topologies. Moreover, any Hausdorff locally convex topology on
V' is a topology of uniform convergence. The coarsest and finest topologies
of them are the weak® and strong topologies, respectively. There is the
following chain

weak™ < weak < original < strong

of topologies on V', where < means ”to be finer”.
For instance, let V be a normed space. The dual V'’ of V also is equipped
with the norm
[v|I' = sup |[{v,0")], vev, v eV (11.7.1)
llvll=1
Let us consider the set of all balls {v : ||v|| <€ € > 0} in V. The topol-
ogy of uniform convergence on this set coincides with strong and normed
topologies on V'’ because weakly bounded subsets of V also are bounded
by the norm. Normed and strong topologies on V also are equivalent. Let
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V denote the completion of a normed space V. Then V' is canonically
identified to (V)" as a normed space, though weak* topologies on V' and
(V)" are different. Let us note that both ¥V’ and V” are Banach spaces. If
V is a Banach space, it is closed in V" with respect to the strong topology
on V" and dense in V" equipped with the weak™ topology. One usually
considers the weak*, weak and normed (equivalently, strong) topologies on
a Banach space.

It should be recalled that topology on a finite-dimensional vector space is
locally convex and Hausdorff if and only if it is determined by the Euclidean
norm.

In conclusion, let us say a few words about morphisms of topological
vector spaces.

A linear morphism between two topological vector spaces is called
weakly continuous if it is continuous with respect to the weak topologies
on these vector spaces. In particular, any continuous morphism between
topological vector spaces is weakly continuous [135].

A linear morphism between two topological vector spaces is called
bounded if the image of a bounded set is bounded. Any continuous mor-
phism is bounded. A topological vector space is called the Mackey space
if any bounded endomorphism of this space is continuous. Metrizable and,
consequently, normed spaces are of this type.

Any linear morphism v : V' — W of topological vector spaces yields the
dual morphism ' : W' — V' of the their topological duals such that

0,7 (W) =(y(v),w), veEV, weW
" is weakly* continuous. If V and W
are normed spaces, then any weakly continuous morphism ~ : V. — W is

If v is weakly continuous, then ~

continuous and strongly continuous. Given normed topologies on V' and
W'  the dual morphism 4" : W’ — V' is continuous if and only if ~ is
continuous.
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JY, 346
Jr®, 347
JiQ, 295
J5J'Q, 18
Jts, 347
Jtu, 347
J2Y, 348
J?s, 348
J?u, 63
J®Q, 43
Ju, 59
JEY, 349
JrZ, 294
J*s, 349
Ly, 99
L, 200
M(A), 131
M*, 296
Na, 91

Np, 49
O*-algebra, 125
Op*-algebra, 125
P(A), 123
PE, 143
PU(E), 130
P., 273
Qr, 297
Q., 269
Sr(Z), 83
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S, 90
T(E), 121
TY, 330
TZ, 322
TF, 343
T*Z, 330
T2Q, 12
Tf, 323
U(E), 118
VY, 330
VT, 258
VF, 343
V*Y, 331
V*T, 258
V5J'Q, 9
VoJ'Q, 9
VsY, 358
W, 305
Y (X), 328
Y/Y', 329
Y ox Y, 328
Y @x Y, 328
Y xx Y, 327
Y Ax Y, 328
Y*, 328
Y, 323
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F, 343
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H*, 98
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O Al, 364
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05.Q, 44
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0"(Z), 336
okm 44
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Ep, 173
Co, 277
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Er, 173
&, 280
F*, 84
£, 47
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<,, 64
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yr, 33
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(A, Q), 361
VA, 361
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Hom x (P, Q), 360
A1), 346
on @ —R,9
Ay, 12
VT, 354
v7, 164
V7, 29
VL, 354
V., 361
Ar, 175
Ay, 176
wt, 346
75, 346
T, 49
5, 48
TaM, 15
11, 348
i, 48
Ann'T, 342
OrthoTN, 75
|, 322
TV, 334
0%, 347
on Q — R, 10
0%, 43, 44
07, 339
Ox, 341

0z, 339
01y, 347
vV, 322
og¢, 325
Oy, 79
AY, 329
A, 322
0(X), 328
A, 120
H, 100
Hy, 50
J?Y, 348
L, 49
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ho, 50
m, 36
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H*, 184
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ar, 34
c1, 157
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of infinite order, 43
of second order, 12
Y, 327
f T, 353
f ¢, 337
fs, 327
h™, 45
ho, 349
h, 44
iy, 343
ir, 85
ir, 50
im, 323
ir, 343
jls, 346
jks, 349
jks, 293
jis, 348
uy, 334
w, 78
wgz, 78
Prim(A), 120

absolute acceleration, 34
absolute velocity, 27
absorbent set, 367
acceleration
absolute, 34
relative, 34
action-angle coordinates
generalized, 230
global, 233
global, 221
non-autonomous, 248
partial, 214
semilocal, 231
adjoint representation, 125
of a Lie algebra, 345
of a Lie group, 344
admissible condition, 157
for a symplectic leaf, 168
leafwise, 164
admissible connection, 157
admissible Hamiltonian, 192
affine bundle, 331
morphism, 332

Index

affine map of E(A), 127
algebra, 317

differential graded, 364

graded, 363

commutative, 364

involutive, 113

Poisson, 77

unital, 317
almost symplectic form, 74
almost symplectic manifold, 74
angle polarization, 253
annihilator of a distribution, 342
antiholomorphic function on a Hilbert

space, 138
antilinear map, 118
approximate identity, 115
autonomous dynamic equation, 13

Banach manifold, 133

fibred, 134
Banach space, 366
Banach tangent bundle, 133
Banach vector bundle, 134
base of a fibred manifold, 323
basic form, 337
basis

for a module, 319

for a pre-Hilbert space, 116
Berry connection, 284
Berry geometric factor, 283
bi-Hamiltonian partially integrable

system, 212
bicommutant, 119
bidual, 367
bimodule, 318

commutative, 318
bounded morphism, 368
bounded subset, 367
bundle

affine, 331

composite, 327

cotangent, 330

vertical, 331

exterior, 329

in complex lines, 156

metalinear, 158
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over a foliation, 172
normal, 343
of C*-algebras, 144
of hyperboloids, 305
tangent, 322
vertical, 330
bundle atlas, 325
holonomic, 330
of constant local trivializations, 355
bundle coordinates, 325
affine, 332
linear, 328
bundle morphism, 326
affine, 332
linear, 329
bundle product, 327

canonical coordinates

for a Poisson structure, 80

for a symplectic structure, 75
canonical quantization, 5
canonical vector field

for a Poisson structure, 79

for a symplectic structure, 74
carrier space, 119
Cartan equation, 50
Casimir function, 78
centrifugal force, 32
characteristic distribution

of a Poisson structure, 80

of a presymplectic form, 76
characteristic foliation

of a Poisson manifold, 81

of a presymplectic form, 76
Chern form, 157
Chevalley—Eilenberg

coboundary operator, 363

cohomology, 363

complex, 363

differential calculus, 365

minimal, 365

Christoffel symbols, 357
closed map, 324
closure of a representation, 125
closure of an operator, 124
coadjoint representation, 345
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coboundary operator
Chevalley—Eilenberg, 363
cocycle condition, 325
codistribution, 342
coframe, 330
cohomology
Chevalley—Eilenberg, 363
de Rham
abstract, 364
Lichnerowicz—Poisson (LP), 83
coisotropic ideal, 191
coisotropic imbedding, 77
coisotropic submanifold
of a Poisson manifold, 81
of a symplectic manifold, 76
commutant, 119
complete set of Hamiltonian forms,
103
completely integrable system, 207
non-commutative, 228
tangent, 265
complex
Chevalley—Eilenberg, 363
de Rham
abstract, 364
Lichnerowicz—Poisson, 82
complex line bundle, 156
complex ray, 143
configuration space, 7
connection, 352
admissible, 157
Bott’s, 355
complete, 11
composite, 358
covertical, 258
curvature-free, 354
dual, 356
dynamic, 20
flat, 354
generalized, 148
holonomic, 13
Lagrangian, 48
Lagrangian frame, 52
leafwise, 164
admissible, 167
Levi—Civita, 357
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linear, 355
metric, 357

on a Banach manifold, 136

on a bundle of C*-algebras, 147

on a Hilbert bundle, 148

on a Hilbert manifold, 142

on a manifold, 356

on a module, 361

on a ring, 362

vertical, 258

world, 356
conservation law, 39

differential, 39

gauge, 70

Hamiltonian, 107

Lagrangian, 62

Noether, 64

weak, 39
conservative dynamic equation, 17
constraint, 192

quantum, 201
constraint algorithm, 92
constraint Hamiltonian system, 189
constraint space, 189

final, 192

of a Dirac constraint system,
194

primary, 189
constraint system

complete, 192

Dirac, 189

Hamiltonian, 189
constraints

of first class, 192

of second class, 193

primary, 191

secondary, 192

tertiary, 192
contact derivation, 59

vertical, 60
contact form, 347
contraction, 338
contravariant connection, 168, 178
contravariant derivative, 178
contravariant exterior differential, 82
coordinates
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adapted to a reference frame, 27
canonical
for a Poisson structure, 80
for a symplectic structure, 75
Coriolis force, 32
cotangent bundle, 330
of a Banach manifold, 134
of a Hilbert manifold
antiholomorphic, 140
complex, 139
holomorphic, 140
vertical, 331
covariant, 28
covariant derivative, 354
covariant differential, 353
of a section, 353
on a module, 362
vertical, 359
curvature
of a leafwise connection, 166
curvature form, 354
leafwise, 166
curve, 333
geodesic, 15
integral, 333
cyclic representation, 120
cyclic vector, 120
strongly, 126

Darboux coordinates
for a Poisson structure, 80
for a symplectic structure, 75
Darboux theorem, 75
De Donder form, 51
de Rham cohomology
abstract, 364
leafwise, 84
of a ring, 365
de Rham complex
abstract, 364
leafwise, 84
of a ring, 365
tangential, 84
density, 337
derivation, 361
contact, 59
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vertical, 60
of a C*-algebra, 128
approximately inner, 129
inner, 128
symmetric, 128
well-behaved, 129
derivation module, 361
derivative on a Banach space, 132
differentiable function
between Banach spaces, 132
on a Hilbert space, 138
differential
covariant, 353
exterior, 337
total, 349
differential calculus, 364
Chevalley—Eilenberg, 365
minimal, 365
leafwise, 84
minimal, 364
differential equation, 351
on a manifold, 350
differential graded algebra, 337
differential ideal, 342
differential on a Banach space, 132
differential operator, 351
as a section, 350
on a module, 360
Dirac constraint system, 189
Dirac state, 201
Dirac’s condition, 5
direct limit, 320
direct product of Poisson structures,
79
direct sequence, 320
direct sum connection, 356
direct sum of modules, 318
direct system of modules, 320
directed set, 320
distribution, 342
characteristic
of a presymplectic form, 76
horizontal, 352
involutive, 342
non-regular, 206
Dixmier-Douady class, 147

domain, 326
of an operator, 124
double tangent bundle, 339
dual module, 319
dual morphism, 368
dual pair, 366
dual vector bundle, 328
dynamic connection
symmetric, 20
dynamic equation, 16
autonomous, 13
first order, 14
second order, 14
first order, 16
on a manifold, 350
first order, 350
second order, 17
conservative, 17
first order reduction, 17
dynamical algebra, 206

Ehresmann connection, 353
element
Hermitian, 113
normal, 113
unitary, 114
energy function
canonical, 66
relative to a reference frame, 66
Hamiltonian, 108
enveloping algebra, 175
equation
differential, 351
on a manifold, 350
dynamic, 16
first order, 16
geodesic, 15
of motion, 7
equivalent bundle atlases, 325
equivalent representations, 120
evolution equation, 105
autonomous, 90
homogeneous, 106
evolution operator, 154
exact sequence, 319
of vector bundles, 329
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short, 329
split, 329
short, 320
split, 320
extension of an operator, 124
exterior algebra, 321
of forms, 337
exterior bundle, 329
exterior differential, 337
antiholomorphic, 140
contravariant, 82
holomorphic, 140
leafwise, 84
exterior form, 336
basic, 337
horizontal, 337
on a Banach manifold, 135
on a Hilbert manifold, 140
antiholomorphic, 140
holomorphic, 140
exterior product, 336
of vector bundles, 328
external force, 37

factor algebra, 318
factor bundle, 329
factor module, 319
fibration, 323
fibre, 323
fibre bundle, 325
fibre metric, 36
fibred coordinates, 324
fibred manifold, 323
Banach, 134
trivial, 325
fibrewise morphism, 324
field, 317
field of C*-algebras, 145
first Noether theorem, 61
first variational formula, 60
first-class constraints, 192
flow, 333
foliated manifold, 343
foliation, 343
characteristic
of a Poisson manifold, 81
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of a presymplectic form, 76

horizontal, 354

of level surfaces, 344

simple, 343

singular, 344

symplectic, 85
force

centrifugal, 32

Coriolis, 32

external, 37

gravitational, 38

inertial, 30

universal, 38
four-velocity, 297

of a non-relativistic system, 306
four-velocity space, 297
Frolicher—Nijenhuis bracket, 339
Fréchet axiom, 121
frame, 328

holonomic, 322

vertical, 330
frame connection, 34
free motion equation, 30
friction, 57
Fubini-Studi metric, 143
functions in involution, 207
fundamental form of a Hermitian

metric, 141

gauge
covariant, 28
field, 93
freedom, 93

invariant, 28

parameters, 68

symmetry, 68

transformation, 28
gauge conjugate connections, 157
generalized connection, 148
generalized Coriolis theorem, 36
generalized Hamiltonian system, 194
generalized vector field, 59

generating function of a foliation, 344

generating functions
of a partially integrable system,
207
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of a superintegrable system, 228
generator of a representation, 345
geodesic curve, 15
geodesic equation, 15

non-relativistic, 23

relativistic, 305
geodesic vector field, 15
GNS construction, 113
GNS representation, 122
graded algebra, 363
graded commutative algebra, 364
graded Leibniz rule, 364
graph-topology, 126
Grassmann manifold, 294

half-density, 159
fibrewise, 276
leafwise, 172
half-form, 159
leafwise, 172
Hamilton equation, 97
autonomous
on a Poisson manifold, 90
on a symplectic manifold, 91
constrained, 197
Hamilton operator, 152
Hamilton vector field, 96
Hamilton—De Donder equation, 51
Hamiltonian, 95
admissible, 192
autonomous, 90
homogeneous, 99
relativistic, 311
Hamiltonian action, 87
Hamiltonian conservation law, 107
Hamiltonian form, 95
associated with a Lagrangian, 100
weakly, 102
constrained, 197
regular, 100
Hamiltonian function, 96
Hamiltonian manifold, 87
Hamiltonian map, 100
vertical, 262
Hamiltonian symmetry, 107
Hamiltonian system, 97

385

homogeneous, 99
Poisson, 90
presymplectic, 91
symplectic, 91
Hamiltonian vector field, 74
complex, 142
of a function, 74
for a Poisson structure, 80
Havas Lagrangian, 58
Heisenberg equation, 184
of quantum evolution, 152
Heisenberg operator, 184
Helmholtz condition, 47
Hermitian element, 113
Hermitian form, 115
non-degenerate, 116
positive, 116
Hermitian manifold, 141
Hermitian metric, 140
Hilbert bundle, 145
Hilbert dimension, 117
Hilbert manifold, 139
real, 136
Hilbert module, 145
Hilbert space, 116
dual, 118
projective, 143
real, 117
separable, 117
Hilbert sum, 117
of representations, 120
Hilbert tangent bundle, 139
holomorphic function on a Hilbert
space, 138
holonomic
atlas, 330
coordinates, 322
frame, 322
holonomy operator, 283
horizontal
distribution, 352
form, 337
lift
of a path, 353
of a vector field, 352
projection, 349
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splitting, 352
vector field, 11

ideal, 317
coisotropic, 191
essential, 131
maximal, 317
prime, 317
primitive, 120
proper, 317
self-adjoint, 114
two-sided, 317
imbedding, 323
immersion, 323
inductive limit, 321
inertial force, 30
inertial reference frame, 32
infinitesimal generator, 333
infinitesimal transformation
of a Lagrangian system, 58
initial data coordinates, 98
instantwise quantization, 151
integral curve, 333
integral manifold, 206, 342
maximal, 342
integral of motion, 38
of a Hamiltonian system, 105
autonomous, 90
of a Lagrangian system, 62
of a symplectic Hamiltonian
system, 91
integral section, 354
interior product, 366
left, 338
of vector bundles, 328

of vector fields and exterior forms,

338
invariant of Poincaré—Cartan, 96
invariant submanifold

of a partially integrable system,

206

of a superintegrable system, 229

regular, 206
inverse limit, 321
inverse mapping theorem, 132
inverse sequence, 321

involution, 113
involutive algebra, 113
Banach, 114
normed, 114
isotropic submanifold, 76

Jacobi field
along a geodesic, 259
of a Hamilton equation, 261
of a Lagrange equation, 258
Jacobi identity, 77
Jacobson topology, 121
jet
first order, 346
of submanifolds, 293
second order, 348
jet bundle, 346
affine, 346
jet coordinates, 346
jet manifold, 346
higher order, 349
holonomic, 348
infinite order, 43
of submanifolds, 294
repeated, 347
second order, 348
sesquiholonomic, 348
jet prolongation
of a morphism, 347
of a section, 347
second order, 348
of a vector field, 347
Jordan morphism, 127
juxtaposition rule, 364

Kahler form, 141
Kéahler manifold, 141
Kaéhler metric, 141
Kepler potential, 66
Kepler system, 108
kernel
of a bundle morphism, 326

of a differential operator, 351

of a two-form, 74

Index

of a vector bundle morphism, 329

Kostant—Souriau formula, 158
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Lagrange equation, 47
second order, 48
Lagrange operator, 46
second order, 48
Lagrange—Cartan operator, 50
Lagrange-type operator, 46
Lagrangian, 46
almost regular, 49
constrained, 200
first order, 48
hyperregular, 49
quadratic, 51
regular, 49
relativistic, 299
semiregular, 49
variationally trivial, 47
Lagrangian connection, 48
Lagrangian conservation law, 62
Lagrangian frame connection, 52
Lagrangian submanifold
of a Poisson manifold, 81
of a symplectic manifold, 76
Lagrangian symmetry, 62
Lagrangian system, 47
leaf, 343
leafwise
connection, 164
de Rham cohomology, 84
de Rham complex, 84
differential calculus, 84
exterior differential, 84
form, 84
symplectic, 85
Legendre bundle, 49
homogeneous, 50
vertical, 260
vertical, 260
Legendre map, 49
homogeneous, 50
vertical, 260
Leibniz rule, 361
for a connection, 361
graded, 364
Lepage equivalent, 47
Lichnerowicz—Poisson (LP)
cohomology, 83

Lichnerowicz—Poisson complex, 82
Lie algebra
left, 344
right, 344
Lie bracket, 333
Lie coalgebra, 345
Lie derivative
of a multivector field, 335
of a tangent-valued form, 340
of an exterior form, 338
Lie—Poisson structure, 345
lift of a vector field
functorial, 334
horizontal, 352
vertical, 334
linear derivative of an affine
morphism, 332
Liouville form, 51
canonical, 75
Liouville vector field, 334
local basis for an ideal, 191
Lorentz force, 38
Lorentz transformations, 296

Mackey space, 368
Magnus series, 154
manifold
Banach, 133
Hilbert, 139
locally affine, 357
parallelizable, 357
Poisson, 77
presymplectic, 76
smooth, 322
symplectic, 74
mass tensor, 36
metalinear bundle, 158
over a foliation, 172
metalinear group, 172
metaplectic correction, 159
of leafwise quantization, 171
metric connection, 357
on a Hilbert manifold, 142
Minkowski space, 296
module, 318
dual, 319
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finitely generated, 319
free, 319
of finite rank, 319
over a Lie algebra, 363
projective, 319
momentum mapping, 87
equivariant, 88
morphism
bounded, 368
dual, 368
fibred, 324
Poisson, 79
symplectic, 74
weakly continuous, 368
motion, 7
multiplier, 130
equivalent, 130
exact, 130
phase, 130
multiplier algebra, 131
multivector field, 335

Newtonian system, 36
standard, 37
Nijenhuis differential, 340
Nijenhuis torsion, 340
Noether conservation law, 64
Noether current, 64
Hamiltonian, 107
Noether theorem
first, 61
second, 70
non-degenerate two-form, 74
non-relativistic approximation of a
relativistic equation, 307
norm, 366
normal bundle to a foliation, 343
normal element, 113
normalizer, 190
normed operator topology, 118
normed topology, 366

observer, 27
on-shell, 39
open map, 323
operator, 124

Index

adjoint, 124
maximal, 124
bounded, 118
on a domain, 124
closable, 124
closed, 124
compact, 119
completely continuous, 119
degenerate, 119, 145
of a parallel displacement, 153
of energy, 185
positive, 119
Schrédinger, 162
self-adjoint, 125
essentially, 125
symmetric, 124
unbounded, 124
operator norm, 118
operator topology
normed, 118
strong, 118
weak, 118
orbital momentum, 65
orthogonal relative to a symplectic
form, 75
orthonormal family, 116

parameter bundle, 269
parameter function, 269
partially integrable system, 207
on a symplectic manifold, 217
path, 353
phase multiplier, 130
phase space, 93
homogeneous, 94
relativistic, 311
Poincaré—Cartan form, 49
Poisson
algebra, 77
bivector field, 78
bracket, 77
Hamiltonian system, 90
manifold, 77
exact, 83
homogeneous, 83
morphism, 79
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structure, 77
coinduced, 79
non-degenerate, 78
regular, 78
Poisson action, 89
Poisson reduction, 191
polarization, 158
angle, 253
of a Poisson manifold, 169
of a symplectic foliation, 169
of a symplectic leaf, 170
vertical, 161
positive form, 121
dominated, 123
pure, 123
pre-Hilbert module, 173
pre-Hilbert space, 116
prequantization
leafwise, 164
of a Poisson manifold, 168
of a symplectic leaf, 168
of a symplectic manifold, 158
prequantization bundle, 157
over a Poisson manifold, 168
over a symplectic foliation, 164
over a symplectic leaf, 168
presymplectic
form, 76
Hamiltonian system, 91
manifold, 76
principal bundle with a structure
Banach-Lie group, 149
product connection, 353
projective Hilbert space, 143
projective representation, 130
projective unitary group, 130
proper map, 323
pull-back
bundle, 327
connection, 353
form, 337
section, 327
pure form, 123

quantization
canonical, 5

instantwise, 151
quantization bundle, 159

over a symplectic foliation, 172
quantum algebra

Ar, 170

Ar, 174

Ay, 174

Ar, 169

Az, 158

Ay, 175

of a cotangent bundle, 161

of a Poisson manifold, 169
quantum Hilbert space, 159
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quasi-compact topological space, 121

rank
of a bivector field, 78
of a morphism, 323
of a two-form, 74
recursion operator, 213
reference frame, 27
complete, 28
geodesic, 29
inertial, 32
Lagrangian, 53
rotatory, 32
reflexive space, 367
regular point of a distribution, 206
relative acceleration, 34
relative velocity, 27
between reference frames, 67
relativistic
constraint, 301
equation, 301
autonomous, 304
geodesic equation, 305
Hamiltonian, 311
Lagrangian, 299
quantum equation, 314
transformation, 296
representation
of a C*-algebra
G-covariant, 131
determined by a form, 122
GNS, 122
irreducible, 120
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universal, 122
of an involutive algebra, 119
adjoint, 125
cyclic, 120
Hermitian, 125
non-degenerate, 119
second adjoint, 125
restriction of a bundle, 327
Ricci tensor, 357
right structure constants, 344
ring, 317
local, 317
Rung-Lenz vector, 66

saturated neighborhood, 206, 343
scalar product, 116
Schouten—Nijenhuis bracket, 335
Schrédinger equation, 184

autonomous, 152

of quantum evolution, 153
Schrodinger operator, 162
Schrodinger representation, 162
second adjoint representation, 125
second Newton law, 36
second-class constraints, 193
second-countable topological space,

322
section

global, 324

integral, 354

local, 324

of a jet bundle, 347

integrable, 347

parallel, 354

zero-valued, 328
self-adjoint element, 113
seminorm, 366
separable topological space, 322
Serre—-Swan theorem, 362
soldering form, 341

basic, 341
solution

of a Cartan equation, 51

of a differential equation, 351

on a manifold, 350

Index

of a first order dynamic equation,
16
of a geodesic equation, 15
of a Hamilton equation, 97
autonomous, 90
of a Hamiltonian system, 90
of a Lagrange equation, 48
of a second order dynamic
equation, 17
of an autonomous first order
dynamic equation, 14
of an autonomous second order
dynamic equation, 14
spectrum of an involutive algebra, 121
split (subspace), 131
spray, 16
standard one-form, 8
standard vector field, 8
state, 121
admissible, 203
Dirac, 201
state condition, 201
strong operator topology, 118
strong topology, 367
strongly continuous group, 127
structure module of a vector bundle,
328
subbundle, 326
submanifold, 323
imbedded, 323
submersion, 323
superintegrable system, 228
globally, 233
maximally, 228
non-autonomous, 245
symmetry
classical, 62
exact, 62
gauge, 68
generalized, 62
Hamiltonian, 107
infinitesimal, 39
Lagrangian, 62
of a differential equation, 39
of a differential operator, 40
of an exterior form, 339
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variational, 61
symmetry current, 62

generalized, 61
symplectic

form, 74

canonical, 75

Hamiltonian system, 91

leafwise form, 85

manifold, 74

morphism, 74

orthogonal space, 75

submanifold, 76
symplectic action, 87
symplectic foliation, 85
symplectic realization

of a Poisson structure, 81

of a presymplectic form, 76
symplectomorphism, 74

tangent bundle, 322
double, 339
of a Banach manifold, 133
of a Hilbert manifold
antiholomorphic, 139
complexified, 139
holomorphic, 139
second, 12
to a foliation, 343
vertical, 330
tangent lift
of a function, 337
of a multivector field, 335
of an exterior form, 337
tangent morphism, 322
vertical, 330
tangent space
to a Banach manifold, 133
to a Hilbert manifold
antiholomorphic, 139
complex, 139
holomorphic, 139
tangent-valued form, 339
canonical, 339
horizontal, 340
projectable, 341
tensor algebra, 321

tensor bundle, 330
tensor product

of C*-algebras, 115

of Hilbert spaces, 117

of modules, 319

of vector bundles, 328
tensor product connection, 356
three-velocity, 296
three-velocity space, 296
time-ordered exponential, 154
topological dual, 366
topology
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defined by a set of seminorms, 366

normed, 366

of uniform convergence, 367

strong, 367

weak, 367

o(V,W), 366

weak™, 367
torsion, 354

of a dynamic connection, 20

of a world connection, 357
total derivative

first order, 347

higher order, 349

infinite order, 44
total differential, 45, 349
total family, 116
transition functions, 325
trivialization chart, 325
trivialization morphism, 325
typical fibre, 325

uniformly continuous group, 127

unital algebra, 317
unital extension, 318
unitary element, 114
universal force, 38
universal unit system, 6

variation equation, 258

variational bicomplex, 45

variational complex, 46

variational derivative, 46

variational symmetry, 61
classical, 62
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local, 63 relative, 27
vector bundle, 328 velocity space, 8
Banach, 134 vertical automorphism, 324
dual, 328 vertical differential, 45
vector field, 333 vertical endomorphism, 10
canonical vertical extension
for a Poisson structure, 79 of a Hamiltonian form, 261
for a symplectic structure, 74 of a Lagrangian, 258
complete, 334 of an exterior form, 257
generalized, 59 vertical splitting, 330
geodesic, 15 of a vector bundle, 330
Hamiltonian, 74 of an affine bundle, 332
holonomic, 14 vertical-valued form, 341
horizontal, 11 von Neumann algebra, 119
left-invariant, 344
on a Banach manifold, 134 weak conservation law, 39
on a Hilbert manifold weak equality, 39
complex, 139 weak operator topology, 118
projectable, 334 weak topology, 367
right-invariant, 344 o(V,W), 366
standard, 8 weak™ topology, 367
subordinate to a distribution, 342 Whitney sum of vector bundles, 328
vertical, 334 world connection, 356
vector form, 122 world manifold, 304
vector space, 318
vector-valued form, 341 zero Poisson structure, 78
velocity

absolute, 27
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